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Preface 


The handwritten notes on Point Set Topology started in 1990 in two parts 
covering first and the second course at M.Sc. It was in 2011 that I started preparing 
this notes using TX for the First Course on Topology at masters under the Choice 
Based Credit System. In October 2018, after retirement, I left the boundaries of 
the prescribed syllabus by adding material to the notes. My idea was to evolve a 
note on Point Set Topology, over a period of time, that can be used as self-reading 
notes. I hope the reader will find these notes suitable for self-reading. Just as the 
homosapiens is not the final stage of evolution, no version of these notes will be 
final. But at some stage, adding new sections will have to come to rest. Instead, 
we may go for the next book on Algebraic Topology. All in all, I honestly believe, 
this is a sincere effort to create a learning aid. 


I used to enthuse the students to ask questions and students did ask. However, 
in the very first year of my teaching, Mr. Anil J. Patel, a student of second course, 
asked, “If a space is Hausdorff, then all its compact subsets are closed. Does the 
converse hold?” That is, in other words, is it necessary for a space to be Hausdorff 
if all its compact subsets are closed? I realized at that time that not only a physical 
labourer but a postgraduate teacher also gets sweating as a part of his/her work. It 
took about two weeks for me to answer the question. The counter example I found 
after a lot of struggle was the cocountable topology on an uncountable set. The 
topology became my favourite and later on I could also replace the example of R® 
of Willard [Wil70] by the cocountable topology to demonstrate the inadequacy of 
sequences to characterize closures as well as continuity. My respect towards the 
cocountable topology increased a lot. 





Teaching and authoring are, without any doubt, the best ways to learn. New 
ideas pop up during both processes. While typesetting this book, I could realize 
that parallel to the cofinite and the cocountable topologies, we can have two 
topologies associated to each infinite cardinal. This class of the cardinal topologies 
are presented in Section 7 and based on the same model, the a-nets sitting between 
the sequences and classical nets are discussed in Section 34. The concept has 
not appeared in the literature so far, to the best of my knowledge. 


The notes contain many exercises. In fact, when time permits and the mood 
swings, I type solutions to the exercises too. However, I am a life long teacher- 
cum-learner and wish the reader to solve the exercises themselves. The solutions 
are kept hidden from the processed output file. If you are stuck at any point while 
solving a particular exercise, you are most welcome to communicate your queries 
to me at the email address hidden behind the word FreeBird at the end of this 
preface. I will make all efforts to reply. 


The knowledge is not a copyright of anybody, and I am that anybody. 
Anyone can use and include the excerpts from this note. However, a due 
acknowledgement will be appreciated, though it is not obligatory. 


Vv 


vi Preface 





At the outset, I should acknowledge that I adopted new style of Chapter and 
colourful boxed theorem style from Dr. Jay Mehta, my student turned colleague, 
while typesetting my class notes on Group Theory as well as updating class notes 
on Topology in 2017. 


Later on, as an experiment, I invited a few students turned colleagues to add 
to my notes. I am happy to note that Jay gave a couple of points in TeX that I 
included. I gratefully acknowledge the same here. One can find the credits, in two 
footnotes to two items he contributed. 


Any typo in these notes does not count towards the wrong mathe- 
matics. It is the responsibility of the readers to correct it and understand. 
In fact, if one understands the mathematics, the typo, if any, will be 
revealed. Let me invite all the readers of this notes to bring to my 
notice any typo or flaw in the text. 


Dinesh J. Karia 

FreeBird 

Notes started on: 31 October 2018 
Sardar Jayanti 
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Take Off 


A Brief History 


Topology intrudes in almost all areas of mathematics — ranging 
from Functional Analysis to Relativity and Cosmology. The topol- 
ogy of various networks of computer is nothing but an application 
of Topology. Topology is further divided into various branches like 
Point Set topology, algebraic topology and differential topology. As 
the abstract study of Topology began in early 20th century, math- 
ematicians identified the branch as a new language of mathematics. 
Later on Functional Analysis, a marriage of Topology with Linear 
Algebra, took over to be the Queen and the language of mathemat- 
ics. Euler was the first to use topology giving the name geometry of 
position. He solved the open problem of K6nigsberg bridges in 
one of his research papers. Euler then followed to give his famous 
formula V — E+ F = 2 for convex polyhedra. Later, the formula 
was improved upon by L’Huilierin 1813 as V —- E+ F = 2 — 2g 
encompassing all orientable polyhedra. Here g is called the genus, the 
integer representing the maximum number of cutting along a closed 
simple path leaving the original surface connected. (For example, if 
we have a sphere, then cutting the sphere along any closed path on 
it makes the sphere into two pieces. So the genus of a sphere is 0). 
V—E+F = 2-24 is the first formula describing the topological 
invariant. At times, the treasure of topological results was enriched by 
Bolzano (1781-1848), Mébius (1790-1868), Weierstrass (1815-1897), 
Betti (1823-1892), Riemann (1826-1866), Jordan (1838-1922), Cantor 
(1845-1918), Poincaré (1854-1912), Hilbert (1862-1943), Hausdorff 
(1868-1942), Heegaard (1871-1948), Fréchet (1878-1973) and scores of 
other mathematicians. Topology is chiefly divided into four subfields 
(1) General Topology or Point Set Topology (2) Algebraic Topology 
(3) Differential Topology and (4) Geometric Topology. The present 
book deals with very primary Point Set Topology. 


With a rapid development of Topology in twentieth century, a vast variation 
has been seen in the terminology adopted by various authors. There are a number 
of terms swapped with each other adding to the burden to the new entrants in 
the course. For example some authors consider a neighbourhood to be open by 
definition, whereas some don’t. Just like that some authors define 73-spaces to be 
combination of regularity and T,-ness. T3 of these mathematicians becomes regular 
for others and their regular spaces become 73-spaces for the rest. The same story 
is shared by 7, and normal spaces. Though keeping the consistency throughout a 
course of a book does not harm the development of the subject. There are two 
definitions of locally compact spaces, both of which agree if a space is Hausdorff. 


1 
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However, according to one, a compact space turns out to be locally compact for 
the other it does not. 


Serious Trivia 


is 


is 


is 


is 


is 


is 


is 


is 


is 


is 
is 


is 


The words tépos (t670¢) and logos (Aoyo¢) are Greek words meaning a place 
and discourse respectively. 
Listing was the first mathematician to use the word Topologie in German in 
1847 in his formal publication. In his informal communications and notes he 
had been using the word for more than 10 years then. 
When Topology was first properly founded toward the end of the 19th century, 
it was called geometria situs, a Latin phrase meaning geometry of place and 
also analysis situs, a Latin word meaning analysis of place. From around 
1925 to 1975 it was an important growth area within mathematics. 
The word Topology was first used in English by a Scottish mathematician 
Tait in his article |Tai83]. 
The very first abstract definition of topology was given by Hausdorff in which 
the 7>-condition was a part of the definition. 
Hilbert gave the idea of neighbourhood in 1902. However the word neighbour- 
hood was first used by Cathcart in the English translation of a German book 
[VH81] by von Harnack. 
Fréchet introduced the concept of metric spaces in his Doctoral Thesis in 
April 1906. However the phrase metric space for these objects, was first used 
by Felix Hausdorff. 
The concepts of a real-valued semicontinuous function defined on R and 
sets of first and second categories, were first introduced by Baire [Bai99]. 
However, before this he had described his research on all this in the letters 
written by him to Borel. 
Fréchet also defined compact spaces first with the help of limit points. Today’s 
definition of compact space was introduced by Alexandroff and Urysohn. 
Sorgenfrey provided a topology on R with the name of lower limit topology 
that was christened after him later on. R with the lower limit topology is 
called the Sorgenfrey line and R? with the product of the lower limit topology 
is called the Sorgenfrey plane. It was the first counter example showing that 
product of normal spaces need not be normal. Later on it served as a typical 
or counter example in topology in number of aspects. 
Separation conditions like 7,7, 73,74 etc. were given by Tychonoff. 
Zermeloproved the Theorem 6.27 in 1904 only to attract criticism on his 
non-constructive proof. He later on proved it again in 1908 in his paper 
Neuer Beweis meaning New Evidence. Of course his theorem is equivalent to 
the Axiom of Choice (Theorem 4.5). 
Hausdorff, on being informed to have been interned, committed suicide on 
26 January 1942 together with his wife and wife’s sister [Mac20, Hausdorff]. 
He wrote the following suicidal note addressed to his friend. 
Dear Friend Wollstein, 
By the time you receive these lines, we three will have solved the 
problem in another way — in the way which you have continually 
attempted to dissuade us.... 


























D.J. Karia A mathematical proof must be perspicuous. —Ludwig Wittgenstein Topology 
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What has been done against the Jews in recent months arouses well- 
founded anxiety that we will no longer be allowed to experience a 
bearable situation. ... 
Forgive us, that we still cause you trouble beyond death; I am 
convinced that you will do what you are able to do (and which 
perhaps is not very much). Forgive us also our desertion! We wish 
you and all our friends will experience better times 
Yours faithfully 
Feliz Hausdorff 
«= There are eight classes of homeomorphic English Alphabet written in upper- 
case sans serif font, viz. 
{AR}. 1B}, 1, GAL, M,N, S, U5 V,W.Z} 4D,O} 4E.F, 7, Y} tHKH, 
{P,Q} and {X}. 


Standard Sets 





TABLE 1. Standard Sets 





Topology A mathematician is a device for turning coffee into theorems. —Erdés D.J. Karia 
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Basic Set Theory. 


Whenever we talk of sets, we fix a set, called the uninversal set, and all the 
elements are coming from that set. We assume the reader to be familiar with the 
set theory covered in a school course. This includes empty set, subset,! superset, 
finite union and finite intersection of sets, complement, difference and symmetric 
difference of two sets. We begin with the cartesian product and relations. 


1. Cartesian Product and Relations 


1.1. Definition. Let X,Y be sets. The set 
AXY S{ieueee xyes ¥} His) 


is called the cartesian product of X and Y. For x € X,y € Y, (x,y) is called an 
ordered pair. 





The definition of the cartesian product can be extended to finite cartesian 
product. 


1.2. Definition. Let X,, Xo, X3,...,X, be sets. The set 


Te St es Re Xe) Pee Xl Si < Hy} Cl2ei) 
i=l 
is called the cartesian product of X1, Xo, X3,...,Xn. It is also denoted by 
X, x X_ x X3X---x X,. An element (41, £2, 2%3,...,£n) € []7_, X%% is called an 
n-tuple 


IN aGiOnS esa  — ONG XG er ee 
a 


n-times 





The concepts of relation and function are central to the set theory. 


'Note that AC B also includes the possibility of equality. 
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1.3. Definition. For sets X,Y, a subset R of X x Y is called a relation from 
X to Y. If X =Y, then R is called a relation on X. For (x,y) € R, we write 
chat, 


1.4. Definition. Let R be a relation from a set X to a set Y. Associated to 
R, there is a unique relation R~' from Y to X given by 


R= {(y,2) €Y x X:aRy}. 


R7!, read as R inverse, is called the inverse of R. 





It is obvious that (R7')~' = R. 


1.5. Definition. Let X,Y be sets, AC X,BCY,aeExX,beEY and Rbea 
relation from X to Y. The set 


R(a) = Ria] = {fy € Y : aRy} (15.2) 
is called the image of a under R and the set 
R(A) = R[A] = {y € Y : cRy for some x € A} (32) 


is called the image of A under R. The set R~'(b) = R7'[b] is called the inverse 
image or preimage of b under R. The set R~'(B) = R7'|B] is called the preimage 
of B or inverse image of B under R. 





1.6. Remark. Note that R(a) in (1.5.1) and R(A) in (1.5.2) are sets because any 
point a € X may be related to one, none or more than one element of Y. 


1.7. Definition. Let X,Y, Z be sets, R be a relation from X to Y and S bea 
relation from Y to Z. The relation 


SoR={(z,y): there is z € X such that rRz, zSy} 


is called the composition of R and S. In this case, we shall also write (x,y) = 
(2.y)o(m2) orachssoy. 


1.8. Definition. The relation 
Doo) Cae Xt 


on a set X is called the diagonal. When the explicit context of X will be needed, 
we shall denote it by A(X). 





Problems 
1.Show that 9 is a subset of every set. 
2.If AC B CC, then show that A CC. 
3.If A C B and C C D, then prove the following. 





Topology A Miscellany is a collection without a natural ordering relation. —Littlewood D.J. Karia 
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(VANCCBND. (QJAUCC BUD. (JAxCCBxD. 


4.For nonempty sets A, B,C, Discuss the validity of 


QJANBCANCS}BCC. 

(QVAUBCAUCSBCC. 

JAxBCAxXxCSBCC. 
5.Give an example of a relation R from a set X to a set Y and two distinct 
subsets A,, Ag C X and two distinct subsets B,, By C Y such that R(A;) = R(A2) 
and R-\(B,) = ne): 


2. Functions 


The concept of function is omnipresent in mathematics and its applications 
everywhere in basic sciences, social science and arts. The first encounter with the 
concept of a function is usually through the following rudimentary definition. 


2.1. Definition. Let X,Y be two nonempty sets. A function f from X to 
Y is arule assigning to each element x of X a unique element y of Y, written 


y = f(x). Symbolically, a function f from X to Y is written as f: X > Y. 
Also, X is called the domain of f and Y is called the codomain of f. 





The next, in turn, is the following refined and traditional definition of a 
function. It introduces the same object as in the Definition 2.1 in a different way. 


2.2. Definition. Let X,Y be nonempty sets. A relation f from X to Y is 
said to be a function if for every x € X, there is a unique y € Y such that xfy. 
In this case, we write y = f(x). Also, y is called the image of x under f or value 


OF Ute: 





The irony with this definition is that students perceive one of the two extrem- 
ities: one common y for all x or distinct y for distinct x. There could be distinct 
images for distinct points for some elements of the domain and some elements may 
share a common image. We rephrase the Definition 2.2. It may make this point 
clear. 


2.3. Definition. Let X,Y be two nonempty sets a relation f from X to Y is 
called a function from X to Y if for every x € X, f(x) isa singleton. A function 
is also called a map or a mapping. 


Note 


For a function f: X > Y, writing y = f(x) when zfy, is perfectly legitimate 
because for a given « € X, we have one and only one y € Y such that «fy. 
However for a relation RC X x Y, given x € X, there may be none, one or more 
than one element of Y related to x via R, say for example there are y,z € Y 
such that eRy as well as xRz. In this case, writing y = R(x) and z = R(x) isa 
flaw. 








D.J. Karia A proof tells us where to concentrate our doubts. —Kline Topology 
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2.4. Definition. Let X,Y,Z,W be sets and f: X > Y and g: Z > W be 
functions. We say that f = g if 

Oe 

(2) ¥ =W and 

(3) f(@) = g(a) for all g € X. 


That is, if f and g have the same domains, same codomains and their values 
coincide at every point of the domain, then they are called the equal functions. 


2.5. Definition. For a set X and A C X, the characteristic function of A is 
defined to be the function x4: X > R, 


if x € A; 
otherwise. 





In particular, if A = {a}, a singleton, then y,4 is denoted by 6, and is called the 
point mass at a. 





2.6. Examples. 


(1) f: [0,1] > R and g: [0,1] > R defined by f(x) = 2? and g(x) = 2° are 
different functions because they assign different values to some x € {0, 1], say, 
for example, f(0.5) = 0.25 and g(0.5) = 0.125. 

(2) f: [0,1] — R and g: [0,1] > R defined by f(x) = x and g(x) = |z| are the 
same functions because their domains are the same, their codomains are the 
same and they assign the same value x to every x € (0, 1]. 

(3) f: [-1,1] — R and g: [-1,1] > R defined by f(x) = a and g(x) = |z| are 
different functions because they assign different values to some x € [—1, 1], 
say, for example, f(—0.5) = —0.5 and g(—0.5) = 0.5. 

(4) f: [0,1] > Rand ge R defined by f(x) = 2? and g(x) = x? are 
different functions because, their domains are different. 

(5) f: [0,1] > [0,1] and g: [0,1] > R defined by f(x) = x? and g(x) = 2? are 
different functions because, their codomains are different. 
































2.8. Definition. Let X,Y be sets and f: X > Y bea function. The set 
Gi) Say eee AI OO RY 
is called the graph of f. 








Topolo All science requires mathematics. -Roger Bacon D.J. Karia 
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2.9. Definition. Let X,Y be nonempty sets and f: X — Y be a function. 
If f(X) = Y, then f is called an onto function or a surjective function or a 
surjection. Ifz,yE X,c Ay => f(x) ¥ fly), then f is called a one-one function 
or a one to one function or an injective function or an injection. A function 
which is not one-one is called a many to one function. A one-one, onto function 
is also called a bijective function or a bijection. 


2.10. Definition. Two nonempty sets X,Y are said to be in one to one 
correspondence if there is a bijective function f: X > Y. 


2.11. Definition. Let X be a set and Y C X. The function zy: Y 4 X 
defined by u(x) = z, (x € Y), is called an inclusion map. tx: X > X is called 
the identity map. Usually tx is denoted by . 


2.12. Definition. Let X,Y be two nonempty sets and Z C X. Let f: X ~ Y 
be a function. Define a new function g: Z > Y by g(z) = f(z), (2 € Z). Then 
g is called the restriction of f (from X) to Z and is denoted by f|,, and f is 
called an extension of g (from Z) to X. 


2.13. Definition. For nonempty sets X,Y a function f: X — Y is said to be 
a constant function if there is c € Y such that f(x) =c for all xz € X. 





2.14. Remark. Let X,Y be nonempty sets and f: X — Y be a function. 
(1) The identity map v: X — X is a one to one correspondence. 
(2) In general, f~' need not be a function. So, for ye Y, f-'(y) C X. 
(3) If f is injective, then f~!: f(X) > X is a function, called the inverse of f. 
In particular, when f is a bijection, f-': Y + X is a bijection. 


2.15. Definition. Let X,Y,Z be nonempty sets, f: X > Y andg: Y > Z 
be two functions. Then the function go f: X — Z, called composition of f and 
g, is defined as go f(x) = g(f(z)), (a € X). 


2.16. Proposition. Let X,Y be nonempty sets, ZC X and f:X > Y bea 
function. Then f\, = f otz. 





PROOF. Clearly, Z is the domain of f|, as well as fovz and Y is the codomain 
of both. Also for z € Z, f\,(z) = f(z) = flez(a)) = f ° ez(z). 














2.17. Proposition. Let X,Y,Z be nonempty sets, f: X > Y andg: Y > Z 


be functions. Then go f is one-one if and only if f and g\,., are one-one. 








D.J. Karia Any good theorem should have several proofs, the more the better. —Atiyah Topology 
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PROOF. Suppose go f is one-one. For a,b € X, f(a) = f(b) => g(f(a)) = 
g(f(b)) = a= b because go f is one-one. Thus f is one-one. Also for c,d € f(X), 
suppose g(c) = g(d). Choose a,b € X such that f(a) = c and f(b) = d. Then 
g(F(a)) = gle) = g(d) = g(f(b)) = a= b= f(a) = fo) > c=d. Thus gj,/,, is 


one-one. 














Conversely, suppose f and gj,,,) are one-one. For a,b € X, go fla) = 


go f(b) > g(f(a)) = g(f(B)). Since g is one-one on f(X), f(a) = f(b). But 
injectivity of f guarantees that a = b. This completes the proof. 














2.18. Proposition. Let X,Y be nonempty sets f: X - Y be a function and 
EO Gx. Fork e y, 


(1) FAW NF) = XS fF). 


Qi = Zine 
Qi, Ey=2nF (F). 





r=(1) cEfi(Y\ F)Sf(@2)EeYvF 

= f@)eF 

oa ¢ f'(F) 

&rEX~f(F) (2.18.1) 
re (2) gz é€tz (E) @tz(t) EE 


Siz(x)E Bb xreZ 
Sreh, wcEeZ 














SreEZne (2.18.2) 
r(3) By (2), fi, \(F) = (f otz) (PF) =e7 (fF) = 20 fF). 
Problems 


6.In context of Exercise 5, give an example of a function f from a set X to a set 
Y and two distinct subsets A;, Ag C X such that f(A,) = f(A2). Can we have 
two distinct subsets By, By C f(X) such that f~!(B,) = f7'(B2)? 
7.Give an example of a function f from a set X to a set Y and two distinct 
nonempty subsets B,,B. C Y such that f~'(B,) = f~'(B2). Can we have 
an example having f~'(B,) = f~'(Be) if Y \ f(X) is at most singleton and 
BN B, = 9. 
8.On a nonempty set X, can we have two distinct functions f,g: X — X satisfying 
any of the following conditions? 

(1)G(f) Gg) CA. 

(2)A c G(f) UG(y). 

(3)A C G(f). 
9.For nonempty sets X,Y, a function f: X > Y,A,BCX andC,DCY. 
Prove the following. 


(1) f(AN B) c f(A) nN f(B) and equality need not hold. If f is one-one, then 
show that equality holds. 
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AU By ay) 
f(CND) = f-(C)n f(D). 
f-\(CUD) = PAC} f(D). 
Ac f-l(f(A)) and the equality need not hold. If f is one-one, then show 
that equality holds. Also, show that the equality holds for all A C X, then f 
is one-one. 
(6) f(f-1(D)) C D and the equality need not hold. Show that the equality holds 
if and only if D Cc f(X). 
10. Let X,Y, Z be nonempty sets and f: X + Y and g: Y > Z be functions. 
(1) Show that f,g are one-one = go f is one-one => f is one-one. Also show that 
converse of any of these does not hold. 


(2) Show that f,g are onto > go f is onto => g is onto. Also show that converse 
of any of these does not hold. 


(2) 
(3) 
(4) 
(5) 


3. Cardinality 


In this section, we shall deal with the generalized numbers, called cardinal 
numbers. In what follows, we shall denote J, = {1,2,3,...,n}, where n € N. 
Cardinality or the cardinal number of a set is the measure of its size in terms of 
number of elements it contains. 


3.1. Definition. Let X,Y be two sets. We say that X and Y have the same 


cardinality, and write |X| = |Y|, if there is a bijective function from X to Y. In 
this case, we also say that X and Y are equipotent. 





Clearly, the following is apparent. 


(1) Identity is a bijection from a set to itself. Thus |X| = |X| for every set. 

(2) Inverse of a bijection is a bijection. Thus if |X| = |Y]|, then |Y| = |X]. 

(3) Composition of two bijections is a bijection. Thus if |X| = |Y| and |Y| = |Z], 
then |X| = |Z]. 
We say that the cardinality of X, is less or equal to the cardinality of Y if 


there is an injective function from X to Y. In this case, we write |X| < |Y|. We 
write |X| < |Y| if |X| < |Y| but |X| #4 |Y]. 


3.3. Definition. A set X is said to be a finite set if either X = 0 or for some 
n EN, X is equipotent to J,. In the latter case, we say that the cardinality of 
X isn. That is, |X| =n. If a set is not finite, then it is called an infinite set. 
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3.4. Definition. A set X is called countably infinite if X is equipotent to 
N and its cardinality is denoted by No (read aleph not). A set X is said to be 


countable or at most countable if X is either finite or countably infinite. A set 
which is not countable, is called an uncountable set. 





3.5. Remark. From the preceding two definitions, one observes that the “cardinal- 
ity” of a set is nothing but the number of elements in that set. Such numbers are 
called the cardinal numbers. Of course, 0,1,2,3,... are cardinal numbers. These 
are called finite cardinal numbers. However, there are many cardinal numbers 
other than these. They are all infinite cardinal numbers. There are many infinite 
sets with different cardinality. We shall exhibit this but will not go deep into 
development beyond that. 


3.6. Definition. Let X be a set. Then the powerset of X is the set A(X) of 
all subsets of X. Some authors denote it by 2* also. 


Let us recall that for a set X, A(X) denotes the powerset of X that is, the 
set of all subsets of X. 


3.7. Proposition. Let X be a set. Then |X| < |A(X)|. 


ProoF. Indeed f: X — A(X) defined by f(x) = {x}, (x € X), is an injective 
function from X to A(X). 














3.8. Proposition. Let X be a set. There is no function from X onto A(X). 


PROOF. Suppose there is an onto function f: X ~ A(X). Define 
A={xEX:2¢ f(az)}. 
Since f is onto, there is a € X such that f(a) = A. 


a€ A=>a must satisfy the defining condition of A 


=>aéf(a)=A. 
ag A= f(a) >aé f(a), which is the defining condition of A 
=>aca. 











That is, a€ Aa ¢ A, an absurdity. Thus f cannot be onto. 





3.9. Corollary. For a set X, |X| < A(X). 


3.10. Corollary. Y(N) is uncountable. 





Now we head towards proving that R is uncountable. 
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3.11. Proposition. A subset of a finite set is finite and a subset of a countable 
set is countable. 


PRooF. Let X be a finite set and Y C X. If Y = Q, then Y is finite. Suppose 
Y -W. Let X =a Gi.s.e,}. Then ¥ = 4a; 33,;.15 0%, } for some 1 <4) < 
tg <3 <--+ <a, <%p, and hence f: Y + Jj,, defined by f(x;,) = 4;, (1 <j < ), 
is a one to one correspondence. Thus Y is finite. 

Let X = {x, : n € N} be a countably infinite set and Y c X. If Y is 
finite, then we are done. Suppose Y is infinite. Choose the smallest 7; € N such 
that x;, € Y. Having chosen 71, 7%2,...,2%, choose the smallest 7,4, > 7%, such that 
Lin, € Y. Clearly, {z;,,2.,...} CY. For tm € Y, let i, be the largest integer 
such that 7, <_m and z;, € Y. Then clearly i,,; = m. Thus Y = {2j,,2;,,... }. 
Hence f: Y +N, defined by f(a,) = 7;, (j € N), is a one-one correspondence. 
Thus Y is countably infinite. 














3.12. Proposition. (0,1) is uncountable. 


PROOF. Suppose (0,1) is countable and let f: N — (0,1) be a one to one corre- 
spondence. Define x, = f(n), (n € N). Then (0,1) = {x1, 22,...}. Since every 
element of (0,1) can be expanded into decimal representation, each x, can be 
written as 


Ln = 0.An1An24n3---- 


Now construct a number b = 0.b,b2b3... in the following way. For every n € N, 
choose b, € {1,2,...,8}\ {ann}. Then the k* digits of x; is different from that of 
band so, b 4 xx, for every k € N. A number z has two distinct decimal expansions 
if and only x has a terminating decimal expansion x = a.aja2...a,;, (a; > 1), 
in which case, the second decimal expansion of x is x = a.ajd2... a;-109, where 
c =a; — 1 and 9 is considered as the trailing sequence of 9, that is, 999.... Since 
we have omitted 0 and 9 from the choice of digits of b, there is no possibility of it 
having repeated 9’s or terminating decimal expansion. Thus 6 is different from 
each x,. Hence b € (0,1) \ {21,%2,...}. That shows that f is not a one to one 
correspondence. So, (0,1) is uncountable. 


3.13. Corollary. R is uncountable. 


ProoF. If R is countable, then by the Proposition 3.11, (0,1) must be countable, 
which is not the case. Thus R is uncountable. 



































3.14. Example. A set may be equipotent to it’s proper subset. In fact, a subset 
is in one to one correspondence with some of its proper subset if and only if it 
is infinite. Indeed let X be an infinite set. Choose a countably infinite subset 
A= {21,%2,...} of X. Now define h: X > X by 


Xi, ife@= 2; € A; 
h — 
(2) .: ifteEe XNA. 
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Then it is easily verified that h is a one to one correspondence between X and 
X \ {x1,%3,...}, a proper subset of X. 


Conversely, if X is finite, then an application of pigeon hole principle shows 
that every one-one function from X to X is onto. Thus X cannot be in one to 
one correspondence with its proper subset. 


3.15. Example. f: N — 2N = {2n: n € N} defined by f(n) = 2n, (n EN), isa 
bijection. As a result, there are as many even natural numbers as there are natural 
numbers. 


3.16. Remark. In view of the Corollary 3.9, we see that A(N), A(A(N)),... is 
a sequence of uncountable sets having distinct cardinalities. The cardinality of 
P(N), denoted by 2*°, is the same as the cardinality of R and it is denoted by c. 
Continuum hypothesis states that there is no set having the cardinality strictly 
between Np and 2% = ¢. 





We have yet not proved a very important property of the cardinal numbers. 
For sets X,Y if |X| < |Y] ad |Y| < |X], then |X| = |Y]. This result is known as 
Schréder—Bernstein theorem. We conclude this section with this theorem. 





PROOF. Without loss of generality, we assume that X,Y are disjoint sets. Other- 
wise we label each element a € X as ax and each element a € Y as ay and the 
sets so generated, are disjoint. Since |X| < |Y| ad |Y| < |X|, there are injective 
functions f: X > Y andg: Y — X. Fix x € X. Let 2) = x. Construct the 
sequence in X UY as below. 
yo = f (Xo) ©1 = g(yo) = (9° f) (xo) 
yi = f (21) = (f og) (yo) 2 = g(y1) = (go i) 
yo = f(r2) = (fo 9)? (Yo) ©3 = g(y2) = (go iy 


“*(to) =(fog) (yo) t1= 


ya= 9g f-"(y-1) = (90 f)*(@0) 

y-2 = 9 (@-1) = (fog) 7(yo) 2-2 = f-*(y-2) = (go f) 7(a0) 
ee eee (3.17.1) 
First assume that the sequence 20, Yo, 1, £2, Yo,-.. terminates and some k > 0 is 


the smallest integer such that x, repeats. Suppose, if possible, that k > 0 and 
ty = 24, 79 > bk. SO, o(yg-1) = 2, = 2) = g yp). Simee g is injective, yp41 = Ye 
Hence 2y-1 = f~'(ye-1) = f7~'(yj-1) = 25-1. Since k > 0, k-—1> 0. Thus k is 
not the smallest such integer. Hence 29 must be the first element to repeat. Thus 
the sequence must be %o, Yo, 21, Y1,---;2n) Yn; Lnt1 = Lo, With Xo, 21, 2%2,-..,2n 
distinct elements of X and yo, 1, Y2,---,Yn distinct elements of Y. Consequently, 
we have the following types of sequences. 


(1) Starting at xo and terminating at y, for some n > 0. 
T= XQ, Yor V1, Y1,- ++ 5 Uns Un- 


Define A, = {x = 20, Yo, 21, Y1,---, Ln, Yn} 
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(2) Infinite on right hand side and terminating on left hand side at x_, for some 
n> 1. 
Tin, Y—-ns--+,Y-1,U = 0, Yo, 1, Y1,---- 


Define Ass = Loins +225 % = 2X0, Y0,%1,Y1,--- } 

(3) Infinite on right hand side and terminating on left hand side at y_,, for some 
n> 1. 
Yn, T—n41,-++,Y-1, 0 = X0, Yo, 71, Y1;---- 


Deline Aged Means OS Wiig tay Sin Giza tl 
(4) Infinite on both sides. 


vey Vin, Yeny +++ 5% = LO, Yo, V1, Y1,---- 
Denne Ap = 4 psa, Wy Yon: 140 = 2G, Vas Ws, Yin ees } 


We claim that {A, : x € X} forms a partition of X UY. Clearly, x € Ag. 
Let y € Y. Let x = g(y). Then y = g™1(x) € Ay. Thus Uzex Az = X NY. Also, 
for 2, z € X, 


z2€ A, s=(gof)(x) or z=(go f)“(2) 


@ x= (go f) *(z) or a= (g0 f(a) 
Cure A, 


Thus either A, = A, or A, A, = @. Now define h: X > Y by 


h(a) g(x), if A, terminates on left at y_p 
Ly) = 
f(x), otherwise. 











Then it is clear that h is a bijection. This completes the proof. 





3.18. Proposition. Let X be a set and Y be a countable set. 


(1) If there is an injective function from X into Y, then X is countable. 


(2) If there is an onto function from Y to X, then X is countable. 
(3) Product of two countable sets is countable. 
(4) The collection of all finite subsets of a countable set is countable. 





PROOF. It is sufficient to prove the reslut for infinite sets. Also since an infinite 
countable set is in one to one correspondence with N, we assume that Y = N. 

u(1) Let f: X > N be an injective function. Let f(X) = {ni,ne,N3,...}. 
Define g: f(X) +N by g(nz) =k, (ng € f(X)). Then go f: X > N is a one to 
one correspondence. Thus X is countable. 

w= (2) Let f: NX be an onto function. For each z € f(N) = X, choose the 
smallest integer n, € N such that f(n,) = x. Define g: X > N by f(x) = ng. 
Then clearly, f is an injective function from X into N. Thus by (1) X is countable. 

eee Let A= {21,22,23,...} and B = {y1, ye, y3,-..}. Define f: Ax BON 


by f (xi, yj) = 2'3/. Then clearly f is an injective function. Thus by (1) A x B is 
countable. 
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wm (4) Let A = {21,%2,23,...} and #;(A) denote the collection of all finite 
subsets of A. Let py < po < p3 < ... be the listing of all positive prime 
numbers. Define h: P(A) > N by A({2,; ko; Lkg,--- Lk, }) = py ps?ps? ... pk, 
({Xiys Lko;Lkg,--- Lk, } € Az(A)). Then h is an injective function. This completes 
the proof by using (1). 


3.19. Corollary. Q is countable. 


Problems 














11. Prove that the following are equivalent for a set X. 

(1) Every surjective f: X — X is injective. 

(2) X is finite. 

(3) Every injective f: X — X is surjective. 

12.In Theorem 3.17, suppose y ¢ f(X). Is it true that y is a left end of some 
sequence, which is infinite on the right hand side? 


13. Prove the following. 


(1) Subset of an uncountable set need not be uncountable. 

(2) A set X is countable if and only if there is a bijection f: N —- X if and only 
if there is a surjection g: NX. 

(3) Cartesian product as well as union of two countable sets is countable. 

(4) Give at least two one to one correspondences between N and Z. 


14. For an infinite set X and countable set Y, show that |X UY] = |X]. 


4. Set Operations on Arbitrary Families 


In school, we are dealing mainly with union, intersection and cartesian product 
of two or three sets. The concept of these operations is extended to finitely many 
sets very easily. Even going up to countably infinite sets may not be much difficult. 
However, here in one go, we generalize the operations for arbitrary family of sets. 
At times, we may be dealing with many sets. The question arises, “How many?” 
The answer is, “We do not know while dealing with the problem theoretically. 
However while in a practical situation we may get to know.” If we know the 
number of sets to be two, we can denote them by A,B or Aj, Ag. If they are 
three, the choices are A, B,C and Aj, Az, A3. However, if there are 100 sets, the 
natural choice is A;, Ao, A3,..., Aigo. If we know they are as many as the natural 
numbers are (countably infinite), then usually we write A;, Ao, A3,.... Here we 
are using 1,2,3,... as the labels of the sets. A label is called an index. The labels 
are called indices or indexes. If we know that there are finitely many sets but 
their exact population is not known, then we list them as Aj, Ag, A3,..., An. It is 
understood from the context that n € N. It may not always be possible to use 
1,2,3,... as the indices. Apart from all these situations, there may be uncountably 
many sets under consideration. In that case, the labels would be coming from 
some uncountable set. To encompass all this possibilities while maintaining the 
generality, we must take a generic set of labels. For example, J may be a generic 
set of labels (not to confuse with an interval) and the labels may be denoted by 
i,j,k, not to confuse with the integers. 
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4.1. Definition. Let J be a set, and associated to each i € J, there be a subset 


A; of X, a universal set. Then {A; : i € I} is called an indexed family of subsets 
of X and I is called the indexing set. 





We start with the definition of the arbitrary union and arbitrary intersection. 


4.2. Definition. Let X be a nonempty set and {A; : i € I} be a family of 
subsets of X. The union of {A; : 7 € I} is 


to (ciate ee fie vy: 
ier Ai = <= 


0, =o ew) 


4.3. Definition. Let X be a nonempty set and {A; : i € I} be a family of 
subsets of X. The intersection of {A;:i € I} is 


: liel}, if] : 
rsdn | OE xé€A;foraliel}, if 149; (4.3.1) 


AG i =U, 





4.4. Remark. Taking different indexing sets J, in Definitions 4.2 and 4.3 all types 
of unions and intersections are obtained. We say that a union in (4.2.1) and an 
intersection in (4.3.1) is 


(1) finite, if I is a finite set. In this case, usually J is taken to be {1,2,3,...,n} 
and we write Uf_, A; and U%_, Aj. 

(2) countable, if I is a countable set. Note that this includes a finite union and 
finite intersection also because a finite set is also a countable set. In this case, 
usually I is taken to be {1,2,3,...} and we write U%,A; and US, Aj. 

(3) arbitrary, when we do not know a priori if J is finite, countable or uncountable. 


Next we turn to the definition of arbitrary product of sets. However, this 
is not so straightforward. In fact, for years, it could not be resolved if arbitrary 
product exists or not. Now it is resolved that for some mathematicians it exists 
for some, it still does not exist. We choose the branch of pure mathematics that 
accepts the existence of such a product. This is done by accepting the axiom of 
choice. Let us see how this doctrine fits into our brains. 


Suppose you are given a box and you are asked to pick up “an object” from 
that box. Can you do that? The answer is yes, provided the box has some object(s) 
in it before you pick up. Fine, you will agree that if you are given 100 boxes each 
of which contains some objects, then it is possible for you to choose one object 
from each of them. Well, now it is simple. If I ask you the same question for 1000 
boxes, or 67 boxes, your answer will be the same. What is there in a number? If I 
give you “some” boxes and tell you that each of these boxes contains some objects, 
then also you can surely choose one object from each of them. It sounds pretty 
good huh! What if this “some” means uncountably many boxes? Well this is the 
point of dispute(!) among mathematicians. Some mathematicians believe that in 
any such situation, we should be able to choose one object from each box, whereas 
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the other group of mathematicians say that before accepting it, we must prove 
that we can choose one from each. 


Reading the above paragraph, one naturally tends to believe that nobody 
should have any problem in accepting this convincing assumption. However, let 
us be fair in discussion that it is not so simple. Accepting the above one can 
prove mathematically that every set can be well-ordered (see Defintion 6.23). That 
is, say for example, we can arrange all elements of R in such a way that every 
nonempty subset of R has the first element. Now some of the readers will deviate 
from accepting the Axiom of Choice. Because the Axiom of Choice is convincing 
but not it’s corollary. Well, the debate continues. However, let us also note that 
accepting the AC or not accepting the AC will generate a consistent system in 
mathematics. So, one is free to choose one’s own conviction. We accept AC. 











Note that the existence of such a function is the same as selecting one object 
from each A;. In other words, if {A; : 7 € I} is a nonempty family of nonempty 
pairwise disjoint sets, then there exists a set A such that AN A; is singleton for 
every 7 € I. 


The following definition gives a nonempty product of arbitrary family of 
nonempty sets only because of the Axiom of Choice. 


4.6. Definition. For a family {X; : i € I} of sets, the cartesian product of 
{X; : 1 € I} is defined as, 
{x: 1 > UX;: x; € X; for eachi € I}, if 1 4 @ and each 
X; #9; 
nf = 0 or X; — 0 


for some 7. 


(4.6.1) 


II. N°,ations: = 
(1) X! =J]je, Xi, where X; = X for each i € I. 
(2) X" =[[_, Xi, where X; = X for each 1 <i <n. 
(3) XN =]]%, X;, where X; = X for each 1 <i < oo. 





4.7. Remark. 


(1) Each X; is called a coordinate space of T]je7 Xi. 

(2) Though an element x € J],-; X; is a function, its value x(7) at 7 is written 
as x; and not x(z). The element x is written as x = (x;)je, or for brevity, 
x = (x;). x; is called i” coordinate of x. 

(3) By taking different indexing sets J, all types of products are obtained as 
particular cases. We say that (4.6.1) is a 
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(a) finite product, if I is a finite set. In this case, usually J is taken to be 
{1,2,3,...,n} and [],e; X; is written as []7_, Xj. 

(b) countable product, if I is a countable set. Note that this includes a finite 
product also because a finite set is also a countable set. In case, I is 
countably infinite, usually J is taken to be {1,2,3,...} and []je; Xj is 
written as []?°, X;. 

(c) arbitrary product, if we do not know the cardinality of I. 

(4) One can easily see that XN is the set of all sequences in X. 

(5) Since the elements of a product space are realized as a function, there is no 
importance of the order on the indexing sets. Thus X, x Xo is the same as 
X_ x X,. More generally, for a partition {J, : a € T} of the indexing set J, 
Hier Xi = Maer Wineta Xia: 


4.8. Definition. Let {X; : 1 © I} be a family of sets and let X = []je, Xj. 


For 7 € I, we define the j”-projection map 1;: X — Xj; by 7;(x) = x;, 
(x = (x;) € X). The map is also called j-coordinate map. 














4.9. Example. Let J = [—1,2] and for each i € J, let X; = R. Here are some 
elements of X/. 


x, = ~tsin(rt). (-1, 0) f 50) 


100 





FIGURE 1. x = (x:) 











12, ift € [-1,0]NQ w 

—t, if t € [-1,0) 9 (RNQ); 
wt =) sto if t € [0,2]|NQ 

10 ? ? ’ 
(4)? +3, ift € [0,2]}n(RNQ). 
(—1, 0) (2, 0) 
FIGURE 2. w = (w;) 

yi = i 


(1, 0) (2, 0) 


FIGURE 3. y = (y;) 
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. ite [=L,0); 
z= ( 2 if t € (0,1); 

2 

% ift € [1,2] 





FIGURE 4. z = (22) 





PrRoor. (1) Let x =(x;) € X. FIX j € J andae€ Xj. Define y € X by 


xi, ifi dj; 
n=] : cat ; 


Ga = 7. 
That is, {y} = {a} x Tier {xi}. But then 2;(y) =a. Thus 7; is onto. 


1 (2) x € Miert, (Ai) & x € 17 1(A;) for every i € I 
<= 7;(x) € A; for every i € I 
<> x; € A; for everyi EI 
Sxe [| 4: 
i€l 
==(3) Using (2), A; x Tier Xi = m5 (Ag) (Nierty *(Xi)) = (AVN X) = 


iAs 
m; (Aj) because 75 1(X;) = X. 


(4) (I A.) A (11 Bi) = (Mert (A) N (Mere (B)) 


wel tel 


= Mier (mG (Ai) N17 *(Bi)) 
= MNier(t, (Ai N Bi)) 
= Tt: N Bi) 


t=(5) follows because 7; is onto. 


s=(6) One way proof is xobvious. On the other hand, let a € X;. Fix y € 
{a} x A; x IT ici, X;. Then x € 1; '(Aj) and 7;(x) = a. This completes the proof. 
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w=(7) Let a € 7;(Iliey Ai). So, there is x € [],¢7 A; such that x; = 7;(x) =a. 
But x € [jer A; > x; € Aj. Thus a=x; € A;. 

Conversely, let a € A;. Since each A; 4 @, choose x € {a} x Tsct A; Then 

a = 1;(x) € 73(Tlier Ai). 














4.11. Definition. For a family {X; : i € I} of sets, let X = [];-; X; and Y be 


a set. For f: Y > X, the maps f; = 7; 0 f, (¢ € J), are called the coordinate 
maps of f. 





The following gives a lifting of coordinate maps to construct f out of f;. 





ProoF. For y € Y, define f(y); = fi(y), (@ € I). Then f: Y > X is a function. 
Also, for i € I, m,o f(y) = f(y): = fi(y) for ally € Y. Thus 2;0 f = f;. Uniqueness 
is straight forward. 














4.13. Definition. For a family {X;: 7 € I} of sets, let X = [],-7 X; and Y 
be a set. Suppose for each 7 € J, there is a map f;: Y + X;. Then the unique 
map f in the above theorem is called the lifting of f; or evaluation map. 


4.14. Definition. Let {X;: i © I} be a family of sets, X = [],e, X; and Y 
be a set. Suppose for each 7 € J, there is a map f;: Y  X;. Then the family 


{fi : 1 € I} is said to separate points of Y if for every distinct y, z € Y, there is 
i € I such that fi(y) 4 fi(z). 





PROOF. Let y,z € Y. Then 
f is injective = f(y) 4 f(z) 
> f(y)i # f(z); for some i € I 
= fily) 4 fi(z) for some i € I 
= {fi : i € I} separates y and z. 

















D.J. Karia I have hardly ever known a mathematician who was capable of reasoning. —Plato Topology 


$4. Set Operations on Arbitrary Families 21 





4.16. Definition. Let {X;:7¢ I} be a family of sets. The set 
[[%& ={@,1) :ie 1,2 € Xj} (4.16.1) 
i€l 
is called the disjoint union or coproduct of {X;:i € I}. In this case, we define 
X; = {(x2,i) : x € X;} and for each i € J, the injection 4: X; > [jer Xi by 
ti(z) = (2,4), (x = Xi). 


III. N°%,ations: ** For j € I and B C X;, we set BI[O = [lic Bi, with 


Be Bly = i 
0, otherwise. 





Problems 
15. Find N?°2,A, and UP2, An, for the following. 
(1) An = (0,4), n EN. 
n = [0,],n EN. 
a= (-+, 1) neN. 


A 
A n 
A, = [—=,2],n EN. 
An = (0,n), n EN. 
Ay, = iL), WEN. 
An = (n,n+1],nEN. 
An = (n, co), nEN. 
16.For x € R, let A, = [x,x +1]. Find Ure fa,4] Ae Uze[o,2]}Ae, Neefo,t}Ae and 
Neeo,2]Ae- 
17. Let {A;:i€ J} be a family of subsets of X. Find the relations between the 
sets UjerAj, UieyAi, Mier Aj and NjeyA; under each of the assumptions, 0 4 I S ni 
and @=1¢ J. 
18.Let {A;: 7 © I} be a family of subsets of X. Prove the following. 
(1) Uier(X \ Ai) = X \ Mier Ai? 
(2) Nicer (X \ A;) =X. Ugg Ai" 
19.Can we express (0,1) as an intersection of open intervals each of which has 
left end point other than 0? 
20. Prove or disprove: N°2_;(1 — 1, 1+ +) =%,[1 — i, 1+ +). 
21. Prove or disprove: U%,(1 + +,1— =) =U%,[1 + 4,1 — +]. 


22. Prove or disprove: (0,1) is a union of closed intervals. 








23. Prove or disprove: [0,1] as an intersection of open intervals. 


24.Show that a set X is infinite if and only if there is a family ¥ = {A;:i € I} 
of subsets of X such that intersection of finitely many members of Y is nonempty 
but NF = @. 


25. Let X,Y be two sets and R be a relation from X to Y. For a family {A; : i € I} 
of subsets of X, show that 


(1) R(Ujer Ai) = Vier R(Ai). 


This is called De Morgan’s Law 
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(2) R(MerAi) C Nicer R(A;). Characterize the equality. Suppose, 71,12 € X,271 # 
Ly => R(x) N R(x) = 0. Does the equality hold? 

26.For a family {X; : 7 € I} of sets and A;, B; C X; for all i € J, prove that 
(ier Ai) U Tier Bi) C Mie (Ai U Bi). Also, show that the equality need not hold. 
27.Consider a product X = [],<-7 X;. Show that the following situations are 
possible. Are they the only situations? Explain. 

(1) Exactly one projection is one-one. 

(2) All projections are one-one. 

(3) No projection is one-one. 
28.Can we have a product of five sets such that exactly two projections are 
one-one? 


5. Equivalence Relation and Quotient 


5.1. Definition. Let X be a nonempty set. A relation R on X is said to be 
reflerive if A C R. That is, c € X > «Rez. 
symmetric if R = R-1. That is, sRy > yRe. 
antisymmetric if RO R71 C A. That is, cRy, yRe > x = y. 


equivalence if R is reflexive, symmetric and transitive. 


(1) 
(2) 
(3) 
(4) tronsitwe if RoR CR. That is, eRy,yR2 > aRz. 
(5) 
(6) antireflerive if RNA =90. 





5.2. Remark. Usually ~, ~,= or = is used to denote an equivalence relation. 


5.3. Example. Let X,Y be two nonempty sets and f: X — Y be a function. 
Define, for x,y EX, x ~y if f(x) = f(y). Then ~ is an equivalence relation. 


5.4. Example. For n,m € Z, define m = n mod 7 if 7 | (m—n). Then = 
mod 7 is an equivalence relation. 





5.5. Example. For z,w € C, define z ~ w if z = ew for some 6 € R. This is as 
good as saying that z ~ w if |z| = |w|. Then ~ is an equivalence relation. 




















A xRy A aRz yhz A 
I. 
yRx aa 
A A A 
FIGURE FIGURE FIGURE 
5. Reflexive 6. Symmet- 7. Transi- 
Relation ric Relation tive Relation 





D.J. Karia ... mathematical theorems are listed here. —Erdés Topology 


§5. Equivalence Relation and Quotient Zo. 





5.6. Definition. For an equivalence relation ~ on a nonempty set X and 
x € X, the set 


[z]= {ye X:a~ yf. 
is called the equivalence class of ~ containing «x. 


5.7. Definition. Let X be a nonempty set. A collection {A; : i € I} of subsets 


of X is said to be 


(1) pairwise disjoint if for i,j € I, either A; = A; or A;N A; = @. 
(2) partition of X if it is pairwise disjoint and UA; = X. 





Proor. Let a € X. Thena € [a] C U{[z]: 2 € X}. Thus X C U{[az]: 2 € X}. 
Now suppose for x,y € X, a € [x] N [y]. Consequently, 


be [zt] >a~b 


=>u~b,c~a,y~a (above combined with a € {z],a € [y}) 
=>b~uz,r~a,a~y (because ~ is symmetric) 
=>braary (because ~ is transitive) 
=>bry (because ~ is transitive) 
=>ywb (because ~ is symmetric) 
=> be ly]. 

Thus [2] C [y]. 


Interchanging x,y, it follows that [y] C |]. Thus [z] = [y]. Thus either 
[z] N[y] = @ or [a] = [y]. Hence equivalence classes of ~ form a partition of X. 














5.9. Definition. Let X be a nonempty set and ~ be an equivalence relation 
on X. The partition {[z] : c € X} of X is called the quotient of X by ~ and is 
denoted by X/~ (read “X quotient tilde”). 





PROOF. Let x € X. Since UA; = X, there is i € J such that x € A;, that is, 
x,x € A;. Thus x ~ =z. So, ~ is reflexive. Now suppose that 7,y € X and z~ y. 
So, there is 2 € J such that x7,y € A;. But then y,xz € A; gives y ~ x. Thus ~ is 
symmetric. Finally, suppose x,y,z € X, x ~ y and y ~ z. Hence there are 7,7 € I 
such that x,y € A; and y,z € A;. But then y € A;M A;. Consequently, A; = Aj. 














This, in turn, gives x,y,z € A;. Hence x ~ z. So, ~ is transitive. 
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The following is found under the name of “the First Isomorphism Theorem” 
in various courses like group theory, ring theory, linear algebra, Banach algebras 
etc. 





PRooF. It is clear that 
[2] = [yl eo e~yy f(x) = fy) @ F(z) = Fly. 


The if part shows that f is well-defined and the only if part shows that f is one-one. 
Also, for y € Y, there is x € X such that f(x) = y. So, f[a] = y, establishing that 
f is onto. 

















5.12. Definition. Let X,Y be two sets and f: X — Y be an onto function. 
For « € X, let [xz] denote the equivalence class of x defined by the equivalence 
relation ~,. The set X/~, is called the quotient of X by f and the function 


gg: X — X/~z defined by g(x) = [z], (a € X), is called the quotient map. 
Then the function f: X /~s — Y is called factor of f and f is said to factor 
through X/~y. A set so obtained by any function defined on the set X is called 
a quotient of X. 





5.13. Remark. It is customary to write X/f for X/~;. We shall use this in the 
Section 21 while discussing quotient spaces of topological spaces. 





5.14. Example. For x,y € R define x ~ y if x—y € Z. Then ~ is an equivalence 
relation and |X/~| = |[0,1)]. Indeed the proof of equivalence follows from the 
following three observations. 


(1) s—x=0€ZforallzeER. 
(2)a-yEeZ>y-ceZ. 
(3) ¢-y,y-zE€“ZS>u-z=2-yty-zeEZ. 





For a real number z let |a|, read as floor x, be the greatest integer n such that 
n <a. Now define f: R > [0,1) by f(x) = xa — |x], (a € R). then the reader 
needs to prove the following to establish |X/~| = |[0,1)|. We leave the verification 
to the reader. 

(1) For every x €R,0<a2-|2| <1. 


(2) f(x) = f(y) if and only if x ~ y. 
(3) fio.) is the identity map, proving that f is onto. 











5.15. Example. Let us identify the two end points of the interval [0,1] to get 
the circle $1 = {z € C: |z| = 1}. This is obtained by the function f: [0,1] + S? 
defined by f(t) = e?, (¢ € [0,1]). Thus S* = [0, 1]/f 


Problems 


29.Show that intersection of two equivalence relations on a set X is again an 
equivalence relation on X. 
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30. Let X be a set with n elements. Find the 


(1) number of relations on X. 

(2) number of antireflexive relations on X. 
(3) number or reflexive relations on X. 

(4) symmetric antireflexive relations on X. 
(5) symmetric relations on X. 


31.Show that composition of two equivalence relations on a set X need not be an 
equivalence relation on X. 
32.For a nonempty set X, show that A is an equivalence relation on _X. 
33. Give an example of a relation which is 
(1 


(2 
(3 
(4 


34. Classify the following relations into reflexive, symmetric and transitive. 


symmetric and transitive but not reflexive. 
2)reflexive and symmetric but not transitive. 
reflexive and transitive but not symmetric. 
reflexive and antisymmetry but not transitive. 


PANE 


(1)On N, nRm if min{n,m} < |n— ml, (n,m €N). 
)On R, «Ry ifx-—yeQ, (z,y ER). 

)On R, «Ry ife+y€Q, (z,y ER). 

)On R, «Ry if xy is a rational number, (x,y € R). 
) 

) 






























































On RN {0}, Ry if f is a rational number, (x,y € R~ {0}). 














1)Forz,yER,tcryife—yeZ. 
(2)Forz,yER,crr~yifx—yeQd 
(3) For z,yE€Z,x~y if2|(x—y). 
(4) For z,y ER, 2 ~ y if |x| = lyl. 

(5)For z,yER, cr yifar?=y’. 
(6) 
(7) 
(8) 
(9) 


























For z,y€C,a~ y if |x| = lyl. 
For p(x), q(x) € Riz], p(«) ~ g 
x) if p(t) = q(t) for t € 1,3, 3 


For p(x), q(x) € Ris], p(x) ~ ¢ rey . 
For polynomials p(x), q(x) € R[x], p(x) ~ q(z) if p(t) = 0 = q(t) =0, (t € R). 








a) if p(t) = q@) fort {1,7 ,4}. 








—_~ ~~ 








6. Order 


An order is a special type of relation. The order theory is vast. Covering even 
iota of it is out of the scope of the present notes. We shall include the working 
knowledge required for topology. 
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6.1. Definition. Let X be a nonempty set and FR be a relation on X. R is 
said to be a 


(1) partial order if R is reflexive, antisymmetric and transitive. Usually a 
partial order is denoted by <. 

(2) total order or a linear order if it is a partial order and for x,y € X, either 
Thy or yA. 


(3) strict order if R = S \ A for some partial order S. Usually a strict order 
is denoted by <. Depending upon whether S is a partial or a total order, 
R is called a strict partial order or a strict total order. 


A set X with a partial order < is called a poset or a partially ordered set and is 
denoted by (X,<). A set with a linear order is called a linearly ordered set or a 
totally ordered set or a chain. 





6.2. Remark. 


(1) It is customary to write > for <"' and >for<.. 

(2) On a set X, < is a partial order (respectively, a total order) if and only if so 
is >. 

(3) On a set < is a strict order if and only if so is >. 

(4) For a strict order < on a set, < UA is a partial order and for a partial order 
< the order < \A is a strict order. 

(5) Let (X,<) be a poset. The elements x,y € X are said to be comparable, if 
either x1 < xq or ®q < 24. 


6.3. Example. Let X be a nonempty set. Then A is a partial order on X. In 
fact, A is the only relation on X which is equivalence as well as a partial order. 


6.4. Example. Let X be a nonempty set. For A,B € A(X), define A < B if 
Ac B} Associated to this relation are three other relations. (1) S the strict 
order. (2) D the reversed order. (3) 2 the reversed strict order. All the four of 
these are total on A(X) if and only if X has at most one element. 


6.5. Example. On N, define n < m if n | m. The following are easy to observe. 


(1) n|n for every n EN. 
(2) ng | aS 
(3) n| m,m| p= n|p. 
Thus N is a poset with the divisibility relation. 


6.6. Example. We if we define the above relation on Z, that is, on Z, define 
n<mifn|m. Then the antisymmetry fails because 4 | —4 and —4 | 4 but 
44 —A, 


6.7. Example. Let (X,<) be a poset. Then every nonempty subset of X with 
the order inherited from X is a poset. 


6.8. Definition. Let (X, <x), (Y,<y) be two posets. An bijective f: X > Y 


is said to be order isomorphism if a <x b = f(a) <y f(b), (a,b € X). In this 
case, we say that (X, <x) and (Y,<y) have the same order type. 





3Recall that AC B also includes the possibility of equality. Thus this is not a strict order. 
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6.9. Proposition. Let X,,X2 be posets. For (x,,X2),(¥1,y2) € X1 x Xo, 


define (X1,X2) < (yi, Ya) if either x, < y, or xX; = y and x2 < yo. Then < is 
a partial order on X1 X Xo. 





PROOF. For every (x1,X2) € X1 x Xo, clearly, (x1, x2) < (x1, xX2) because x; = x, 
and X2 < xX. Now for (x1,X2),(y1, V2) € X1 x X2, assume that (x), x2) < (yi, y2) 
and (y1,y2) < (x1,x2). If yi < x1, then (x,,x2) £ (yi,ye2). Thus x; < yi. 
Similarly, y; < x,;. Thus x; = y;. The same argument on X2,y2 yields to 
xX2 = yo. Let (X1, Xe), (V1, Y2), (Z1, Z2) — Xy x Xo. with (X1, X2) < (¥1, ¥2) and 
(y1,¥2) < (Z1,Z2). If either x; < y; or y; < a, then x; < z, and hence, we 
are done. So, assume that x; = y; = z;. But then the order between the three 
ordered pairs implies that x2 < yg and y2 < Ze, which, in turn, yields to x < Za. 
Thus (x1, X2) < (Z1,Z2). This completes the proof. 














6.10. Definition. Let (X1,<),(X2,<) be posets. Then the order defined 
in Proposition 6.9 is called the lexical order or the lexicographic order or the 
dictionary order. 


6.11. Corollary. Let (X1,<),(X2,<) be posets, and X, x X2 carry the 
lexicographic order. Then X1 X X2 is linearly ordered if and only if (X1, <<) and 
(Xo, <) are linearly ordered. 





PROOF. Suppose X, x XQ is linearly ordered. Let a,b € X,. Choose c € Xo. Then 
(a,c), (b,c) are comparable. Without loss of generality, assume that (a,c) < (b,c). 
But then either a < 6b or a= b. Thus a,b are comparable. The similar argument 
proves that X9 is linearly ordered too. 


Conversely, suppose X 1, X2 both are linearly ordered. Let (x1, x2), (yi, y2) € 
X, x Xp. If x, < yi or y1 < x1, then accordingly, (x1, x2) < (yi, 2) or (y1,¥2) < 
(X1,X2). Otherwise, the comparability of x,,y, implies x; = y;. In that case 
depending upon x2 < y2 or yz < X», (X1,X2) < (¥1, y2) or (yi, ¥2) < (%1, X2). 














6.12. Definition. Let X 1, X2,...,X, be partially ordered sets. The lexico- 
graphic order on X = [Jj X; is defined as follows. For x = (x1, X2,..-,Xn),Y = 
(¥1,¥2,--->¥n), we say that x < y if 
(1) either x, < y, or 
XxX, = y; and X_ < y2 or 
X, = Yi, X2 = ye and x3 < y3 or 


Oc 





6.13. Example. 
(1) R” with lexicographic order is a linearly ordered set. 
(2) For z = rye™ and w = ree”, where r1,r2 > 0 and 0 < 64,62 < 27, define 
z<w if either r, < rg or ry = rg and 6; < 4). Then C is linearly ordered. 
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(3) The words in the dictionary are arranged in the lexicographic order. That is 
the reason to use the name dictionary order. 


6.14. Definition. Let (X,<) be a poset and S Cc X. 


(1) An element a € X is said to be an upper bound of S if x < a for every 
ZES. 

(2) An element a € X is said to be a lower bound of S if a < x for every x € S. 

(3) S is said to be bounded above if there is an upper bound of S in X. S is 
said to be bounded below if there is a lower bound of S in X. S is said to 
be bounded if it is bounded above as well as bounded below. 


6.15. Definition. Let (X,<) be a poset and SC X. 


(1) An upper bound a of S is called the least upper bound or supremum, 
denoted by sup S or lub S, if a < b for every upper bound 0b of S. 

(2) A lower bound a of S is called the greatest lower bound or infimum, denoted 
by inf S or glb S, if b <a for every lower bound b of S. 

(3) If sup S exists and is in S, it is called the maximum or the largest element 
of S and is denoted by max S. 

(4) If inf S exists and is in S, it is called minimum or least element or smallest 
element of S and is denoted by min S. 

(5) If max X exists, we define inf? = max X. If max X does not exist, we 
introduce the symbol oo and define sup X = inf @ = oo. 

(6) If min X exists, we define sup? = min X. If min X does not exist, we 
introduce the symbol —oo and define inf X = sup = —oo. 


6.16. Definition. Let (X,<) be a poset and S Cc X. 


(1) An element a € S is called a maximal element of S if a = b whenever b € S 
and a < b. 

(2) An element a € S is called a minimal element of S if a = b whenever b € S 
and b <a. 





6.17. Examples. (X,<) is a partially ordered (sometimes linearly ordered) set. 
We describe the properties involving elements like maximal, maximum, supremum 
and upper bound etc. The corresponding versions for minimal, minimum, infimum 
and lower bound are true. 


(1) @ is bounded below as well as bounded above. In fact, every element is a 
lower bound as well as an upper bound of (. However, if every element of 
X is an upper bound as well as a lower bound of A C X, then we cannot 
conclude that A = @. For example X = {2}, a singleton with the obvious 
linear order 2 < 2. Then A = {2} is bounded above as well as below with 
every element (viz. 2) of X being an upper as well as lower bound of A. 

(2) If 0A AC X, then every lower bound of A is less than or equal to every 
upper bound of A. Let a be a lower bound of A and 6 be an upper bound of 
A. Since A is not empty, there is c € A. Hence a < c < b and by transitivity, 
a <b. In particular, inf A < sup A, whenever A # @ and both inf A and 
sup A exist. 
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(3) sup@ < inf @. In R sup9, inf @ do not exist in R. But still sup@ < inf @. In 
fact, inf R = —oo = sup@ < inf = co = supR. 

(4) If any of the max, min, sup, inf, exists for a set, then it is unique. We exhibit 
the proof in one case. 

For A Cc X, suppose there are at least two sup A, say a and b. Then a is 
an upper bound of A and 0 is the least upper bound, and hence, b < a. By 
interchanging the roéles of a,b, we get a < b. 

(5) Contrary to the above, maximal and minimal elements of a set, if exist, need 
not be unique. For example consider X = {{1}, {2}, {1,2,3}} be the poset 
with the usual subset relation. In this case, {1} and {2} are minimal elements 
of X and {1,2,3} is a unique maximal as well as maximum element of X. 

(6) From the preceding remark, one may tend to conclude that if a maximal 
element is unique, then it will be the maximum. However it is not the case. 
For example, consider N U {a}, where N has the usual order and for n € N, 
declare that n < a if and only if n < 100. Also declare a < a. Then a is 
the unique maximal element of N U {a}. But, NU {a} does not have any 
maximum element. 

(7) Maximum of a set is also its maximal element. 

(8) 1 =sup(0,1) but (0,1) does not have maximum. 








6.18. Example. If a finite partially ordered set has a unique maximal element, 
then it is the maximum. 


Indeed let X = {a,a2,...,@n} be a finite partially ordered set with unique 
maximal element, say a,. If a; < a; for 1 <2 <n, then aj = max X. So, suppose 
to the contrary, that k is the smallest integer such that a, < a1. If ax £ a; for 
i > k, then az is maximal, a contradiction. So, we choose the least kj > k such 
that az, < az,. Note that if az, < a,, then a, < a,, which is not the case. Thus 
ap, K a,. Continuing inductively we find the smallest ky > k,, smallest k3 > kg 
and so on such that az, < ax,,,, (i = 1). When this process terminates, we get a 


maximal element a,,,,, a contradiction. Thus a, must be the maximum element. 


6.19. Example. One of the standard examples of a poset is a powerset of a set 
ordered by the usual subset order. 


. Many times a poset is represented by a diagram 


like the one shown in the Figure 8. The partial order 


3 ge is generated by defining x; < x; if there is a sequence 

of line segments joining x; and x;, and 2; is above 2;. 

bs Then completing the relation by using transitivity and 
reflexivity. 


FIGURE 8. POSET 


6.20. Definition. Let (X,<) be a poset and Y C X. If the order < on Y isa 





total order, then (Y, <) is called a chain. 


The following lemma is equivalent to that of axiom of choice. 
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6.22. Definition. Let (X,<) be a poset and z,y € X. If x < y, then z is 
called a predecessor of y and y is called a successor of x. Further, if there is no 
element z € X such that x < z < y, then z is called the immediate predecessor 
of y and y is called a immediate successor of x. 





6.24. Example. 


(1) The least element of a well-ordered set does not have a predecessor, that is, 
it is not a successor of any other element. 

(2) The set {1,2,3} with intuitive order, is well-ordered. But 3 does not have a 
successor, that is, 3 is not a predecessor of any element. 

(3) The set N = {1,3,5,7,...,2,4,6,8,...} in the order of its listing is a well- 
ordered set. 1 is not a successor of any element, and hence, it does not have 
a predecessor. Also, 2 has infinitely many predecessors but no immediate 
predecessor. Consequently, 2 is a successor of infinitely many elements but 
not the immediate successor of any of them. 

(4) Z={---—3, —2,—-1,0,1,2,3,...} is not a well-ordered set because it does 
not have the least element. 


6.25. Definition. Let (X,<) be a totally ordered set. For a,b € X, with 
a < b we define the following sets. 


(a,b) ={x EX :a< za < Dd}, called an open interval. 
[a,b] = {x € X:a<a< bd}, called a closed interval. 
[a,b) ={xeE X:a<a< }d}, called a closed open interval. 
(a,b] = {x € X:a< a < bd}, called an open closed interval. 
(a,00) ={x € X:a< Zz}, called an open right ray. 

(— )={x eX :2 <a} called an open left ray. 

[a,co) = {4 € X:a< az}, called a closed right ray. 


(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8) (—oo, a] = ae € X:a <a} called a closed left ray. 
(9) (- 


ee a ae ae ae ee a 





The following is due to Zermelo. 





The following theorem records the existence of the first uncountable ordinal. 





D.J. Karia ... where people are hanged if they talk. — Euler Topology 


$6. Order al 








ProorF. Let Y be an uncountable well-ordered set. Consider Z = {1,2} x Y with 
the lexicographic order. Let 0 denote the smallest element of Z. Clearly, for any 


y € Y, and a = (2,y), the section X, is uncountable. Define 


A= {ae Z: Z, is uncountable}. 











Then §) # ACY. For the smallest element w, of A, [0,w] is the required set. 





6.29. Remark. The set [0,w)] in the Theorem 6.28 is unique up to order isomor- 
phism. 





ProoF. If A is finite, then the result is obvious. So, we assume that A is 
infinite. Suppose w, ¢ A = {a; : i € N}. Clearly, [0,a;] is countable, and 
hence, B = U%,[0, ai] is countable. Let y be the smallest element of Q \ B. But 
then b € B if and only if b < y. Thus the set of all predecessors of y is B, a 
countable set. Hence y 4 w;. Also A C B and ¥ is an upper bound of B. Hence 
sup A < sup B < y < wy. The converse is at once. 














6.32. Definition. Let (J,<) be a linearly ordered set and {X;:i€ I} bea 
family of partially ordered sets. For x, y € [];<-; Xi, define x < y if either for all 
tel, x; < y, or lor some? 6! x = y, and x, = y, tor alll 9 = 72. = 16 called 


the dictionary order on [];e7 Xi. In this case, [],<7 X; is called a linearly ordered 
product of partially ordered sets. Also on [];-; X; the dictionary order is defined 
tor (a7), (U7) © [er Xe (2) — (7) Wf either? <9 ort = 7 and a yin X,. 
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6.33. Proposition. (The permanence properties of order) 


(1) Subset of a partially (respectively, linearly, well) ordered set is partially 
(respectively, linearly, well) ordered. 

(2) Linearly ordered product of partially ordered sets is partially ordered with 
the dictionary order. 

(3) Well-ordered product of linearly ordered sets is linearly ordered with the 
dictionary order. However, linearly ordered product of linearly ordered sets 
need not be linearly ordered. 

(4) Partially ordered coproduct of partially ordered sets is partially ordered 
with the dictionary order. 

(5) Linearly ordered coproduct of linearly ordered sets is linearly ordered with 
the dictionary order. 

(6) Well-ordered coproduct of well-ordered sets is well-ordered with the dictio- 
nary order. 





PROOF. (1) is a straight forward verification. 


w=(2) Let (J,<) be a linearly ordered set and {X; : i € I} be a family of the 
partially ordered sets. 
For x = (x;) € [[jer Xi, clearly x < x because for each i, x; < x;. 


Let x,y € [],-, X; such that x < y and y < x. Suppose x # y. Since x < y, 
and x # y, there is 7 € J such that x; < y; and x; < y; for all 7 < 7. Since 
y <x, there is k € J such that y, < x, and x; < y; for all 7 < k. Without loss of 
generality, we assume that 7 < k. But then x; < y;. This contradiction assures 
that x = y. 


Let x <yand y <z. Ifx =y or y =z, then we are done. So assume that 
x <y andy <z. Then there are i,k such that x; < y; and x; < y; for all j <7 
and yx < Z, and y; < mz; for all 7 < k. Without loss of generality, assume that 
a<k. Then x; < y; <a; and x; < y; <2z; for all j <7. So, x <z. Hence [<7 Xi 
is a partially ordered set. 


t=(3) Suppose I is well-ordered and each X; is linearly ordered. Let x,y € 
Tier Xi- If x; = y; for every i, then x = y. Otherwise, let Ip = {i cI: x; # y;}. 
Let ig be the least element of Jp. By linearity of the order on Xj, Xig < Yio OF 
Vio < Xi, SO that xX < yor y <x. 


Let J =Z and X, = {1,2} for every n € N. Define x,y in J[*_. X, by 


nN=— CO 


(3 ifn =0 mod 2: i: ifn=0 mod 2: 
x = ' and v= 


otherwise; 1, otherwise. 


Clearly, x # y. If x < y, then there exists 7 € Z such that x; < y; and x; < y; for 
all 7 <1. Thus x; must be 1 and y; must be 2. But then 2=>x,_, < yi1 =1,a 
contradiction. Thus x ¢ y. Similarly, y < x. 


t=(4) Clearly, < is reflexive. Let (x,i) < (y,7) and (y,j) < (#.i). Ifi =j, then 


the antisymmetry on X; shows that (x,i) = (y,7). Otherwise i < j and j <i is 
a contradiction. Now assume that (z,7) < (y,7) and (y,j) < (z,k). Ifi=j=k, 


4Essential use of well-ordering of I. 
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then the transitivity of order on X; proves the result. Otherwise, i < k. Thus we 
are done. 

t=(5) Assume that J is linearly ordered. Clearly, [],<; X; is partially ordered by 
(4). Let (x,7),(y,7) € [| Xi. Since J is linearly ordered, we assume without loss of 
generality that 2 <j. If7 = j, then x,y € X;, which is linearly ordered. Hence 
x,y are comparable. So, are (x,i) and (y,7). If i < j, then (z,7) < (y,j). Thus 
Llic X; is linearly ordered. 


t=(6) Assume that J and for each i € I, X; too are well-ordered. Let A C []je7 Xi 


be nonempty. Let i be the least element of J such that X*M A #4 Q, where 
Xj = {(z,i): a2 € X;}. Then the least + € X; such that (x,i) € A gives the least 
element of A. 














Problems 

36. Let X = {1,2,3,4,5,6}. Find a highest length chain in A(X). 
37.Give an example of a relation R on a set X such that RUA is a partial order 
but R is not a strict order. 
38. Give an example of a relation R on a set X such that R ~ A is a strict order 
but R is not a partial order. 
39. Prove the following. 

(1) Every subset of N is bounded below. 


(2) A subset of N is bounded above if and only if it is finite. 
(3) A bounded subset of a poset can contain at most one of its upper bounds. 


40. Give examples of 


(1) An infinite bounded subset of R. 
(2) A bounded subset of R which does not contain its upper bound. 


























A1.Find the supremum and the infimum of each of these subsets of R if they exist. 


{4 n €N}, {c €Q: a? < 3}, {0.1,0.11,0.111,... } and {0.1, 0.121, 0.12121, ... }. 


42.Prove that a supremum of a set, if exists, is unique. 





43. Give an example of a poset in which there are seven maximal elements and 
three minimal elements. 


44.Show that a maximal element of a linearly ordered set is the supremum. 


45.Let A C R be bounded above and a = sup A. Given n € N, show that a — i 
is not an upper bound of A. 


46.Let A C R be bounded above and B be the set of all upper bounds of A. Show 
that B = |a,co) for some a € R. Also, show that AN B C {a}. 


47.Let the subsets A = {a, :n € N}, B = {b, : n € N} of R be bounded above. 
Show that 

sup{a, +b,:n € N} < sup{a, :n € N}+sup{b, :n € N}. 
Also show that the equality may not hold. 
48.Let A,B CR. If AC B, is it true that sup A < sup B? Prove your claim. 
49.Let A CR. Is it true that inf A < sup A? Prove your claim. 
50. Let X be a well-ordered set. Give arguments to prove or disprove the following. 


(1) For a,b € X with a < 6, the interval (a, b) = 0 if and only if b is the immediate 
successor of a. 
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(2) X is an infinite well-ordered set if and only if every a € X has a successor. 

(3) X is a finite well-ordered set if and only if exactly one element of X does not 
have any successor. 

(4) There exists at most one element of X which does not have any successor. 

(5) There could be more than one element of X having no immediate predecessor. 
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Basic Concepts 


7. Topological Spaces 


7.1. Definition. Let X be a set and 7 be a collection of subsets of X 
satisfying the following properties. 


(1) 0,X € J. 


(3)G. Hel =CHa eZ, 


Then 7 is called a topology on X. Also, the pair (X, 7) is called a topological 
space. An element of 7 is called an open set or Y-open set. 





7.2. Remark. 


(1) Now onwards, unless explicit mentioned about possibility of emptiness of a 
set, it is assumed that a set considered is a nonempty set. 

(2) Usually we write “X is a topological space” instead of “(X, 7) is a topological 
space”. In this case, it is assumed that the underlying topology on X is .7. 


7.3. Example (*). Let X = {a,b,c} be a set of three elements. The following are 
some of the topologies defined on the set X which are pictorially demonstrated 
below. 
i. ) oa = {, X} (Figure 9(a)). 
= {0, {a}, {a,b}, X} (Figure 9(b)). 
= {0, {b}, {a,b}, {b,c}, X} (Figure 9(c)). 
= {@, {b}, X} (Figure 9(d)). 
= {0, {a}, {b,c}, X} (Figure 9(e)). 
= {0, {5}, {c}, {a, b}, (0, cf, X} (Figure 9(f)). 
= {0, {a,b}, X} (Figure 9(g)). 
= {0, {a}, {b}, {a, b}, X} (Figure 9(h)). 
= {0, {a}, {0}, {c}, {a, b}, {b,c}, 1a, cf, X} (Figure 9(i)). 
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FIGURE 9. Some Topologies on the Set X = {a,b,c} 
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The following Lemma shows that something stronger than condition (3) of 
the Definition 7.1 is true. 





ProoF. Let G1, Go,...,G, € ZY. Applying (3) to G1, Go, we get G. NG, € J. 
Now applying the Definition 7.1 (3) to Gi NG» and G3. we get (G1 NG2)NG3 € 7. 
Continuing in this way, in finitely many steps, we get, Gi, 1 G2N---NG, € J. 











This completes the proof. 





7.5. Examples. Let X be a set. Then 


(1) % = {, X} is a topology on X. 
(2) J= Y(X), the powerset of X, is a topology on X. 


7.6. Definition. Let X beaset. The topology % defined in the Example 7.5(1) 
is called the indiscrete topology or trivial topology on X and the topology J 





defined in the Example 7.5(2) is called the discrete topology on X. 
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7.7. Example. Let X = {a,b}, a two point set. Then 7 = {0, {a}, {a,b}} isa 
topology on {a,b}. This topological space is called the Sierspirisky space. The 
Sierspinsky topology can also be described in the following ways. 


FJ={GCX:G=Horae Gh. (LiL) 
={G Cx rG =X orb Gc}. (fst:2) 

In general, on a set X and a point a € X, (7.7.1) defines a topology, called a 
particular point topology or a VIP topology, where VIP is an acronym for Very 


Important Point. Also for a point b € X, (7.7.2) defines a topology, called an 
excluded point topology. 


7.8. Definition. Let 4%, -% be two topologies on a set X. If % C A, then 
we say that .% is weaker or coarser than .% and write % < %. In this case, 
we also say that % is stronger or finer than 4%. If % S Zz, then we say that 


ZF, is strictly weaker or strictly coarser than Y and write % < %. In this case, 
we also say that .% is strictly stronger or strictly finer than %. We say that 7 
and % are comparable if %< Aor A< JH. 





7.9. Example. Let X be a set. Define 
Fy={GCX:G=Hor X ~ Gis finite}. (7.9.1) 
Then 7 is a topology on X. 

From (7.9.1), it is clear that 0 € F. Also X\ X =, a finite set. So, X € F,. 
Now let {G; : i € I} be a collection of members of 7 and G = U{G;: i € I}. If 
G = 0, then we are done. Otherwise, G; 4 @ for some j. But then X \ G; is finite. 
Also, X \GC X\G;. Hence X X\ G is finite. So, GE ZF. 

Let G,H € J. If GA H =9, then we are done. Otherwise X \ G,X \ H 


are finite. But then X \ (GN H) = (X \ G) U(X \ @), which is finite. Thus 
GNH € J. 


7.10. Definition. The topology .7% considered in (7.9.1) is called the finite 


complement topology or cofinite topology and (X, 7;) is called the cofinite 
topological space. 





7.11. Example. The cofinite topology on a finite set X is discrete. 
Let GC X. Then X X G is finite. Hence G € 7. Thus 9 < 7F;. 


7.12. Example. Let X be a set. Similar to the Example 7.9, 
F,={GCX:G=9 or X \ G is countable} (fl21) 
is a topology on X. 


7.13. Definition. The topology &% considered in (7.12.1) is called the countable 


complement topology or cocountable topology and (X, %) is called the cocountable 
topological space. 
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More generally, for each infinite cardinal number a, we can define the following 
two topologies. 


7.14. Example. Let X be a set and a be an infinite cardinal. Define 


Fa=1(6G CX 1G jor |X ~G| =a} 
and 

Ig={G CX:G = or |X \G| <a 
Then .%, and %, are topologies on X. 


7.15. Definition. We call the topology %, the co a-topology and the topology 
Ze, the cosub a-topology. Extending the same terminology X equipped with 


TZ, is called a co a-topological space and X equipped with Z, is called a cosub 
a-topological space 





7.16. Remark. 
(1) Ty = TX > Try = J. 


(2) The topologies of the form either 7, or %, for some infinite cardinal number 
a are called the cardinal topologies. 
(3) One can easily see that if a and £ are two infinite cardinals such that a < 6, 
then 
Pea < In & Fog < Ia. 
(4) |X|<@it and only if 22, = 9, =. 
7.17. Example. Let X be a set. Choose A Cc X. Then ZY = {0,X,A} isa 


topology on X. Y = ¥ if and only if A = 0 or A = X. On the other hand 
SY = 7 =Q if and only if X is singleton. 





7.18. Example. Let X be a nonempty set and {A; : 1 < i < n} be a chain 
of subsets of X. Then YF = {@, X, Ai, Ao,..., An} is a topology on X. Also 
Fr 


7.19. Remark. If we replace a finite chain by an infinite chain in the Example 7.18, 
then 7 need not be a topology because an infinite chain need not be closed under 
union. For example the chain {(7 + +, 10 — +) : n € N} is not closed under union. 


7.20. Example. Fora set X and@? GAG X, 7 = {0, X, A, X \ A} is a topology 
on X. 


7.21. Example. Fora set X and ACX, FJ={GCX:G=orAcGh}Hisa 
topology on X. 


7.22. Example. Fora set X, AC X, FJ={GCcxX:G=XorGcAhisa 
topology on X. 
Problems 
51. Which one of the following is a topology on a given set X? 
1) 7% ={G CX :G is finite}. 
(2) 7 ={G CX :G is infinite}. 
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52.Let X be a set and a € X. Consider the VIP topology 
F={UCX:VU=VPoracv} 
on X defined in the Example 7.7. 
(1) Show that 7 is a topology on X. 
(2) Show that 7 is closed under arbitrary intersection. 


53.Let 7 ={G CR:G=9orG=R or G = (-7,r) for some r > 0}. Show 
that 7 is a topology on R. 
54.Let 7 ={GCR:G=90 or G=R or G = (—n,n) for some n € N}. Show 
that 7 is a topology on R. 
55.Let J ={G CR: G=9% or G=R or G = (-1,r) for some r € Q,r > O}. 
Show that 7 is not a topology on R. 
56.Let 7 ={G CR:G=90orG=Ror G=(r,ov) for some r € R}. Show 
that Y is a topology on R 


57.Let 7 ={GCR:G=0 or G=R or G = (r, 00) for some r € Q}. Show 
that 7 is not a topology on R. 





















































































































































58. List all the topologies on X = {a,b,c} containing {a}. 

59. List all the topologies on a set X in which every singleton is open. 
60.Show that 7 ={G CR: G=9 or QC G} is a topology on R. 
61.Show that 7 ={G CR:G=Ror GNQ= 9} is a topology on R. 
62. Which of {75 :n € N}, [0,1], Q, RN Q, RX {0} are 7-open or Z-open in 
R? 

63. Consider the topology Y on X given in Example 7.18. Obtain the necessary 
and sufficient condition for each of 4% < FY and J < GF. 


64. Show that in a cofinite topological space arbitrary intersection of open sets 
need not be open. 



























































65. Give an example in the following topological spaces to show that arbitrary 
intersection of open sets need not be open. 





(1)R with the cocountable topology. 
(2) IR with the usual topology. 
(3) R with the lower limit topology. 

















66. Let X be a set and Y be a topological space and f: X — Y be a function. 
Show that 

ZF ={f"(U):U be open in Y} 
is a topology on X. 
67.Let X bea set and {%:a € A} bea family of topologies on X. Show that 
N{FZ:a€ A} is a topology on X. 
68. Let .%, A be two topologies on a set X. Is A%U-Aa topology on X? Justify. 
69. Let {% | a € A} be a family of topologies on a set X. Show that there is a 
unique smallest topology on X containing .% for all a. Also show that there is a 
unique largest topology on X contained in % for all a. 
70. Prove that 4% and J are topologies on X. Also, prove that .% = ZY if and 
only if X is singleton. 
71.Show that in a cardinal topology, a set is open if one of its nonempty subset 
is open. 
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72.Let X be a finite set. Show that the cofinite topology coincides with the 
discrete topology. Also prove the converse. 


73.Let X be a countable set. Show that the cocountable topology coincides with 
the discrete topology. Also prove the converse. 


74. Let X be a nonempty set. On X, show that 


(I< % 
(2) %< JZ; if and only if X is finite. 


8. Base 


In general, there may be too many open sets in a topological space to handle 
with. So, we develop a concept of a base for a topology that turns out to be 
a subcollection of a topology. Instead of dealing with all open sets, it will be 
sufficient to deal with this subcollection of basic open sets only. One can think of 
a base as a collection of building blocks. 


8.1. Definition. Let (X,.7) be a topological space. A collection ZC TZ is 
said to be an open base for the topology 7 if 


TF ={UC 6 CB}. 


That is, G € 7 if and only if G is a union of members of &. For brevity we 
shall use the term base for an open base. In context of @, an element of Z is 
called a basic open set. Z is called the topology generated by 4. Some authors 
use the term basis or an open basis instead of base. 





PROOF. Clearly, 4 Cc 7. Let 7' be a topology on X such that Ac 7’. Let 
Ge Z. But then G = UB; with B, € AC F'. Hence G = U,B; € 7’. Thus 
1 ae ae 














8.3. Proposition. Let (X, 7) be a topological space and B be a collection of 
subsets of X. The following are equivalent. 


(1) @ is @ base for 7. 
(2) 7 =1G <X : for every 7 © G, there 15 B, © 4 such that ve 8, CG}. 





PrRoor. (1) => (2) LetxreGe J. By the definition of base, G = U;B; with 
B; € &. But then there is some j € I such that x € B;. Defining B, = B;, we 
are done. 

Now, let G C X such that for every x € G there is B, € @ such that 
x € B, CG. Clearly, UB, = G, and hence, G € 7. 
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(2) > (1) Let Be &. Then for every x € B, we have tr € BC B. So let 
B, = B. Thus for every x € B,x€ B, CB. SoBe J. Thatis, AC FJ. 

Now let G € Y. Then for every x € G, there is B, € Asuch that x € B, CG. 
Taking union of the sets in the middle over all « € G, we get UB, = G. Thus 
JF C{Ue~:¢€ Cc B}. On the other hand, let G = UierBi, where B; € & 
for every 7 € I. Let x € G. Then there is 7 € J such that x € B;. Hence 
xz € B; C Vier B; = G. So, Ge J. This ensures that {UY : 7 C B} Cc FJ. 


Summing up all the above, we have a topology Y and 4 C FY such that 
FT ={UE:€ CB}. So, Bis a base for the topology 7. 














8.4. Proposition. Let (X, 7) be a topological space and & be a base for 7. 
Then 


(Ua = xX. 
(2) For B,, By € B and x € B,N Bo, there is Bz € B such that 
ii eS Bz & By, N Bo. 





ProoF. Indeed, X € ZY. So, X = U;B; with B; € Z. This proves (1). Now 
let Bi,Bo € Bandx € By NB. Since McC JF, Bi, Bo © F. Consequently, 
Bi, By € &. Hence by the Proposition 8.3, there is Bs € @ such that x € Bz; C 
B, By. This completes the proof. 














The important part is the converse to the above proposition. It will help us 
define the topology through bases. 


8.5. Proposition. Let X be a set and BC A(X) satisfy the following. 


(We Xx: 
(2) For Bi, By € B and x € B,N By, there is Bz € B such that 
AoE Bz Cc By, N Bo. 


Define 
Fae 6 ea. 


Then 7 is a topology and & is a base for 7. 





PrRooF. Note that @ is a union of empty family of members of 4 and X is, by 
hypothesis, a union of members of &. Thus 0, X € 7. 


Let {G; : i € I} C ZF. Since each G; is a union of members of 4, U;G; is 
a union of unions of members of 4, and hence, union of members of Z. Thus 
U;G; € 7. 

Now let G,H € ZY. Let x € GNH. Since G is a union of members of &, there 
is B} € Asuch that x € B, C G. Similarly, there is By € A such that x € By C H. 
So, by the hypothesis, there is B, € @ such that x € B, CB, N By CGN HAH. 
Taking union of all such B, over x € GM H, we conclude that Uzegny By, = GNA. 
Thus GN He J. 
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8.6. Corollary. Let X be a set and BC A(X) satisfy the following. 
(UA =x. 


(2) B,, Bg EB=> either B, N Bo =) or Bi N Bo CB. 
Then & is a base for the topology FJ ={UC@:€ Cc #}. 





8.7. Corollary. Let (X, 7) be a topological space. Then F is a base for J. 


8.8. Proposition. Let (X, 7) be a topological space and B be a base for 7. 


Then 7 is the smallest topology on X containing Z&. 





PrRooF. Let 7’ be a topology on X such that Cc F'. Let GE F. So, Gisa 
union of members of &. Since every B € Z is Z'-open, G is a union of .7'-open 
subsets of X. Hence G € Y'. Hence 7 C JF’. Thus 7 is the smallest topology 
on X containing &. 


























8.9. Example. F = {(a,b): a,b € R,a < 5} is a base for a topology on R. 








Indeed R is a union of open intervals. Now consider two open intervals 
(a,b), (c,d). Let p = max{a,c} and g = min{b,d}. Then clearly, a < p and q < b. 
So (p,q) C (a,b). Similarly, (p,q) C (c,d). Hence (p,q) C (a,b) N (c,d). On the 
other hand, for any xz € (a,b) MN (c,d), we havea<awandc<x#>p<z. Also, 





























y — ao + (a,b) 1 (ed) =. 

: 2 + (a,b) 1 (ed) = (6,6). 
‘ ae oer ae ‘(a,0) 16d) = (ed). 
‘ f = } > (a,b) N (c,d) = (a,b) 
‘ f —— } > (a,b) N (c,d) = (a, d) 


FIGURE 10. Intersection of Two Intervals 


x<bandx<d=>2 <q. This gives (a,b) (c,d) C (p,q). That is, in particular, 
x € (p,q) = (a,b) M (c,d), (see the Figure 10). Thus (a,b) MN (c,d) € @. Hence f 
is a base for a topology on R. 





8.10. Definition. The topology generated by 
8 ={(a,b):a,b€ Ra < b} 


discussed in the Example 8.9 is called the usual topology” on 


























Important Note 





Whenever R is mentioned without any specific reference to the topology it carries, 
it is assumed that it carries the usual topology. 





Some authors also call it the standard topology. 





D.J. Karia Mathematics rightly viewed, possesses not only truth but supreme beauty. —Russell Topology 


§8. Base 43 





Using the same argument that intersection of two intervals is again an 
interval a number of different topologies can be constructed. Here the additional 
requirement is that intersection of two same type of intervals is again the same 
type of interval. This is more important fact used in the construction of all such 
topological spaces. 


The follows can be proved by mimicking the proof of the Example 8.9. 








8.11. Example. & = {|a,b) : a,b € R,a < b} is a base for a topology on R. 


8.12. Definition. The topology generated by the base 
B, = {|a,b): a,b € R,a < dB}, 








discussed in the Example 8.11, is called the lower limit topology on R and is 
denoted by %. Also, Rg denotes R with the lower limit topology on it, known 
as the Sorgenfrey line. 











The following can be proved by mimicking the proof of the Example 8.9. 














8.13. Example. 4, = {(a,}] : a,b € R,a < b} is a base for a topology on R. 





8.14. Definition. The topology generated by the base 
#, = {(a,6|: a,b € Ria < b}, 








discussed in the Example 8.13, is called the upper limit topology on R and is 
denoted by 4%. Also, R, denotes R with the upper limit topology on it. 














8.15. Example. For x € R? and ¢ > 0, define 





B(x,e) = {y = (yi, y2) € R®: (yi — x1)? + (y2 — x2)? < €7} (8.15.1) 
and let 
B={B(x,e) CR?: x e€R’,e > Of. (8.15.2) 











Then ZF is a base for some topology on R?. 


Note that B(x,<¢) is an open disc of radius € centred at x. Clearly, for every 
x € R’, we have x € B(x, 1) C Uf. Thus R? is union of members of &. 


Also, let By = B(x,€1), Bo = Bly,e2) € @ and z € By NM By. Define 6; = 
Vx — %)* + (x2 — Z2)?, d2 = vim — 2)? + (y2 — 22)? and 6 = min{41, 43}. 


Then using an easy school mathematics, one shows that z € B(z,d) C BiN Bo, 
proving that & is a base for a topology on R?. 




















8.16. Definition. The topology generated on R? by the base in (8.15.2), 


discussed in the Example 8.15, is called the usual topology or Euclidean topology 
on R?. 














8.17. Example. Let 4 = {(a,b) x (c,d) C R?: a,b,c,d € R,a < band c < d}. 
Then ZF is a base for some topology on R?. 








Topology Perfect numbers like perfect men are very rare. —Descartes D.J. Karia 
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[=Jo)(+) 


FIGURE 11. Intersection of Two Open Spheres 


Indeed, for (x1, x2) € R?, (x1, x2) € (ki —1,x1 +1) x (ke -lmetlIeE@. 
Hence UZ = R?. Also, for (a,b) x (c, d), (e, f) x (g,h) € G, either their intersection 
is empty or 

[(a, ®) x (ce, d)INM(e, f) xg, B)] = [(a, BNE, A) x le, AG, h)] = (p, 9) x(r, 8), 
where p = max{a,e},q = min{b, f},r = max{c, g} and s = min{d,h}. Thus Z is 
a base for some topology. We shall see in due course of time that this is in fact, 
the usual topology of R?. 


8.18. Example. Let X be a set and & be the collection of all singletons of X. 
Then @ is a base for the discrete topology on X. 


Here It is clear at once that A C F and every G € J, is a union of singletons, 
that is, a union of members of 4. Thus & generates the discrete topology. 


The following theorem gives an open base for a topology on the upper half 
plane. The topology is due to Moore. 














PROOF. We appeal the reader to create the proof from the Figure 12. 





8.20. Definition. The above topology, defined in the Theorem 8.19, is called 


the Moore topology. The upper half plane with this topology is called the Moore 
plane. 
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FIGURE 12. Moore Basic Open Sets 





Proor. Assume (1). Thnx e BE BSBEFCHSjAB € AM with 
x € B' CB. Conversely, assume (2). Then 


GeZFandreGea iABbeBsuchthatreBcG 
=> i4B'e€&' such thatre B’CBCG. 
=>Ge7Z' 
Thus 7 Cc %'. This competes the proof. 

















PROOF. Clearly, 4c 4 Cc F%'. But F is the smallest topology containing F&. 
Hence Fc J. 














The following topology was introduced by Furstenberg in 1955 [Fur55] in one 
of the shortest articles. Later on various properties of this space were investigated 
by Lovas and Mezé in 2015 in [LM15]. 


8.23. Example. For a € Z~ {0},b € Z, define Buy = {nat+b:neZ}=aZ+b. 
Then 


Buy ={Bap:a,6+1EN,0<b< a} (8.23.1) 


is a base for some topology. 


First we note that Bo, = {b}. Hence If we allow a = 0. Then the Ay 
contains all singletons and hence it is a base for the discrete topology. Thus to 
avoid the discrete topology, we should put the condition a € Z \ {0}. Also, It is 
clear that Ba, = B_a». So, we can consider, without loss of generality, the sets 





Topolo ... it can only be more convenient. —Henry Poincaré D.J. Karia 
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Ba», where a > 0. Once a > 0 is fixed, the sets B,» are given by 0 < b <a. So, 
we assume in the definition of A,, that a,b+1¢Nand0<b<a. 


Since By 9 = Z, UBg = Z. Now let Bap, Bea € Bap and m € Bay N Bea. 


Thus m =ak+b. This givesm =b moda. Similarly, m =d mod c. That 
is there is a solution to the system x ~ b moda and x =d mod c. Hence by 
the Chinese remainder theorem, there are infinitely many solutions to this system 
and all solution are in arithmetic progression with common difference e, where 
e = Icm{a,c}. Thus there is 0 < f < e such that m € Bef C BayN Bea. Thus 
Bay is a base for some topology on Z. 


8.24. Definition. The topology generated by the base &,, defined in (8.23.1) 
is called the arithmetic progression topology or Furstenberg topology and is 
denoted by 745. 


8.25. Proposition. G C Z is X%,-open if and only ifG+a={n+a:neG} 
is Zap-open for each a € Z. 





PROOF. We note that the basic open sets in the arithmetic progression topology 
are nothing but doubly infinite arithmetic sequence. Also, every translate of an 
arithmetic progression is an arithmetic progression. Thus the proof follows. 














In what follows, K = {+:n € N}. 





8.26. Example. For R define 
Be ={BCR: B=(a,b) or B= (a,b) \ K,-c3~ <a<b< oo}. 








is an open base for a topology on R. 





Clearly, U@x = R. The following table shows the result of intersection of 
two intersecting elements of Ax. 





(a,b) (ed) |e, f) 
| (a,b) CaS ee 
(ao) ieee ene 














TABLE 2. -%x-basic open sets intersection 


Here e = max{a,c} and f = min{b,d}. Thus @x is a base for some topology on 
R. 
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PROOF. Consider the base # = {(a,b) : -co < a < b < ov} for the usual topology 
TZ. Since BC Bx, the Corollary 8.22 implies that 7 C Z. Now let us take 
B=(a,b) € @ and z € (a,b). Then B’ = [z,b) C (a,b) and [z,b) € A. Thus 
for each B € f and x € ellB there exists B’ € A, such that x € B’ C B. So, by 
the Lemma 8.21, the topology % generated &, is stronger than the topology 7 
generated by &. 














Problems 

75.Let Z be a base for a topology 7 on aset X. Show that 

F=A{7': J' isa topology on X and Sc J'}. 
76.Let X be a topological space and 4, Ae be two bases for the topology Y on 
X. Is BN Bs a base? 
77.Let B={BCR: BNAQF YD}. Is Ba base for a topology on R? 
78.Let X,Y be two sets and @, and #, be bases for some topologies on X and 
Y respectively. Show that 

B= {Py x Bo: By € B, By € Bo}. 
is a base for some topology on X x Y. 
79.Let X bea set and 4, ={GCcX :|G| <n}. Show that &, is a base for the 
discrete topology. 


80. Which of the following is a base for a topology on R? Compare the so generated 
topologies. 











(a,b) : a,b € Q}. 
(a,b) :a,bE RN Q}. 
(a,b) : a,b € Z}. 





b) : a,b € R}. 
b) : a,b € Q}. 
a,b):a,bE RN Q}. 
b) 
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:a€QbER\ Q. 
) ]:a€Z,bE Qn GZ}. 
Frame the analogous question by replacing [a,b), (a,oo) and [a,oo), with the 
intervals (a, b], (—co,a) and (—oo, a]. Also, frame other set of questions by taking 
both the endpoints from the different sets rather than taking both endpoints from 
the same sets R,Q,Z,R~\ Q. 
81.Let X be a non-empty set. Check if any of the following collections of subsets 
of X forms a topology on X. 

1)A={U Cc xX |U=Dor X \U is countable}. 

(2) % ={U c X | X \ U is infinite} U {0, X}. 


Topology ... the human race will soon recover. —Henry Poincaré D.J. Karia 
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(3) 7 ={U CX | U is finite}. 

(4) 7 ={U CX | U is infinite}. 
82.Show that the usual topology is weaker than the lower limit topology as well 
as the upper limit topology on R. 
83.Show that %M Z, is the usual topology on R. 
84. Let X,, X2 be two topological spaces and X be a set. Let f: X — X, and 
g: X — Xp» be two functions. Define 

B={f'(U)ng"(V):U is open in X, and V is open in X9}. 

Show that FZ is a base for some topology on X. 


85. Let X bea set, (Y, 7) be a topological space, f: X + Y be a function and # 
be a base for 7. Show that ¥,,(f) = {f-'(B) : B € B} is a base for a topology 
on X. 








9. Subbase 


9.1. Definition. Let (X,.7) be a topological space. A collection .Y C 7 is 
said to be a subbase or a subbasis for 7 if 


{N@ : @ is a finite subset of 7} 


is a base for Y. In context of Y, an element of .Y is called a subbasic open set 
and 7 is called the topology generated by S. 


PRooF. Let Y C A(X). Define 
Z={BCX: Bisa finite intersection of members of 7}. 
Let @ =, the empty family of members of .Y%. Then nN@ = X. So, X € &. 


Now let By, Bo € Bandxe€ By, NBs. Then B, = SiN SN Si3N-++ A Siz 
and By = S41 i) S99 M" S53 Mee A Som: With oy E S for all 1,9. But then 


By N Be = 81.0 S12N S13N ++: A Sig A Ser 1 See M So3 N+ ++ A Som 


is also a finite intersection of members of .%.° So, B; MN Bs € &. So, by the 
Corollary 8.6, Z& is a base for some topology on X. 

















9.3. Proposition. Let X be a nonempty set and Y be a subbase for the 
topology ZY. Then JF is the smallest topology on X such that SY C FJ. 


ProoF. Let 7’ be another topology on X such that Y C 7’. Let Z be the base 
generated by Y for 7. Let BE Z. Then B = /N@ for some finite subfamily of 
€CCLCZ'. Thus B is a finite intersection of 7’-open sets. Thus B is 7'-open 


3This phenomenon can be described as a finite intersection of finite intersections is a finite 
intersection. 
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set. That is, Be 7’. Hence 4 C %'. But then by the Proposition 8.2, 7 is the 
smallest topology containing 4. Hence Y C %’. This completes the proof. 














Problems 
86.Let X be a set and .Y be a subbase for a topology Y%. Show that 7 is the 
weakest topology such that .Y% C 7. 
87.Show that Y = {(a,b) C R: either a = —oo or b = co} is a subbase for the 
usual topology on R. Also, show that it is not a base. 


88.Show that .Y = {[a,oo) CR: a € R}U {(—o~,b) CR: b € R} is a subbase 
for the lower limit topology on R. 























89.Let X be a set. Show that the following are subbases for the discrete topology 
on X. 


(1) If X has at least four elements, then the collection of all subsets of X having 
exactly three elements. 

(2) The collection of all countable subsets of X. 

(3) The collection of all finite subsets of X. 

(4) If X is infinite, then the collection of all countably infinite subsets of X. 


90. Let X be a set and 
SF={VCX:X\V is singleton}. 
Show that Y is a subbase for the cofinite topology on X. 


10. Neighbourhoods and Local Base 


A local base is associated to a point rather than the whole of the topology. We 
begin with the following definition of a neighbourhood of a point in a topological 
space. 


10.1. Definition. Let (X, 7) be a topological space and z € X. UC X is 
called a neighbourhood of x if there is an open set G such that x € G C U. We 
set the notation 


U,={U CX :U is a neighbourhood of x}. 
The family %, is called the neighbourhood system at x. 


10.2. Definition. Let (X, 7) be a topological space and x € X. A family &, 
of neighbourhoods of x is said to be a local base at x or a neighbourhood base at 
x if for every neighbourhood U of xz, there is B € &, such that B CU. 





Unlike members of a base, a member of a local base need not be open. 


10.3. Example. Let X be a topological space. Then for every x € X, Y%, isa 
local base at x. 


10.4. Example. Let X be a discrete topological space. Then a collection #4, of 
neighbourhoods of x is a local base at x if and only if {x} € &,. 


Indeed, suppose {x} € @,. Then for every subset A C X containing x, we 
have {x} € &, such that {x} C A. 


Topology Remember your humanity, and forget the rest. —Russell D.J. Karia 
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On the other hand, since {x} is a neighbourhood of x, there must be B € &, 
such that z € B Cc {x}. Thus B = {x}. Thus {x} € &,. 


10.5. Proposition. Let X be a topological space and for every x € X, let By 


be a local base at x. Then G C X is open if and only if for every x € G, there 
is ib G &, such that B.C G. 





PROOF. Suppose G is open. Let x € G. Then G is a neighbourhood of «. Hence 
there is B, € &, such that B, Cc B. 


Conversely, suppose for every x € G, there is B, € 4, such that B, C G. 
Let x € G. Choose some B, € 4, such that B, C G. Since B, € Z,, By isa 
neighbourhood of x. Hence there is some open set U, such that « € U, C B,. 
Thus for every x € G, we have an open set U, such that x € U, C G. Taking 
union of all such U,, we get UzcgU, = G. Thus G is open. This completes the 
proof. 














Our first goal is to characterize topology in terms of local bases. 





Proor. (1) follows from the definition of a neighbourhood. 


u=(2) Let U,V € %,. So, there are open sets G, H such that x € G C U and 
x €H CY. Thus GN 4 is an open set such that r € GN H CUNV. Thus 
UNVER. 

m(3) Let U € Y,. So, there is an open set V such that s © V CU. Then 
for every y € V, V is an open set such that ye V C U. Thus U € Y, for every 
yeV. 

w(4) Let U € Y, and U C V. Then there is an open set G such that 
ctEGCUCY. ThuisVeEeG. 


t=(5) Let G be open. Then for every x € G, we havex CG CG. ThusGe G. 


Conversely, suppose G € %, for every x € G. So, for every x € G, there is 
an open set U, such that « € U, C G. Thus G = UzegU;z, a union of open sets, 
and hence, G is an open set. 














The following constructs a topology from a neighbourhood system and also 
characterizes families which are neighbourhood systems for some topologies. 
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10.7. Theorem. Let X be a set. Suppose there is a system of nonempty 
families Y* assigned to each x € X satisfying the following. 


(ea = 7 et. 
(QU VEeSsuUnve®m*. 
(3) For each x € X and for every U € WY", there is V € Y* such that 


Ue WY for everyyEeV. 
gies aye Yer 


Define 
J=1GCX:Ge™ for everye eG}. 
Then 7 is a topology on X and WV* =%, for allxe X. 





PROOF. Vacuously, @ € Y, for every x € 0. Thus @ € ZY. Let x € X. Since 
U" #(), there is U € Y*. But then by (4), X € Y*. Hence X € J. 


Let {G;:71€1} c J. Let. x € UjerG,. So there is 7 € J such that x € G;. 
But then G; € Y*, and hence, by (4), UierG; € Y*. So, VierG; € J. 


Let G,H EZ. Let x €GOH. So,x€ Gand az € H. But then G,H € Y”. 
So by (2), GN H € @® for every x € GN H. So, GNA € J. So, the proof till 
this point establishes the fact that Y is a topology on X. 


Let c € X andU € Y*. Define V = {fy CU: U € Y"}. We show that 
V is open. Let y € V. So, U € YY. Hence there is W € UY such that U € U* 
for every z € W. ThusW CV. Thusy€W CV and W € UY. Thus V € WY”. 
Hence V € WY” for every y€ V. Thus V € Z. But V CU. Hence U € Y,. Thus 
UYU" C U,. Conversely, suppose U € Y,. Let G= U°. Thenzx € GCU. Since 
GEeZ,GEw”. ButG CU. Hence U € Y”*. This shows that Y%, Cc Y*, which 
completes the proof. 














10.8. Theorem. Let X be a topological space and for each x € X, let B, be 
a neighbourhood base at x. Then the following hold. 


(1) IfU € By, then az € U. 
(2) If Uy, U2 € By, then there is U3 € B, such that Uz C U,N Ud. 
(3) For every U € &,, there is V € By, such that for every y € V, there is 


We @, such thatW CU. 


Conversely, suppose X is a set and assigned to each x € X, there is a 
family B, of subsets of X satisfying (1)-(3). Define 


(4) J ={GCX: for every x € G, there is U € B, such that U Cc G}. 
Then JF is a topology on X and &, is a neighbourhood base at x. 





ProoF. If &, is a neighbourhood base at each x € X, then (1), (2) follow from 
the definition and the fact that intersection of two neighbourhoods of x is again a 
neighbourhood of x. Now let U € &,. So, U € Y,. Let G be an open set such 
that x € GC U. But G is a neighbourhood of x. Hence there is V € @, such 
that r€ V CG. Now let ye V. Theny€V CG. Thus Ge &,. Hence there is 
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W € &, such that ye W CG CU. Thus for every y € V, we get W € &, such 
that W CU. This proves (3). 


Conversely, suppose, X is a set and assigned to each x €_X, there is a family 
B, of subsets of X satisfying (1)-(3). Define 7 by (4). Clearly, 0, xX € 7. Let 
{G,;:1€I}C FJ and z € G= ViesG;. Then x € G; for some j € J. But then 
there is U € &, such that U CG; C G. Thus UjerG; € FZ. Now let Gi,G2 € F 
and x € G,M Gy. Then there are U;, U2 € Z, such that U; C G1, U2 C Go. Using 
(2), let Uz € B, be such that U3 C U;NU2. But then x € Uz CU; NU2 C Gi NG. 
This shows that G, 1 G2 € Y and also completes the proof. 














10.9. Proposition. Let X be a topological space and @ C F%. For every 


xeExX define, ={BeEB:x€ B}. Then B is a base for J if and only if 
each B, ts a local base at x. 





Proor. Let & be a base for 7 andx € X. For U € Y, there is B € fZ such 
that x € B CU. But then we get BE &, and B CU. Thus &, is a base at x. 
Conversely, suppose each &, is a local base at x. Let U € ZY. Then for each 
x €U, there is B, € A, C Sf such that B, C U. That is, U = Uzey By. Thus U 
is a union of members of 4. Thus @ is a base for 7. 














11. Countability Axioms 


11.1. Definition. A topological space is said to be first countable if there is 


a countable local base B, at every x € X. A topological space is said to be 
second countable if it has a countable base. 








11.2. Example. R is first countable. 
Indeed for every tc € X, B, ={(x - 1x + +) :n € N} is a local base at z. 





PROOF. Let X be a second countable space. So, it has a countable base 4. Then 
by the Proposition 10.9, 4, ={B € @: «x € B} isa local base at x for every 








xeEX. Since 4, C &, &, is countable. This completes the proof. 





11.4. Example. A first countable topological space need not be second countable. 








Indeed, for the discrete space R, {{x}} is a local base at x for every x € R. 
However, any base for a discrete space must contain all the singletons. Thus a 
base for the discrete topology on R cannot be countable. 





11.5. Example. 
(1) {(a,b) : a,b € Q} is a countable base for the usual topology on R. Thus R is 
second countable. 
(2) {[x,2+ 4) : n € N} isa local base at x for the lower limit topology. Thus R, is 
first countable. But Ry is not second countable. Suppose # = {B,,:n € N} 
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is a base for .%. Without loss of generality, we assume that B, 4 @ for every 
n EN. For every n € N, define a, = inf B, and A = {a,: n € N}. Clearly, 
A is countable. It may contain —oo is some B,, is not bounded below. Let 
a € R. Consider [a,b) € %. Since a € [a,b), there is B, € 4 such that 
a € B, C |a,b). Since B, C |[a, b), a = infla, b) < inf B,. Also, since a € By, 
inf B, <a. Thus inf B, = a. That is a € A, and hence, R C A. This is 
a contradiction to the fact that R is uncountable. Thus Ry is not second 
countable. 

(3) {(x — 4,2] : n € N} is a local base at x for the upper limit topology. Thus 

R,, is first countable. Replacing inf by sup in the previous proof, we conclude 
that R,, is not second countable. 

(4) {X} is a local base at each x € X for the indiscrete topological space. It is a 
base too. Thus the indiscrete spaces are second countable. 

(5) A finite space has only finitely many open sets and since the topology itself 
is a base, the space is second countable. So, it is also a first countable. 
























































11.6. Proposition. A cofinite space (X, Z;) is first countable if and only if 





X is countable. 


PROOF. Suppose X = {21,%2,%3,...}, a countable set. Note that the open 
subsets of X containing a fixed point 7; € X are in one to one correspondence 
with all finite subsets of X \ {a;}. Since by Proposition 3.18 (4), the number of 
finite subsets of a countable sets is countable, we conclude that %,, is countable. 
Thus X is first countable. 


Now suppose that X is uncountable. Let « € X. Suppose, if possible, there is 
a countable local base {B,, :n € N} at x. Indeed, X \ B, is a finite set for every n, 
and hence, X \ NB, = U(X ~ B,,) is countable. Hence MB, must be uncountable. 
Let y € NB, ~ {x}. But then every open set containing x also contains y. On the 
other hand, X \ {y} is an open set contains x but not y, a contradiction. Thus X 
is not first countable. 














11.7. Proposition. A cofinite space (X, 7;) is second countable if and only if 


X is countable. 





PROOF. Suppose X = {21,%2,73,... }, a countable set. Note that the nonempty 
open subsets of X are in one to one correspondence with all finite subsets of X. 
Since by Proposition 3.18 (4), the number of finite subsets of a countable sets is 
countable, we conclude that 7 is countable. Thus X is second countable. 


Now suppose that X is uncountable. By Proposition 11.6, (X, 7) is not first 
countable. Hence by Theorem 11.3, X is not second countable. 














Problems 





91.Show that the cofinite topology on R is not first countable. 











92.Show that the cocountable topology on R is not first countable. 


93. Show that for a topological space (X, 7), if either X or 7 is finite, then show 
that (X, 7) is second countable. 








Topology The experience of overcoming fear is extraordinarily delightful. —Russell D.J. Karia 
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12. Subspaces 


Let (X,7) be a topological space and Y C X. We define the subspace 
topology on Y as follows. 


12.1. Proposition. Let (X,.7) be a topological space and Y Cc X. Define 


Pe=AGY 7G es y. (A211) 
Then Fy is a topology on Y. 





PROOF. Clearly, 0 =@NY and Y = X NY belong to GH. 
For a family {G;N Y : i € I} C A with {G;: i ¢ I} Cc FJ, since 
L(G; NY) = (UGi) NY with UG; € 7, we see that UGG;NY) € HK. 


For GONY,ANY€ A withhG,HeF7,GNYNHNAY=GNANYE HR 
because GN H € ZY. Thus FY is a topology on Y. 














12.2. Definition. Let (X, 7) bea topological space and Y C X. The topology 
Fy defined in (12.1.1) is called the subspace topology on Y. Also, (Y, 4) is 
called a subspace of (X, 7). 


12.3. Proposition. Let (X,7) be a topological space and & be a base for 7. 
hetY CX. Then By —={BOY : Be Bi is base for Z,. 





ProoF. Clearly, for BE 4, BEFTS>BAYC&. Thus Fy Cc &. Now let 
GNY€E&A withGe J. Then G = Ui € IB; with B; € Z for every i € I. But 
then GOY = Vier (Bi; NY), with B;OY € Ay for every i € J. Thus #y is a base 
for Fy: 














An argument similar to the above proposition can prove the following. 


12.4. Proposition. Let (X, 7) be a topological space and Y be a base for J. 
Lety CX. Then 7, = {SY 3S €.7 } is subbase jor Fy. 


12.5. Proposition. Let X be a topological space, x € Y C X and &, bea 
local base at x in X. Then Bry ={BNY: Be &@,} is a local base at x in Y. 





In general, an open subset of a subspace need not be open in the main 
topological space. Indeed, let X = R and Y = [0,1]. Then Y is open in Y but Y 
is not open in X. This may be true even for a proper subset of a subspace too. 
Observe that (0.1, 1] is open in Y but not in X. The following asserts that open 
in open is open; that is, open subset of an open subspace is an open subset. 
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12.6. Proposition. Let (X, 7) be a topological space and Y be an open subset 


of X. Then ACY is open in X if and only if it is open in Y. 





ProoF. Let A be open in X. Then A = ANY is open in Y. Conversely, suppose 
A is open in Y. So, by the definition of YW, there is a Z-open subset G of X such 
that A= GN Y. Since G and Y are Y-open, so is A. 














In passing, we define the following, that will be useful in the discussion of 
limit of a function. 


12.7. Definition. Let (X,.7) be a topological space and Y C X. A point 





y € Y is said to be an isolated point of Y if {y} is open in Y. 


For a subset Y of a topological space X, some authors prefer an equiva- 
lent definition of an isolated point of Y as a point y € Y for which there is a 
neighbourhood U in X such that UN Y = 0. 


12.8. Example. 


(1) Subspace of a discrete space is discrete. 

(2) Subspace of an indiscrete space is indiscrete. 

(3) Subspace of a cofinite space is cofinite. 

(4) Subspace of a cocountable space is cocountable. 

(5) Z carries the discrete topology as a subspace of R with the usual topology as 
well as the discrete topology. 





Let ZC Y C X. It seems that Z carries two topologies, one as a subspace of 
Y and the other as a subspace of X. We show in the following proposition that 
they are equal. 


12.9. Proposition. For a topological space X and Z CY CX, Fg =(H)z 


on Z. 





PROOF. Let G € Zz. So, there is H € Z such that G= HN Z. Consequently, 
G=HNZ=HNYNZ=(ANY)NZE(H)z because HNY € H. 


Conversely, suppose G' € (.%-)z. So, there is K € AH such that G= KN Z. 
But K € % implies the existence of H € ZY such that K = HN Y. Thus 
G=KNZ=(HNY)NZ=HNYNZ=HNZ. This Ge J. 














We turn now to extend a topology from a subset to a set. Before we embark 
a general case, we discuss particular cases. 


12.10. Proposition. Let X be a set, Y C X and J be a topology on Y. 
Define 


PANG EX 2G & apen mY | 


Then 7°? is a topology on X, FJ = F*%y and FZ*? xy ts discrete. 








Topology ... on the ladder of human thought. —Ellis D.J. Karia 
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Proor. Clearly, 0M Y and X NY are Z-open. Hence 0 and X are in 7*7. 
For {G;:i1€ I} c Z*?, we have G;NY € J for every i € I, and hence, 
(UG;) NY =U,(G;NY) € F because J is a topology. Thus U;G; € 7*?. Also, 
for G,H € Z*?, GNY, HNY € J. Hence (GNA)NY =(GNY)N(ANY) € FJ. 
Thus GN H € F*%. It follows from the definition of ZY? that J = F*7y. 
Now let GC X\Y. Then GN Y =@€ J. Consequently, Ge 7%, and hence, 
G=GN(X\Yje F*? x,y. So, X \Y is discrete. 














12.11. Proposition. Let X be a set, Y C X and J be a topology on Y. 
Define 


EE ONG DORE SiC 
Then Z*”% is a topology on X, F= F*% and Z*% xy is indiscrete. 





Proor. By the definition of 7%, 0,X € Z*%. Let {G;:ie I} c F*%. If 
G, = X for some i € I, then UjerG; = X € FZ*%. Otherwise, G; € F for 
every i € I. Consequently, UjerG; € 7, and hence, UjerG; € F*%. Now let 
G,H € Z*?. lf G= H = X, we are done. If G=>X AH, thn He F 
andso, GNH=XNH=HeEZ. IfGAX £H,thnG,A € JZ, giving 
GOH € J. Thus in each case, GN H € Z*%. This shows that 7 is a topology 
on X. Also for G € Z*%, if G= X, then GNY =Y, otherwise GNY =Ge &%. 
Thus J = Z*”%y. On the other hand, forG € 7, GN (X \ Y) = @ and 
XN(XS\Y)=X\Y. Thus 7*” x,y is indiscrete. 














Both of the above propositions will follow as the particular cases of the 
following theorem. 





PROOF. Given G C X, we fix the notation G, = GM X;, k = 1,2. In this case, 
G=G,UG»). Also, G € 7 if and only if G, € % for k = 1,2. Clearly, for k = 1,2, 
0=0NX,€ Hand X,=XNX, € H. Thus 9,X € J. Let {G;:iE CT. 
Then (UierGi)x = (UserG;) OX, = Vier (Gi N X;,) = UierGix E TT, for every 
k = 1,2. 

Now let G, H € Z. Then (GNA), = (GN A)NXy, = (GNX) N(HN Xe) = 
(Gy Hy) € H, (k = 1,2). Thus 7 is a topology on X. 

Now let Ge A. Then GNX, = G and GN X_, = 9. Thus G € 7, and so, 
G=GNX,€ XX,. Conversely, suppose G € Zx,. So, there is G’ € J such that 
G=G'nN X. But then Ge A. Thus A = &,. In the same way, A= ZX,. 
This completes the proof. 
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It is at once that Proposition 12.10 follows by endowing the discrete topology 
to X \ Y and Proposition 12.11 follows by endowing the indiscrete topology to 
X ~ Y. Consequently, we have the following definition. 


12.13. Definition. Let X be aset, Y C X and 7 bea topology on Y. The 
topology .7*7 defined in Proposition 12.10 is called the discrete extension of F 


to X and the topology 7*% defined in Proposition 12.11 is called the indiscrete 
extension of FZ to X. 





Problems 
94. Prove the Proposition 12.4. 
95. Prove the Proposition 12.5. 


96. Let Y be a subspace of a topological space X and y € Y. Show that y is an 
isolated point of Y if and only if y is not a limit point of Y. 


97.Consider the set Y = [—1, 1] as a subspace of R. Which of the following sets 
are open in Y and which of them are open in R? 

















(HAstaes <a) < i. 
(2)A = {x:5 < |x| < 1}. 
(3)A = {x: 5 <|a| <1}. 
ne a4o6) = lela 1h 


5)A={x:0< |2| <1 and + ¢ N}. 


13. Closed Sets 





13.2. Examples. 








(1) [a, 6] is closed in the usual topology on R. Indeed, Rx [a, 6] = (—co, a)U(8, 00), 
being a union of two open intervals, is open in R. 

(2) A singleton is closed in the usual topology on R. Indeed for x € R, (—o0, x) U 
(x, 00), being a union of two open intervals, is open in R. 

(3) Every finite subset of a cofinite space is closed. Indeed let X be a cofinite 
space and A C X be finite. Then X \ (X \ A) = A, a finite set. Hence 
X ~ A is open. So, A is closed. 

(4) Every countable subset of a cocountable space is closed. This can be seen in 
the same way as in the cofinite space. 

(5) Qis neither an open nor a closed subset of R with the usual topology. Indeed, 
if Q is open then it should contain some open interval but it does not. If Q 
is closed, then its complement should contain some open interval but it does 
not contain any. 

(6) Zisa closed subset of R with the usual topology. Indeed R\Z = Ugez(k, k+1), 
a union of open sets, and hence, open. That is, Z is closed. 

(7) K = {+: n€N} is a closed subset of Rx because R \ K is closed by the 
Definition of 7x. 


Topology The only way to learn mathematics is to do mathematics. —Halmos D.J. Karia 
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(8) [0,1) is open as well as closed subset of R,. Indeed by the definition of the 
lower limit topology, [0,1) is open. Also R \ [0,1) = Unez,4o}[n, 2 + 1) 


The family of closed sets in a topological space has the following properties, 
which are dual to those of open sets. 





PRooFr. (1) Since @ and X are open, by the definition of a closed set, their 
complements X and @ are closed. 


w=(2) Let {F;:7€ I} bea family of closed sets in X. Then X ~ F; is open for 
every i. But then X \ Mier Fj = VUier(X \ F;) is open in X. Thus Nie F; is closed 
in X. 

o(3) Let {F;:1<i<n} bea family of closed sets in X. Then X \ F; is open 
for every 1 <i<n. So, X \UL,F =N241(X ~ F) is open in X. So, U7; F; is 
closed in X. 














13.4. Example. A finite set is closed in R. 


SOLUTION. Note that by the Example 13.2(2), every singleton is closed in R and a 
finite set, being a finite union of such closed sets, is closed by the Theorem 13.3(3). 
We still give a direct proof to instate the clarity of the subject in reader’s mind. 


Consider a finite subset A = {a1, a2, a3,...,4,} of R. Without loss of gener- 
ality, we assume that a, < ag < a3 <--+ < a, so that 


Rw A = (—00, a1) U (ag, a3) U--+ U (Gn—1, Qn) U (Gn, 00), 














which, being a union of open sets, is an open set. Hence A is closed in R. 


The following converse to the Theorem 13.3 characterizes a topology and 
establishes the unique bonding between a topological space and the family of it’s 
closed sets. 





Proor. X,d¢ ¥ >0,X € J. Alsofor{G;:i€ I} CT, {XX\Gi 1 EI} CF. 
Hence X \ UG; = M(X \ G;) € F and so, UG; € FY. Also, for G,H € J, 
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X\G,X\ He F, and hence, X \ (GNA) =(X \G)U(X \ A) € F. Thus 
Ghiie?. 


Finally, F Cc X is 7-closed if and only if X \ F € 7 if and only if F € FJ, 
which completes the proof. 














In passing we touch upon the concept of door spaces. 


13.6. Definition. A topological space (X, 7) is said to be a door space if 





every subset of X is either Z-open or 7-closed. 


13.7. Examples. 


(1) An indiscrete space X is a door space if and only if X is singleton. 

(2) A discrete space is always a door space because all its subsets are open. 

(3) A VIP topology on a set X (cf. Example 7.7) is a door space. Indeed let X 
be a set and a € X. Consider %={GCxX:G=9orae G}. Then for 
every proper A C X, either a € A, in which case A is Y-open or a ¢ A, in 
which case, A is closed. 

(4) The same argument as the above shows that the excluded point topological 
space is also a door space. 


13.8. Definition. A subset of a topological space is called a clopen set if it is 
open as well as closed. A topological space is said to be 0-dimensional if it has 
a base consisting of clopen sets. 


13.9. Proposition. Let (X, 7) be a topological space and ACY. Then A is 
Fy -closed if and only if there is a Z-closed set F such that A= FOY. 





FIGURE 13. Closed in Y = (Closed in X) NY 


Proor. Let ACY be %-closed. So that Y\ A € %Y. Hence there is G € F 
such that Y\ A=GNnY. Then F = X \ Gis %-closed subset and 


A=Y MY SASSY MIC NY aH ARGIY Harn. 

Conversely, suppose A = F' 1 Y for some .7-closed subset F' of X. But then 
G= X \ F is Z-open and 

A=FNY S=(A5.G). 1 SYS (Gry). 
Since GNY € H, Ais A-closed. 


Topology The problem with the wise is they are so filled with doubts... D.J. Karia 
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Recall the Proposition 12.6. A similar situation arises for closed sets too. In 
general, a closed subset of a subspace need not be closed in the main topological 
space. Indeed, let X = R and Y = (0,1). Then Y is closed in Y but Y is not 
closed in X. This may be true even for proper subsets too. Observe that [0.1, 1) 
is closed in Y but not in X. The following asserts that closed in closed is closed; 
that is, open subset of an open subspace is an open subset. 








PRooF. Let A be closed in X. Then A = APY is closed in Y. Conversely, 
suppose A is closed in Y. So, by the Proposition 13.9, there is a .7-closed subset 
F of X such that A= F MY. Since F and Y are 7-closed, so is A. 














Problems 


98. Determine which of the following sets are either open or closed in the respective 
topologies. Which of them are the only proper closed sets of respective spaces? 


(1) Finite subsets of a cofinite topological space. 


3) Countable subsets of a cocountable topological space. 
4) (0,1) in the discrete topology on R. 
5) Finite subsets of Ry. 

6) (V2, V3) NQ in Q. 

7)(2,3)N Qing 
8) 
9) 
0) 
1) 











Any subset of Z with the subspace topology. 
{= : n € N} in the upper limit topology on R. 
{+ : n € N} in the lower limit topology on R. 
(a) Z, (b) N, (c) Q and (d) [0,1) in R with the usual topology. 
(1) (a) Z, (b) N (c) Q, (d) [0, 1), in R with the lower limit topology. 
99.Show that in the following topological spaces, a subset is closed if and only 
if it is open. (1) A discrete space (2) An indiscrete space. (3) X = {1, 2,3, 4}, 
Fat) XK 41,2) 484) h 
100. Let X be a set anda € X. Consider the VIP topology %={Gcx:G=9 
or a € G} ona set X. Show that every nonempty proper subset of X is either 
Z-open or Y-closed but not both. 


101. Give examples from each of the following topological spaces to prove that 
arbitrary union of closed sets need not be closed. A set X with the (1) cofinite 
topology (2) cocountable topology (3) usual topology (4) lower limit topology. 























102. Give three distinct topologies on R in which {0} is not closed. 


14. Closure, Interior and Limit Points 
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14.1. Definition. Let (X,.7) be a topological space and A C X. We define 
interior of A (with respect to X ) to be the set 


U{G Cc X :Gis open in X and Gc A}. 


It is denoted by A®, Int(A) or Intx(A). If « € A°, then z is called an interior 
point of A. We also define closure of A (with respect to X ) to be the set 


A{F Cc X : F is closed in X and AC F}. 
It is denoted by A or cl(A) or cly(A). 





14.2. Remark. Based on the definition, we have the following observations. 
(1) « € A® if and only if A is a neighbourhood of x. 


) 

) A is an intersection of (some) supersets of A. So, A C A. 

) Combining the above two, we have A° CAC A. 

) A®° is a union of (some) open subsets of X. So, A° is open in X. 

) A is an intersection of (some) closed subsets of X. So, A is closed in X. 

) A®° is the largest open set in X contained in A. That is, if B is a open subset 

of X such that B C A, then BC A?. 

(8) A is the smallest closed set in X containing A. That is, if B is a closed subset 
of X such that A C B, then AC B. 

(9) It is not clear that ACBS>ACB. 

(10) From the context it will be clear with respect to which space, we are taking 
interior and closure of a set. Consequently, we shall drop the phrase with 
respect to X unless there is a need. 

(11) Some authors define a neighbourhood to be open. In our case, a neighbour- 

hood need not be open. For example, [0,5] is a neighbourhood of 1 in our 

framework, but it is not, according to the framework of some books. 





PRooF. (1) Since A is closed, A = A => A is closed. 


Conversely, suppose that A is closed. So, Ac {F C X :: F is closed in X and 
Ac F}. Hence n{F CX: F is closed in X and Ac F} CA. That is, AC A. 
Of course A C A is always true. Hence A = A. 


t=(2) Since A° is open, A = A° = A is open. 


Conversely, suppose that A is open. So, A € {G C X :G is open in X and 
Gc A}. Hence A C U{G C X : Gis open in X and G Cc A}. That is, A Cc A®. 
Of course A° C A is always true. Hence A = A’. 














Now we give Kuratowski closure axioms. First we note the following properties 
of the closure function. 





Topology Unless you assume a God, the question of life’s purpose is meaningless. —Russell D.J. Karia 
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PROOF. (1) is already noted in the Remark 14.2 (3) 


t=(2) follows from the Remark 14.2 (6) and the Lemma 14.3 (1). 





(3) ACAUBand BCAUBsothat AUBC AUB. On the other hand, 
AUBCAUB. Hence AUB CAUB=AUB because AU B is closed. 
(4) 0) is closed, and so, 6 = 0. 














t(5) is nothing but the restatement of the Lemma 14.3 (1). 





The following is converse to the Theorem 14.4 and characterizes the topology 
in terms of the closure operation. 





ProoF. First note that by (4), 0 € ¥. Also from (1), X C x(X) C X, and 
hence, X = x(X). Thus X € F. 


For A C B, using (3), x(B) = x(AU(B~N A)) = x(A) Ux(B~ A), which, in 
turn, gives y(A) C y(B). That is, AC B= x(A) C x(B). 


Now let {£;:1€ I} C ¥. Let 7 € I. Note that for every j € I, MierE; C E;. 
Hence y(NierE;) C x(E;). Taking intersection over j € I, and observing that the 
left hand side of the latest expression, is independent of 7, we get 


x(Nier Ei) C Njerx (E53) = Njer EB; = Mer Es C x(Nier Ei). 
Thus Nx(£;) € #. Let Fy, Ho,...,E, € #. Then 
(EF, U By U-++U En) = xX(Fi) U x(B2 U- ++ U Ep) 
= (Ei) U x(E2) U x(B3 U++ U Ey) 
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= x(E,) U x(B2) U x(£3) U-+-U x(En). 


Thus ¥ satisfies all the properties stated in the Theorem 13.5. Hence 7 isa 
topology on X. 


It remains to show that y(A) = A for every A Cc X. Let A C X. By (2), 
x(x(A)) = x(A). Hence by (5), x(A) € ¥. Now let B € ¥ be such that AC B. 
Then y(A) C y(B) = B. Thus x(A) is the smallest element of ¥ that contains A. 
But A is the smallest element of ¥ that contains A. Thus (A) = A. 














Similar to the above characterization of the topology by a closure operator, 
we also have the characterization of the topology by an interior operator also. We 
leave it in the Exercise 103 for the reader. 


14.6. Remark. Applying Theorem 14.4 (3), conclude that the closure commutes 
with the finite union. That is, for subsets A, Ao, A3,..., An of a topological space, 

nA; = Ut, A;. However the following example shows that we cannot extend 
this for even countable union. 





14.7. Example. By Example 13.2 (2), for every rational number r, {r} is closed 
but as seen in Example 13.2 (5), Q, the countable union of all this singletons, is 
not closed. Thus U,co{r} ¥ Ureo{r}. 





However for a family with a certain characteristic, the closure respects arbi- 
trary union. 


14.8. Definition. Let X be a topological space. A family {A; : i € I} of 
subsets of X is said to be locally finite, if for every x € X, there is U € Y, such 
that U meets only finitely many A;. That is {i € 1: UN A; 4 0} is finite. 





PRooF. Note that A; C UjerA;j. So, by 14.2 (9), A; C UjerA;. Consequently, 
Vier Ai C User Ai. 

Conversely, let x € Ujer Aj. Choose U € Y, such that J = {i € 1: UNA; 4 0} 
is finite. That is, fori e 1. J, UN A; = @. Hence UN Ujen 7A; = 0. Thus 
x ¢ User Aj. Therefore, © € UjezAy = Uiez Ay U User Ai = Use zAi U User g Ai, 
Since x ¢ Ujer.7A;, we conclude that x € UjezAj = UjezAy C User Aj. This 
completes the proof. 
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PRooF. (1) => (2) Let BE @, andG=B°. Thenz€ Gc B. Suppose, if 


possible, that GNA = 0. So, AC XN\G, That is, X \ Gis a closed set containing 
A. But then A C X \ G, which gives x € AC X \ G, a contradiction to x € G. 
Hence BN AF 9O. 


t=(2) = (3) follows from the fact that %, is a local base at x. 


t=(3) = (4) follows from the fact that every open neighbourhood is a neigh- 
bourhood. 

t=(4) = (5) follows from the fact that every basic neighbourhood is an open 
neighbourhood. 

s=(5) = (1) Suppose x ¢ A. Let G= X \ A. Since A is closed, G is an open 
neighbourhood of x. Choose B € & such that x € B C G. But then by hypothesis, 


B contains a point of A. Hence, 0A BN AC GNA=(X\A)NA=FH,a 
contradiction. So, « € A. 














14.11. Remark. In order to say that “G contains a point of A”, we also say that 
“G intersects A” which also means GN A # 9). 


14.12. Definition. Let (X,.7) be a topological space, AC X and x € X. We 
say that x is a limit point of A if every neighbourhood of x contains a point of A 
other than x. The set of all limit points of A is called the derived set of A and 
is denoted by A’.*A limit point is also called a cluster point or an accumulation 
point. The derived set of A is also denoted by D(A) or Dx(A). 





PRoor. (1) => (2) Let x € A’ and U be a neighbourhood of x. Then § # 
ANU ~\ {x} = (AX {a}) NU. So, 2 € AN {a}. 


“Read A dash or A prime. 
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eee Let xc AN {xr} andU € %. Then ANU ~ {x} £0. That is, UV 
contains a point of A other than x. Thus x € A’. 














Note 
We write ANU ~\ {x} without any bracketing because 


(ANU) {a} = AN(U \ {2}) = (AN {a} NU. 


However we cannot write A \ {x}MU because the associativity of {x} with \ 


and M give different results. 





PrRooF. Clearly, A c A. Also, A’ = AN {x} C A. Thus AU A’A. Conversely, 
suppose « € A. If x € A, then we are done as x € A C AU A’. So suppose 
x ¢ A. Let U be a neighbourhood of x. Since x € A, U contains a point of A, say 
y€ UNA. Sincee ye Aandz GA, xy. Thus y € AX {x}. Thus U contains a 
point of A other than xz. Thus x € A’ C AU A’. Thus AC AU A’. 


14.15. Corollary. Let X be a topological space and A C X. Then A is closed 
if and only if A! C A. 


ProoF. If A is closed, then A’ C AU A’ = A= A. On the other hand, if A’ Cc A, 
then A= AU A' CAUA=A. 


























The closed sets are precisely those sets A for which A = A, equivalently, 
A’ C A. The sets A for which A’ = A are also interesting. 


14.16. Definition. Let X be a topological space. A C X is said to be perfect 


if A’ = A. 





14.17. Remark. Since A = A’ for a perfect set A, it is closed. However, the 
closed set {1} is not perfect because 1 is not it’s limit point. 


14.18. Example. 
(1) [0,1] is perfect. 
(2) R is perfect. 
(3) No subset of a discrete space is perfect. 
(4) No singleton can be perfect. 
(5) @ is perfect. 





14.19. Definition. Let X be a topological space and A C X. We define 


the boundary of A to be the set AN (X \ A). It is denoted by O(A) or bd(A). 
x € X is said to be a boundary point of A if x € bd(A). 
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It is clear from the definition of the boundary of a set that 
(1) bd(A) = bd(X \ A) and 
(2) bd(A) is closed. 


14.20. Proposition. Let (X, 7) be a topological space and AC X. Then A 


is closed if and only if bd(A) C A. 





ProoF. If A is closed, then bd(A) = AN (XNA) C A = A. Conversely, 
assume that bd(A) C A. Suppose, if possible, that « € A,x ¢ A. Hence 


x€ AN(X~\A)CAN(X\~ A) = bd(A) C A, a contradiction. Hence x € A. 
Thus Ac A. 














14.21. Corollary. Let (X,7) be a topological space and AC X. Then A is 





open if and only if bd(A)N A = 9. 


Proor. A is open & X \ A is closed & bd(A) = bd(X \ A) CXN\ AS 
bd(A) NA = 9. 














14.22. Proposition. Let X be a topological space and A,B C X. Then 


(1) Int(A) = AW bd(A). 
(2) A = AUbd(A). 





Proor. ® (1) Let Int(A) is an open set disjoint from X \ A. So, Int(A)N 
bd(A) c Int(A)MN X\ A = @. Also, Int(A) C A. Consequently, Int(A) Cc 
A~ bd(A). 

w= (2) Let x € AN bd(A). Since x ¢ bd(A), there is a neighbourhood U € &%, 


such that U C Aor UC X\ A. But x € A, thus U C A. Hence, x € Int(A). 
This completes the proof. 

















14.23. Proposition. Let (X,.7) be a topological space and Y be a subspace 
OX Por Ac y. 


(1) Dy(A) = Dx(A) NY. 
Oe Senne 





Proor. (1) Let « € Dy(A) andGe Y,. Hence GNY is a neighbourhood of 
xin Y. So, GNY, and hence, G contains a point of A \ {x}. Thus x € Dx(A). 


Conversely, for x € Dx(A), let G be a neighbourhood of x in Y. So, there 
is a neighbourhood H of x in X such that G= HMY. But then H contains a 
point of AN {x}. Since ACY, 0A (AN {x})NH = (AN {t}) NY) NA = 
(AN {2}) N (ANY) = (AX {z}) NG. Hence « € Dy(A). 


D.J. Karia You must believe that you can help bring about a better world. —Russell Topology 
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t=(2) We prove this in two different ways. One is from (1). 
cly(A) = AU AY = AU (AY NY) = (AU AX) N(AUY) =clx(A) NY. 
For the second proof clearly, cly(A) MY is a closed subset of Y containing A. So, 
cly(A) Celx(A) NY. (14.23.1) 


Now let E C Y be a closed subset of Y containing A. Hence E = FY for 
some closed set F' of Y. But then A C E C F. That is, F’ is a closed subset 
of X containing A. Hence clx(A) C F. That means clx(A)NY C FNY = E. 
Thus every closed subset of Y containing A also contains cly(A) NY. But cly(A) 
is a closed subset of Y containing A. Hence cly(A) contains cly(A) 1 Y. Thus 
cly(A) NY C cly(A). This proves that cly(A) =cly(A) NY. 














The idea of closed set is dual to that of open sets. The idea of closure is dual 
to that of interior. However, the results similar to the above does not hold for the 
interior. 


14.24. Example. Let X = R,Y = A= [0,1]. Then 
Intx(A) NY = (0,1) 9 (0, 1] ¥ [0, 1] = Inty(A). 





14.25. Definition. Let X be a topological space. A C X is said to be 
(1) dense in X if A= X. 


(2) nowhere dense in X if (A)° = @. Here closure and interior are with respect 
LO a2 


(3) of first category in X if it is a countable union of nowhere dense sets. 
That is, if there exist nowhere dense subsets A,, Ao,... of X such that 
AS A 

(4) second category in X if it is not of first category in X. 





14.26. Example. 
(1) Zis 

(a) nowhere dense in R because Z = Z, and hence, (Z)° = @ where the 
operations are with respect to R. In fact, every set is dense in itself. 

(b) not nowhere dense in Z because Z = Z, where the closure is taken with 
respect to Z. 

(c) of first category in R because it is nowhere dense in R. 

(d) of second category in Z for any subset A C Z, A= A = A°, where the 
closure and interior are taken with respect to Z. 
































(a) dense in R because Q = R, where the closure is taken with respect to R. 

(b) not nowhere dense in Q because Q = Q, where the closure is taken with 
respect to Q. 

(c) of first category in R because Q is a countable union of singletons and 
every singleton is closed and has empty interior in R. 

(d) of first category in Q because Q is a countable union of singletons and 
every singleton is closed and has empty interior in Q. 








Problems 
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103. Dual to the Kuratowski closure axioms, obtain the results for the interior 
operator on a topological space and also characterize the topology by means of an 
interior operator given on a set. 
104. Let X = {1,2,3,4}, Z = {0, X, {1}, {2,3}, {1,2,3}}. Find the interior and 
closure of A = {1,4} and B = {1,2}. 
105. Find the closure and interior of [0, 1}, (0,1), [0, 1), (0, 1], Q, Z, {2 : n © N} in 
R with respect to each of the topologies: (1) cofinite, (2) cocountable, (3) usual 
and (4) lower limit. 
106. Let X be a topological space and A, B C X. Answer the following. 

(1) Prove that (ary = A’°. 

(2) Prove that A = A. 

(3)If A Cc B, then show that A° Cc B° and A C B. Does the converse hold for 

any one of them? 

(4) Show that (AN B)° = A°N B° and AUB=AUB. 
(5) Prove that X \ A=(X ~\ A)° and X\ A= XNA, 
(6)Show that A? U B° c (AUB)? and ANB C ANB. Give examples to show 

that equality may not hold in each of them. 

(7) Prove or disprove: AX B= AN B. 

(8) Prove or disprove: (A \ B)° = A°~ BY. 

107.Find the limit points of (0,1), [0,1], [0,1), Q, N in R with the follow- 
ing topologies on R. (1) usual (2) lower limit (3) cocountable (4) cofinite 
Of ={6CxX:G=0,G=R or G =(4, 00),¢e RB}. 

108. Find the limit points of {1,2} in X = {1,2,3,4} with the topology 7 = 
{0, X, {1}, {3}, {1,2}, (1, 3}, (1,2, 3}. 

109. Give examples of a countable subset A of R for each of the following situations. 

(1)A’ = 90. 






































(6) A’ is uncountable. 


110. Give examples of following subsets A of some topological space in which 
A’ #9. (1) A NA=O (2) MNX\LAH=0(38) MNAZOFZ ATX AA. 
111. Give an example of a set A such that A G bd(A). 
112. For a subset A of a topological space X, show that 

(1)A = AUbd(A). 

(2) A° = AN bd(A). 

(3) X = A° Ubd(A) U (X \ A)?. 
113.Let X be a set with two topologies .% C %. For a subset A of X, let 
A?, A;, Ai, bd;(A) denote the interior, closure, derived set and boundary of A with 
respect to the J, i = 1,2. Show that (1) A? Cc AS, (2) Az C Aj, (3) AS Cc Aj, and 
(4) bd Ay C bd Ay. Give examples to show that the equality need not hold in any 
of the inclusions. 


114.Show that a topological space is discrete if and only if it does not have a 
proper dense subset. 
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115. Let X be a topological space with local bases &, at all points x € X. Let 
Ac X. Show that x € bd(A) if and only if each B € &, intersects both A as 
well as X \ A. 


15. Order Topology 


Let (X,<) be a linearly ordered set, a,b,c,d € X anda < bandc < d. 
Then one can easily prove that (a,b) M (c,d) = (e, f), where e = max{a,c} and 
f =min{d, f}. Also, (—co, b) N (a, 00) = (a,b). This is precisely what is used to 
construct basis and subbasis for a topology on X. 


15.1. Proposition. Let X be a linearly ordered set. 


(1) B®, ={(-~w,a):a€ X}U{(a,00) :ae X}U{(-—c~, oo) } U {(a,d) :a< 
b,a,b € X} is a base for some topology on X. 
(2) SH = {(—o0, a): a € X}U {(a, 00): a € X}U {(—00, 00)} ts a@ subbase for 


the topology generated by By. 

(3) If X does not have the maximum element and minimum element, then 
By = {(a,b):a<b,a,b € X} is a base for some topology on X. 

(4) If X does not have the maximum element and minimum element, then Ay 
and By generate the same topology. 





PRooF. ® (1) Clearly, X = (—oo,0o) C UM. On the other hand, let Bi, By € 


Z, and x € By N By. Then By NM Bo = (e, f) € A, as shown in the various cases 
as follows. 


Bit Ba = (a,b) 1 (e,0) = (e,7) with e = max{a,c} f = min{b,z} 
Bi t.Bo = (a,b) 1 (c,00) = (ef) with e = max{a,c} f=b 

By, By = (a,b) N (—co, d) = (e, f) with e=a f =min{b, d} 
By, By = (a,b) N (—co, co) = (e, f) with e=a f= 

By By = (a, 00) N (c, co) = (e, f) with e=max{a,c} f= 00 

By, By = (a,o0) N(—co, d) =(e,f) withe=a f=6 

By By = (a,00) N(—co, 00) = (e, f) withe=a j= 

By, By = (—c,b) N(—oo, d) = (e, f) withe=a f =min{b, d} 








This proves that &, is a base. 
t= (2) The proof follows by noting that for a < b, (a,b) = (—o0, b) N (a, co). 
m= (3) Let « € X. Since max X, min X do not exist, there are a,b € X such that 
x € (a, 00) MN (—oo, b) = (a,b). Also, for (a,b), (c,d) € Bo, with x € (a,b) N (c,d), 


we have (a,b) M(c, d) = (e, f) € @, where e = max{a,c} and f = min{b,d}. Thus 
By is a base for some topology on X. 


uw (4) Let %, % be the topologies generated by 41, Bz respectively. For every 
b € X, choose cy, d, such that c, < b < dy. Then for every a € X, 


(a, 00) = Us>a(a, dy) 
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(—00, @) = Us<a(es, @) 
(—oo, 00) = (—00, da) U (Ca, 00) 


are -Y-open. Thus 4% Cc A. Since F, C A, the reversed inclusion is obvious. 
Thus Y= H. 


15.2. Remark. 


(1) We need to include (—oo,0o) € A, only to take care of the case when 
X = {a}, a singleton. Note that in this case, (a,co) = (—oo,a) = @ and 
(a,b) does not exist because there do not exist two points a,b with a < b. 
Thus 42, would be empty if we would not have included (—oo, co). However, 
if there are two distinct points a < b in X, then (a, 00), (—oo0,b) € A, and 
(—oo, b) U (a, oo) = X. 

(2) Irrespective of X, the intersection of empty family of members of .% gives 
XE By. 














15.3. Definition. Let (X,<) be a linearly ordered set. Then the topology 


generated by #, in the Proposition 15.1 is called the order topology on X. X 
with the order topology is called an ordered topological space. 








15.4. Remark. The Example 8.9 defines the usual topology on R which is nothing 
but the order topology on R. 


15.5. Example. On a totally ordered set X, Y = {(a,co) :a € X}U {(—o0, co) } 
is a topology, called the right order topology on X. 


15.6. Example. On a totally ordered set X, FZ = {(—co, a) : a € X}U{(—00, co) } 
is a topology, called the left order topology on X. 





The subspace of an ordered topological space need not be an ordered topo- 
logical space. To discuss this, we need one definition and one notation. 





Let X be a linearly ordered set and Y Cc X. For a,bE Y, (a,b)x ={tEX: 
an Geo} ond (be S1 ee Y coke <b) Sloe NY. 


15.8. Example. Subspace of an ordered space need not be an ordered space. 

Indeed consider X = R and Y = (0,1) U {2}. Then {2} is an open set in Y 
with the subspace topology inherited from R. On the other hand, the open sets 
containing 2 in the ordered topology on Y are (a, 00) = (a, 1) U {2}. Thus {2} is 
not open in the order topology on Y. 








However, we have the following. 
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ProoF. A subbasic open set in Y with the order topology is of the form 
(-oo,a)jy ={yEY:iy<as={yex:y<a}NnY =(-~w,a)xny 
(a,co)y ={yeY:ia<ys={yeX:a<y}NY =(a,co)xNy, 
where a € Y, both of which are open in the subspace topology. Thus, the order 
topology is weaker than the subspace topology. Note that the culprit cold be the 
sets of the form (—00,a)x NY or (a,co)x NY, wherea€ X \Y. But if Y is 


convex, then this sets could be either @ or the whole of Y, which are open in the 
order topology on Y. 














It is not necessary for a subspace to be convex in order to have the coincidence 
of the subspace topology with the order topology. In fact, Q is not convex, but 
both the topologies coincide on Q. 





PrRooF. (1) X X [a,b] = (—co,a) U (b, 00), an open set. Thus [a, }] is closed. 


c=(2) If the immediate predecessor of b exists, say c, then b € (c,co), which 
is an open set not intersecting with [a,b). Even the direct verification gives 
[a,b) = [a,c], a closed set. If the immediate predecessor of b does not exist, for 
every open set G containing b, there is c < b < d such that (c,d) C G. Clearly, 
0 4 (c,b) N [a,b) CGN [a,b). Thus 6 is a limit point of [a,b). Clearly, [a,b] is a 
closed set and hence it is the smallest closed set containing [a,b). Thus, in this 
case, [a,b) = [a,b]. 


15.11. Example. 


(1) The order topology on R, Q, Z, N are the usual topologies. 
(2) The order topology on (0,1) U {2} is not the usual topology. 
(3) The order topology on [0,1] U {2} is the usual topology. 























Topology As long as algebra is taught in school, there will be prayer in school. —-Cokie Roberts D.J. Karia 
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Continuous Functions 


Continuous functions are known to every student. In fact, the concept 
of continuity is usually introduced in school mathematics. However, the scope 
of study of continuous function in school mathematics, Calculus as well as the 
classical Analysis course is limited to the continuity of real-valued or complex- 
valued functions defined on subsets of R or C. Here we define continuity in the 
general setup of topological spaces. Later on we shall prove that in the classical 
case, the concept of this continuity coincides with the usual concept. 





16. Continuous Functions 


16.1. Definition. Let X and Y be topological spaces, f: X — Y bea function 
and x € X. We say that f is continuous at x if for every V € Yq), there exists 
Ue®, such that f(U) CV. f is said to be continuous on X if f is continuous 


at each point of X. We also define 
C(xX,Y)={f: X ~Y : f is continuous on X}. 





As we can see continuity of a function at a point is a local phenomenon. 





PROOF. Suppose f is continuous at « € X. Let V € Wa). So, by the definition 
of the continuity, there is U € Y, such that f(U) CV. Hence U c f-t(f(U)) C 
f-'(V). Since superset of a neighbourhood of x is again a neighbourhood of 2, it 
follows that f-'(V) € %,. On the other hand, suppose {f~'(V) : V € Way} C 
U,. Let V € Uz). So, f-'(V) € Y. So that x € f-'(V)° c f-(V). Taking 














U = f-1(V)°, the proof follows. 
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PROOF. ™=(1) = (2) Let V CY bean open set. Let a € f~'(V). Then there 
is an open set U, C X such that a € U, and f(U,) C V. Clearly, U = Uges-1(vUa 
is open in X. For x € U, clearly, c € Uz, C f7l(f(Ux)) C f7'(V). Also for 
ref (V),c€U, CU. Thus f7!(V) =U, which is open. 

u=(2) > (1) Let ae X and V CY be open set such that f(a) € V. Taking 
U = f-'(V), we get a € U and f(U) CV. This completes the proof. 

















PROOF. For a closed set Fin Y and U = X ~ F, 
PD) = PWN (VA) = XS PY NU) = XS PO) 


shows that f~'(U) is open if and only if f~'(F) is closed. This completes the 
proof. 

















PROOF. Suppose f is continuous. Let B = f(A). Then A c f7l(f(A)) Cc 


f-'(f(A)), a closed set in X. Thus A c f~'(f(A)). Applying f on both the sides, 





we have f(A) C f(f-*(f(A))) C f(A). 

Conversely, let B= BC Y and A = f7'(B). For z € A, f(x) € f(A) Cc 
f(A) CB=B. So that « € f-!(B) = A. Thus f~!(B) is closed, implying the 
continuity of f. 














The following is usually not found in the modern textbooks. It is discussed 
in [Eng89, Proposition 1.4.1]. 


16.6. Corollary. Let X,Y be topological spaces and f: X + Y be a function. 


Then f is continuous if and only if f-!(B) Cc f-1(B) for every subset B of Y 
if and only if f~'(Int(B)) C Int(f~!(B)) for every subset B of Y. 





Proor. Assume that f is continuous. Let A = f~'(B). Then by Theorem 16.5 
f(f-"(B)) = f(A) Cc f(A) = f(f-1(B)) C B. Applying f~! both the sides, we 
have f-!(B) c f7t(f(f71(B))) Cc f7{(B). 
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Now assume that for every B Cc Y, f-!(B) c f7!(B). Then for B CY, 
PUY < BCFA <2). Henes, 


f-*(Int(B)) = f "(VY \ (YN B)) 
=A. FY SB) 
€ Xa PY XB) 
SRT) 
= Int(f-*(B)). 


Finally, assume that f~!(Int(B)) C Int(f~'(B)) for every subset B of Y. Clearly, 
for an open set U C Y, we have U = Int(A). Consequently, f~!(U) = f~'(Int(U)) C 
Int(f~'(U)) c f-'(U). Thus f~'(U) is open for every open subset U of Y. Thus 
f is continuous. 

















PROOF. ®(1) => (2) follows from the fact that Y C 7. 


m(2) > (3) Let BE &. Then B=, S; with S; € Y, (1 <i<n). But then 
fO'(B) = FO (NRA (Si)) = Oa f7"(Si) € FZ. This proves (3). 
t=(3) = (1) Assume (3). Let V € #’. Then V = Ue; B; with B; € B for every 


i€T7. But then f~'(V) = f7'(UierB;) = Vier f~'(Bi) € FZ because f~!(B;) € F 
for every 7 € I. 

















PROOF. Let X,Y, Z be topological spaces, and f: X — Y and g: Y > Z be two 
continuous functions. Let V C Z be open. By the continuity of g, g~'(V) is open 
in Y. But then by the continuity of f, (go f)~! = f~'(g7'(V)) is open in X. 
Hence go f is continuous. 














16.9. Definition. Let X be a topological space and f: X — R. f: X 4R 
is said to be upper semicontinuous if f is continuous with respect to the right 
order topology on R. That is {a € X : f(x) > a} is open in X for every a€ R. 


f: X — Ris said to be lower semicontinuous if f is continuous with respect to 
the left order topology on R. That is {a € X : f(a) < a} is open in X for every 
aeR. 





Problems 
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116. Show that a one-one function from a cofinite topological space to itself is 
continuous. 


117.Show that a one-one function from a cocountable topological space to itself 
is continuous. 











118. Give an example of a bijection f: R — R which is not continuous. 





119.Show that the characteristic function yj{9,1): Re + Re is continuous. 











120.Show that the characteristic function \(9,1;: Re + Re is discontinuous. 





121. For a topological space X and a function f: X — R, show that f is continuous 
with respect to the usual topology if and only if f is upper as well as lower 
semicontinuous. 





122. For a topological space X and a function f: X — R, show that f is upper 
semicontinuous if and only if —f is lower semicontinuous. 





123.Let X be a topological space and f,g: X — R be functions. If f,g are upper 
semicontinuous, then show that so are min{f,g}, max{f,g}, f +g. Further, if 
f(X),9(X) C [0, 00), then show that fg is also upper semicontinuous. 





124. Let f: (0,1) + R be a continuous function. Suppose there exist real numbers 
I,m such that for every ¢ > 0, there is 6 > 0 such that 7 < 6 > |f(x) —1| < € and 
1—x<6=> |f(z) —m| <e. Define f(0) =! and f(1) =m. Show that the new 
definition of f makes it continuous at on [0, 1]. 

125. Determine the continuity of each f: (R, “%) > (R, %) defined by the follow- 
ing formula in every pair of topologies Y% and A. 








t= Formula for f 
(1) a (2) —a (3) sinz (4) cos (5) x? (6) 2°. 


t= Pairs of topologies 





Topolo There is geometry in the humming of the strings and... D.J. Karia 
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TABLE 3. Continuity Between Topologies 


17. Automatic Continuity of Certain Functions 


When a certain hypothesis makes a function continuous, we describe that 
situation as the automatic continuity. 


17.1. Proposition. Let f: (X,7) > (Y,7’') be a function between two 
topological spaces X and Y. We have the following. 

(1) If T = Q, then f is continuous. 

(Qi F = #, then f 19 continuous: 

(3) If f is constant, then f is continuous. 








Seem Let Vc 7’. Then f-1(V) CX. So, f-'(V) € AX) =D=T. 


Thus f is continuous. 
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r=(3) Let f(x) =a for every x € X. ForVe J, 


fv) = a ifaEeV; 


0, otherwise. 














Again here both the sets are open in X. Thus f is continuous. 


17.2. Proposition. An inclusion map is continuous. 


Proor. For a topological space (X,7), Y C X and G € J, we see that 
ty (G) =GNY € &. Thus vy is continuous. 


17.3. Corollary. Restriction of a continuous map is continuous. 


PrROoF. Let X,Y be topological spaces, f: X — Y be a continuous function and 
Z CX. In one line, f), = f ovz is a composition of two continuous functions, and 
hence, is continuous. However, we give a direct proof. 

For an open set V CY, fi, '(V) = f-'(V) NZ, which is open in Z as 
f-'(V) is open in X. This completes the proof. 


























17.4. Proposition. Let 7, .7' be two topologies on a set X. Then the identity 





map tx: (X, 7) > (X, F’) ts continuous if and only if TZ’ Cc TF. 


PROOF. Suppose tx: (X, 7) > (X, 7") is continuous. Then V € 7’ > V = 
ix V) € FZ. Thus 7' c ZF. 


Conversely, assume that 7’ Cc Z. Let VV € F'. Thensy'(V) =VE FC TF. 
Thus ¢ is continuous. This completes the proof. 














17.5. Proposition. Let X be a topological space and A Cc X. Then the 


characteristic function x4 of A is continuous if and only if A is a clopen subset 
of X. 








PROOF. Suppose A is clopen set. Let G C R be an open set. 
0E€EG1EGS xy (G=X; 
0€G1¢GSxA(GQ=X\XA; 
0¢G1EG Sx (Q=A; 
0¢G1¢G> xA'(G) =9 


Each of the above sets is open in X. Thus y, is continuous. 


Conversely, suppose y4 is continuous. Then A = x4'((0,2)) = yq'({1}). 
Thus A is clopen. 
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17.6. Definition. Let X,Y be topological spaces and f: X — Y be a function. 
We say that f is locally constant if for every x € X there is U € Y, such that 
f(U) is singleton. 





PrRooF. Let X,Y be two topological spaces and f: X — Y be locally constant. 
Let ¢ € X and V € Wa). Let U € Y, be such that f(U) = f(x). But then 
f(U) C V. Thus f is continuous at x. Since x is arbitrary, it follows that f is 
continuous on X. 














Problems 


126.Show that every real-valued continuous function on an indiscrete space is 
constant. Show that every function on a discrete space is locally constant. 


127.Give an example of a locally constant function which is not constant. 


128.Show that every real-valued locally constant function on R is constant. 


18. Pasting Lemma 


Many times, the function is defined in more than one piece. In that case, 
the continuity of each piece could be proved to assert the continuity of the whole 
function in certain situation. 





PROOF. Note that for a subset U CY, 
fC) =f" (UW) nx 
f"(U) Nn (AUB) 

(f-'(U) NA) U (f-"(U) 1B) 
(f-'(U) NA) U(f-"(U) 9B) 

= (fia UY) U Fig“) @). (18.1.1) 
Now assume that U is open in Y. Then by the continuity of f;, and f|,, (fj,~')(U) 
and (f), ')(U) are open in A and B respectively. Since A and B are open in X, 


(fi, )(U) and (f|,~')(U) are open in X by the Proposition 12.6. Thus f~'(U) 
is open in X. So f is continuous on X. 


U NB 
U NB 














Note that the continuity of f implies the continuity of f;, and f|, by the Corol- 
lary 17.3 irrespective of openness of A as well as B. The following is another 
version of pasting lemma. 
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ProoFr. Now let E be a closed subset of Y. Then computation as in (18.1.1) 
gives. f~'(E) =(f),7')(E) U (fi, ‘)(£). Also by the continuity of f,, and f),, 
(f\,*)(£) and (f|,~')(£) are closed in A and B respectively. Since A and B are 
closed in X, (f|,~')(£) and (f|,~')(£) are closed in X. Thus f~'(£) is closed in 
X. Hence f is continuous on X. 


18.3. Example. If we define f(x) = 0 on Q and f(z) =1o0nR\Q. Then f is 
not continuous on R even if the restrictions are. 














The above statements of both version of the pasting lemma do not give the 
feeling of pasting of two functions. In fact, it can be paraphrased as following. 





Problems 
129.Show that the function f: [0, 5] + R defined by 


sinz, if x € |0, =|; 
f(z) = i 
cosx, if x € [%, §] 


is continuous. See the thick red portion of combination of two graphs in the 
Figure 14. 














FIGURE 14. Pasting of Two Curves 


130. Let f,g: R > R be two continuous functions such that f(0) = g(0). Define 


Fes thee 0 
aay 8 ie 0. 


Show that h is continuous. 





Topology Millions saw the apple fall,... D.J. Karia 


80 §19. Homeomorphism 








131. For natural number n,m, show that the function f: [0,0o) — R defined by 


xe, at ¢ € (0,1); 
x”, if x € [1,00) 


is continuous. 


19. Homeomorphism 


19.1. Definition. Let X,Y be two topological spaces and f: X > Y bea 
function. We say that f is 


(1) an open map if f(G) is open whenever G is open in X. 


(2) an closed map if f(F) is closed whenever F is closed in X. 
(3) a homeomorphism if f is one-one, onto, continuous and open map. In this 
case, we say that X is homeomorphic to Y, and write X =Y. 





19.2. Example. A closed map need not be open. Indeed, a real-valued constant 
function on a topological space cannot be open. 





19.3. Example. An open map necd not be closed. Let R? carry the usual topology 
as defined in the Example 8.17. Consider f: R? > R by f(z,y) =x. Then f is 
an open map but it is not closed. 

For (a,b) x (c,d) C R?, f((a, b) x (c,d)) = (a,b). Now let G C R? be open in 
R?. Then G = U;B;, where each B; = (a;,0;) x (c;,d;). Then f(G) = f(U,;B;) = 
U; f(B;), which is open in R. 

On the other hand, let A = {(4,n) : n € R}. Then f(A) = {4 : n € N} is 
not closed. But the set G = (R x (R \ N)) U (U%2, [IR \ {4} x (n — $,n + $))) is 
open, and hence, A = R? \ G is closed. But (A) = {+ : n € N} is not closed. 












































——™ 




















19.4. Example ('). Let S' = {(z,y) € R? | 2? +y? = 1}, the unit circle, 
considered as a subspace of R? and let 





f: (0,1) 3 Ss" 


be the map defined by f(t) = (cos 2zt, sin 27t). From the properties of trigonomet- 
ric functions, it follows that f is bijective and continuous. However, the function 
f—': S* = [0,1) is not continuous since the image of open set U = 0, i) under 











f is not open in $*. This is because there is no open set V of R? such that the 
point p= f(0) EVNS' c f(U). 





‘Courtesy Jay 
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f(U) 
2 ; 
—] = 


FIGURE 15. Bijective Continuous Non-homeomorphism 





Proor. For V € &%, f-'(V) € %. So, there is B € Z, such that Bc f7'(V). 











Hence f(B) € Z, and f(B) CV. Thus &, is a local base at y. 


19.6. Corollary. A continuous open image of a first countable space is first 
countable. 


19.7. Example. An uncountable cofinite space is not first countable. Indeed, let 
X be an uncountable set with the cofinite topology .7;. Suppose, if possible, that 
X is first countable. Let x € X. Suppose &, = {B,, : n € N} is a local base at x. 
But then X ~ B,, is finite for every n, and hence, X \ N°, B, = UPL) X ~ B,, is 
at most countable. Since X is uncountable, N°°.,B, must be uncountable. But, 
then for every y € N°, B, \ {x}, x € {y}’, a contradiction to the fact that X is 
T,. Thus X is not first countable. 


19.8. Example. A continuous image of a first countable space need not be first 
countable. Indeed, let X be an uncountable set. Then v: (X,Y) > (X, F) isa 
bijective continuous. Clearly, (X, QZ) is first countable, but (X, 7) is not first 
countable. 





19.9. Corollary. Homeomorphic image of a first countable space is first 
countable. 





PROOF. Clearly, f(B) is open for every B € & because f is an open map. Let V 
be an open subset of Y and y € V. Then f~'(y) Cc f7'(V) and f7'(V) is open 
in X. Choose z € f~!(y). Then there is B € & such that z € Bc f7l(V). So, 











y € f(B) CV. Thus {f(B): B € B} is a base for Y. 
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19.11. Corollary. A continuous open image of a second countable space is 
second countable. 


19.12. Example. A continuous image of a second countable space need not be 
second countable. Indeed consider R with the usual topology. Then {(a,b) : a,b € 
Q,a < b} is a countable base for R, and hence R is second countable. However, 
R, 7;) is a continuous image of R with the usual topology. But (R, 7) is not 
second countable as it is not first countable. 




















= 


We also prove directly, that an uncountable set X with the cofinite topology 
is not second countable. Suppose #4 = {B,,: n € N} is a base for 7. But then 
X ~ B,, is finite for every n, and hence, U°.,X \ B,, is at most countable. Thus 
NB, #%, a contradiction. Thus X is not second countable. 


19.13. Corollary. Homeomorphic image of a second countable spaces is second 
countable. 


19.14. Proposition. A composition of two homeomorphisms is a homeomor- 


phism. 





ProoF. Let X,Y,Z be topological spaces and f: X — Y and g: Y > Z be 
homeomorphisms. Clearly, go f, being composition of two bijections, is a bijection. 
Also continuity of f,g ensures the continuity of go f and the continuity of f~', g~! 
ensures the continuity of (go f)"! = flog. 














19.15. Proposition. Let X,Y, Z be topological spaces. 
(ij xX =x 


ee 
ea = 7 = 7, 








Proor. (1) Indeed sz: X > X defined by u(x) = a, (x € X), is a homeomor- 
phism. 
m=(2) Let f: X — Y be a homeomorphism. Hence f is bijective. Thus 


f-': Y > X is defined and bijective. Since f is continuous, f~ is open. Since f 
is open, f—! is continuous. Thus f~' is a homeomorphism. 


t(3) Follows from the Proposition 19.14. 














19.16. Proposition. If f: X — Y is a homeomorphism and Z C X, then 





fiz: Z — f(Z) ts a homeomorphism. 


PROOF. Clearly, f\,: Z > f(Z) is bijective. Since f and f~* are continuous, their 
restrictions f|, and (f),)~' = f~' are continuous. Hence the result follows. 














F(Z) 
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It is natural to ask the following question. 
Question: Let X,Y be two topological spaces such that f: X — Y is a continuous 
bijection. Is f~! continuous? Further suppose g: Y + X is a continuous bijection. 
Is X = Y? The following answers this negatively. 


19.17. Example. Consider X = (0, 1], Y = (0,1) with the usual topology. Using 
the Proposition 12.10, we define the discrete extension topology of X and Y to R. 
That is 


F*XP —{G CR: GNX is open in X} 
F*? —{G CR: GMNY is open in Y}. 


Also let Ry = (R, 7*%) and Ry = (R, 7”). We show that the formula f(x) = , 
(x € R), defines a continuous bijection from Rx to Ry and from Ry to Rx. But 
f-\(a) = 2z is not continuous. Note that the following sets are basic open subsets 
of Ry and except {1} all other in the list are basic open subsets of Rx too. 
(1).(e,6),0<@<)b< 1; 
(2) {x}, x ¢ (0,1). 
We first show that f~'(B), where B is of the above type, is open in Rx as well as 
Ry. Indeed since f~'((a,b)) OX = (2a, 2b) 1X is open in X and f~'((a,b))NY = 
(2a, 2b) NY is open in Y, we conclude that f~'(a,b) is open in X as well as Y. 
Also, for x ¢ (0,1), f7'({z}) NX = {2x} NX = O is an open subset of X and 
f-'({a}) NY = {22} NY = 0 is an open subset of Y. Since all basic open subsets 
of Ry are exhausted, we conclude that f: Rx — Ry is continuous. 


























































































































Additionally, Rx has the following type of basic open sets. 
(3) GLO o< 1. 
Albeit f~'((b, 1]) OY = (2b, 2) NY = (20,1), an open set in Y. Thus f: Ry > Rx 
is continuous. 
On the other hand, {1.2} is open in Rx as well as Ry, but f({1.2}) = {0.6} 


is neither open in Rx nor open in Ry. Thus f~* is not continuous, and so, f is 
not a homeomorphism. 




































































19.18. Definition. Let X,Y be two topological spaces and f: X — Y be 
a function. If f: X — f(X), is a homeomorphism, then we say that f is an 


embedding. We denote this by X zu ie 























19.19. Example. For m € Rx {0} and c € R, the function f: R — R defined by 
f(x) = ma +c, (x € R), is a homeomorphism. 




















Of course the continuity of f is at once because 


each of which is an open set. Also f is bijective and the form f~!(y) = 
guarantees the continuity of f~t. 


S| 


y 
m 


The above, in conjunction with the Proposition 19.16, gives the following. 
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19.20. Example. The functions f defined by f(x) = (b— a)a +, as shown 
in the Figure 16(a) and h defined by h(x) = (b — a)x? +a, as shown in the 
Figure 16(b), define homeomorphisms from (1) [0,1] — [a,b] (2) (0,1) - (a, 6) 
, (3) [0,1) — [a,b) and (4) (0,1] > (a,b). Also, the function g defined by 
g(x) = (a — b)x + b, as shown in the Figure 16(c), defines homeomorphisms from 
(1) [0, 1] — [a, 4] (2) (©, 1) > (4,4), (3) [0,1) > (a, 8] and (4) (0, 1] — [a, 8). 























(a) (b-—a)x+a (b) (b—a)z? +a (c) (a—b)a+b 


FIGURE 16. Homeomorphisms Between Intervals 


Based on the school mathematics, we accept the continuity of the tan and 
tan! functions on appropriate domain and codomain without proving it. Conse- 
quently, we have the following homeomorphisms. 


19.21. Example. f: (—5,5) — R defined by f(t) = tant, (t € —5,}), isa 
homeomorphism. 


19.22. Example. f: (—1,1) > R, defined by f(x) = tan(%), (@ € (—1,1)), isa 
homeomorphism. 


19.23. Example. f: R, > R,, defined by f(a) = —z, (x € R), is a homeomor- 
phism. 


The following is a straightforward verification. 





Problems 
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132.Let X and Y be two homeomorphic spaces and x € X. Let f: X > Y be 
homeomorphism. Show that X \ {x} is homeomorphic to Y \ {f(z)}. 

133. Prove that the two topological spaces X and Y in the Example 19.17 are not 
homeomorphic to each other. 


134. Verify which of the following functions are homeomorphisms from their 
domains to codomains. 


(Lg? (0,1) > (1, 00), f ) = a (x e (0, 1)). 


(2) f: (0,5) > (0,1), f(z) =sinz, (x € (0, §)). 
(3) f: [0,5] > [0,1], f(z) =sing, (2 € [0, 5]) 

(4) f: [—7, 7] = = spe f(a ) Sia (ne [ TT, 7 
(5) f: (0,1) > (5,7), f(z) = 2x? + 5, (x € (0,1)). 
(6) f: (0,1) > (5,7), f(x) = 22" +5, (x € (0,1)). 
135. Define f: [0,1] — [0,1] by 


a if0<2 <3; 
f(x) = 2 “¢ 3 : 
maz + ¢, we oe 


Find the values of m,c so that f becomes a homeomorphism. Are the values of 
m,c unique? Justify. 
136. Let X,Y be topological spaces, A C X and h: X — Y be a homeomorphism. 
Show that 

(1) h(A®) = h(A)°. 

(2) h(A) = h(A). 

(3) h(A’) = ACA)’. 

(4) h(bd(A)) = bd(h(A)). 
137.For X = [0,1] and n EN, define fn: X > f(X), f(z) = 2", (cx EX). 

(1)Is each f,, a homeomorphism? 

(2) Does your conclusion hold if X = [—1,1]? if X = [1,2]? if X = [-1,0]? 

Justify. 

138. Prove the Theorem 19.24. Also verify if any of the properties (1)—(9) implies 
that f is a homeomorphism. 


20. Limit 


The concept of continuity is introduced through limit in the school. However 
later on the limit is dropped in Point Set Topology and the continuity is introduced 
in the language of open sets and their inverse images. In this section, we define 
the concept of limit for functions between topological spaces and recapture the 
continuity using limits. 
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20.1. Definition. Let X,Y be two topological spaces, f: X — Y bea function, 
aé€ X and@eY. We say that f(x) > € as x > a (read as f(x) tends to fas x 
tends to a) if the following hold. 


(1) If a is an isolated point of X, then f(x) = @. 


(2) If x is not an isolated point of X, then for every V € G there is U € Y, 
such that 7iU Sap) eV. 


In this case, we also write lim ja) S2 





It is clear from the definition of the limit of a function that our definition 
coincides with the usual definition of limit in the classical case. 


20.2. Example. Let X,Y be a topological spaces, a € X and f: X — Y bea 
constant function, say f(x) =c, (x € X). Let €€ Y. If every neighbourhood V 
of £ contains c, then lim f (x) = @. In particular, lim f (x) = c. Thus limit of a 
constant function exists at every point, irrespective of topologies on domain and 
codomain of the function. However, limit need not be unique. 


Important Note 
For a function f: X > Y anda € X, there could be 1 #4 m in Y such that 


lim f (e) = and lim f (x) =m. This should not be used to infer incorrectly, 
that =m. 








20.3. Example. Let X = R with the indiscrete topology, a € X and Y = {0,1} 
with % = {0,Y,{0}}, the Sierpirisky topology. Let f = yo, the characteristic 
function of Q. Then lim f(x) =1. But 0 is not the limit of f at any point. On 
the other hand, let g: X — Y be defined as g(x) = 0, (x € X). Then lim g(x) = 0 


as well as lim g(a) = 1. 


20.4. Example. Let X bea discrete space, Y be a topological space and f: X > Y 
be a function. Then for every a € X, lim f(x) = f(a). Indeed, this is because 


every point of X is an isolated point. 


20.5. Example. Let X be an indiscrete space, Y be a topological space, f: X > Y 
be a function, a € X and é € Y. Then lim f(2) = ¢ if and only if every 
neighbourhood of ¢ contains f(X \ {a}). In particular, limit of a constant function 
exists at each point. 


20.6. Example. Let X bea topological space, Y be an indiscrete space, f: X > Y 
be a function, a € X and ¢ € Y. Ifqis not an isolated point of X, then lim iei=2 
because Y is the only neighbourhood of @ and f(X) C Y. However if a is an 
isolated point of X, then lim f(a) = ¢ if and only if f(a) = ¢. 
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ProoF. If a is an isolated point, then lim f(x) = f(a) and hence ¢= f(a) =m. 


Thus every neighbourhood of ¢ is a neighbourhood of f(a) which in turn is a 
neighbourhood of m. Next we assume that a is not an isolated point of X. Suppose 
U,V are neighbourhoods of @ and m respectively. By the hypothesis, there are two 
neighbourhoods U;, V; of a such that f(U; \ {a}) C U and f(s {a}) CV. If 
U, NV, = {a}, then a is an isolated point of X which is not the case. Thus there 
should be b € U, NV;. But then f(b) € UM V. This completes the proof. 

















PRooF. If a is an isolated point of X, then the result follows easily. So, we 
assume that a is not an isolated point of X. Suppose f is continuous at a let V 
be a neighbourhood of f(a), then there is a neighbourhood of U of a such that 
f(U) CV, and hence f(U \ {a}) CV. 


Conversely, suppose lim f(x) = f(a). Let V be a neighbourhood of f(a). 
Then there is a neighbourhood U of a such that f(U \ {a}) CV. Since, f(a) € V, 











it follows that f(U) C V. Consequently, f is continuous at a. 


20.9. Example. Let X be an infinite set, a,b € X andv: X — X be the identity 
map. 





(1) lim u(x) = b with respect to the cofinite topology on X. 

(2) lim u(x) = b with respect to the cocountable topology on X. 
(3) lim c(x) = 6 with respect to the indiscrete topology on X. 
(4) lim u(x) = a with respect to the discrete topology on X. 


In (1) and (2) let V be a neighbourhood of b and U = V U {a}. Then U isa 
neighbourhood of a. Also, .((U \ {a}) C u(V) = V. This proves the corresponding 
claims. 


t=(3) is obvious as X is the only neighbourhood of a as well as b. 


t=(4) is obvious because each point is an isolated point of X. 
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21. Weak and Quotient Topologies 





Proor. f~'(@) =@and f-1(Y) =X. Let {f-1(V;) :i € I} C F,(f) with each V; 
open in Y. So, Ujerf~'(Vi) = fo (UierVi) € F(f). Finally, for f~'(V, 

Z,(f) with Vi, V2 openin Y, f'VY)Af'(Ve) = f 1ViaNVve) € %&(f). This 
proves (1). 


s=(2) follows from the the definition of %,(f). 


Let 7’ be a topology on X inSo, which f is continuous and U € 7%,(f). Hence 
U = f~'(V) for some open set V in Y. By the continuity of f: (X, 7’) > Y, 
U=ftV)e 7’. So Z(f) < 7’, making Z,(f) the weakest topology on X in 
which f is continuous. This proves (3). 














Now we consider a family of functions defined on X. 
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PROOF. Clearly, .Y C 7, and hence, for every i€ I and V; € J, fo (Vi)EL% C 
ZF. Thus f; is continuous for every 7 € I. Finally, let 7’ be a topology on X such 
that each f;: (X,.7') > (Xi, %) is continuous. Let S ¢ Y. Then S = f;1(V;) 
for some i € I and V; € %. By the continuity, of f;: (X, 7") > (Xi, FZ), Se GF. 
That is, Y C 7%’. But by the Proposition 9.3, 7 is the smallest topology 
containing Y. Hence 7 Cc J’. 














21.3. Definition. Let X be a set and T = {(Xi, %, fi) : fi: X 7 Xi, € T} 
be a family of topological spaces with associated functions defined on X. Then 
the topology %,(T) in the Theorem 21.2 is called the weak topology generated 
by T. 





PROOF. Since composition of continuous functions is continuous, it follows that 
f° f is continuous for every 7 € J, whenever so is f. 

Conversely, suppose f; 0 f is continuous for every 7 € J. Let S € .%,(T), 
defined in the Theorem 21.2. Then S = f;'(V) for some V € %. But by the 
continuity of f,0 f, f-109) = ff," (V)) = (fio fF) (V) is open in Y. Thus f 
is continuous by the Theorem 16.7. 

















ProorFr. The only point required to be proved is that f is open. Let U € %,(f). 
So, there is V € Z such that U = f~1(V). Since f is a bijection, V = f(U). Thus 











f is open, and hence, f is a homeomorphism. 





21.6. Example. Let X bea set, Y be a topological space and f: X > Y bea 
constant map. Then 7%,(f) is the indiscrete topology. 

Indeed, let f(X) = {a}. For any Ge J, f-'(G) = 0 if a ¢ G and 
PAG =x tee CG. This.7,( SA xt Ss. 
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21.7. Example. Let X bea set, Y be an indiscrete space and f: X > Y bea 
function. Then %,(f) is the indiscrete topology. 


Indeed, let f~!(@) = @ and f~'(Y) = X and these are the only open sets. 


21.8. Example. Let X be a set and Y be a discrete space. Let f: X > Y bea 
function. Then the weak topology on X given by f is discrete if and only if f is 
one-one. 


Indeed suppose f is one-one. Let x € X, then {f(x)} is open in Y, and hence, 
{x} = f-(f({x})) is open in X. On the other hand suppose f is not one-one. 
Let 21, £2 be two distinct points of X such that f(a) = f(r2) = y. Let G C X be 
an open set containing x;. So, there is an open set V in Y such that G = f-1(V). 
But then 7} €G>y€EV > 2%. €G. Thus every open set containing 7; also 
contains x2. Thus {2} is not open in X. 


21.9. Example. Let X be a set and [ = {6, : x € X} be the family of all point 
evaluations on X. Then the weak topology defined by I is the discrete topology. 
Indeed, consider x € X. Then {x} = 671({1}) is open in X, Thus each singleton 
is open in X. 





21.10. Example. Consider the weak topology on R defined by the family [ = 
{X{a,b) 1 —0O <a <b < ov} of characteristic functions. Then I determines the 
lower limit topology on R. Indeed the claim follows by noting that 4 = {[a, b) : 

—oo <a <b < co} isa base for the lower limit topology on R. 

















Problems 
139.Let f: [0,5] > R be defined by f(x) = x”, (a € [0,5]). Show that the weak 
topology on [0,5] given by f is the same as the usual topology on [0, 5]. 

140. Let f: [—5,5] + R be defined by f(x) = x”, (x € [—5,5]). Show that the 
weak topology on [—5,5] given by f is not the same as the usual topology on 
[=5; 5]. 

141.Let f: R — Ry, be defined by f(x) = —2, (x € R). Show that the weak 
topology on R given by f is the same as the upper limit topology on R. 















































142.Show that the weak topology on R given by the characteristic functions 
{X[a,b) 1 —0O < a <b < oo} coincides with the lower limit topology. 

143.Let f: [0,27] + {z : |z| = 1} be defined by f(x) = e’”, (x € [0, 27]). Show 

that the weak topology on [0,27] given by f is not the same as the usual topology 

on [0, 27]. 

144.Let f: (0,27] > {z: |z| =1} be defined by f(x) = e’”, (x € (0, 27]). Show 

that the weak topology on (0, 27] given by f is not the same as the usual topology 
m(0, 2a. 

145. Let X be a topological space and Y C X. Show that the subspace topology 

on Y is the weak topology given by the zy: Y > X. 

146. Let {X;:7 © J} and {A; : 7 € I} be families of sets and X be a set. For each 

i€ TI, let {X;, : a € A;} be a family of topological spaces. For each a € Aj, let 

fi: Xi 2 Xj, be a function. Also for each 7 € J, let f;: X — X; be a function. 

Let X; carry the weak topology given by {f;, : a € A;}. Show that the weak 

topology on X given by {f; : 7 € I} is the same as the weak topology given by 
{fi, 0 fi: 4 € I, © Aj}. 

147.Let X bea set and {Aj, Ao,..., An} be a partition of X. Define f: X > R 

by f(z) = hy kxa,, (2 © X). Determine the weak topology on X given by f. 
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148. Define f: R > R by f(x) = sinz, (x € R). Mention a nonempty proper 
open subset of R in the weak topology given by f. 


149. Define f: R > R by f(x) = x?, (x € R). Show that the weak topology on R 
is the same as the usual topology. What can you say if we replace x* by x? 
150. For j = 1,2, define 7;: R? > R by 7;(x1,X2) = x;, ((K1,X2) € R?). Show 
that the weak topology on R? is the same as the usual topology on R?. 






































21.11. Proposition. For a topological space (X, 7), a set Y and a function 
f:X -Y, define 


oF =I CY Fr iGre oi. (21.11.1) 
Then J' is the strongest topology on Y such that f is continuous. Also, Y \ f(X) 
carries the discrete topology as a subspace. 





PROOF. Clearly, f~'(0) =@ and f-1(Y) = X are open in X. So, 0,Y € 7". 

Let {G;:i€ I} Cc F'. Then f7!(G;) € F for every i. Hence U;f~1(G;) € F. 
Hence f~!(U;G;) = U;f~'(Gi) € Z. Thus U;(Gi) € 7". 

Let G,H € 7’. Then f-1(G), f(A) € J. So, f(GNA) = f(G)n 
f-\(A) € J, which, in turn, confirms that GN H € J’. 

The definition of 7’ explicitly boasts of continuity of f. 


Now let 4% be a topology on Y such that f: (X, 7) > (Y, A) is continuous. 
Let G € %. By the assumed continuity of f, f-'(G) € 7. Hence Ge 7’. 


Finally, for any GC Y \ f(X), f-1(G) = 9, and hence, G is open in Y as 
well as in Y \ f(X). This completes the proof. 














21.12. Proposition. Let X,Y be two topological spaces and f: X — Y be 


a function. Let f(X) C Z CY. Then f: X > Y is continuous if and only if 
f:X — Z is continuous. 





PrRooF. Let f: X — Y be continuous and W C Z be open. Then there is an 
open set V in Y such that W=V1 Z. Since f~'(W) = f7!(V), the continuity 
of f: X — Z is at once. 


Conversely, suppose f: X — Z is continuous and V C Y be open in Y. But 
then VM Z is open in Z. Again since f-'(V) = f-'(V O Z), the continuity of 
f: X — Y follows. This completes the proof. 














Since the topology on Y \ f(X) is discrete, it is customary to assume while 
defining the quotient topology, that f is onto. 


21.13. Definition. Let (X,7) be a topological space, Y be a set and 
f: X > Y be an onto function. The topology defined by (21.11.1) is called the 


quotient topology defined by f and it is denoted by 7%(f). Also, Y is called a 
quotient space of X and is denoted by X/f. The function f is called the quotient 
map. 
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The case of many functions replacing one function in the set up of quotient 
space is very easy. 


21.14. Definition. Let X be a set and Tl = {(X;, %, f;) :i © I} be a family 
of topological spaces (X;, 4), each with one onto function f;: X; > X. Then 
the strongest topology %,(I) on X with respect to which each f; is continuous 
is called the quotient of X generated by I. 


21.15. Proposition. Let X be a set andT = {(X;, %, fi): i € I} be a family 
of topological spaces (X;,-F%), each with one function f;: X; > X. Then 


PWV 4G eX ef 1G) e2 for alive Tl) (147, 





We leave the proof for the reader. 


The following characterizes the closed subsets of a quotient. 


21.16. Proposition. Let X be a set andT = {(Xi, %, fi): i € I} be a family 
of topological spaces (X;, 4%), each with one function f,: X; > X. and J be 
the quotient topology on X. Then F C X is closed in X if and onl if f7'(F) is 
closed in X; for eachi € I. 





Proor. Note that for each i € I, X;\ f;'(F) = f,'(X \ F). So, F is closed in 
X if and only if X \ F is open in X if and only if X;~< f;-'(F) is open in each X; 
if and only if f;'(F) is closed in X; for each i € I. 

















Proor. Let (X,.7),(Y, 7’) be two topological spaces and f: X + Y bea 
continuous surjective map. Clearly, by the Proposition 21.11, .7' < 7(f). So, in 
each case, we have to show that %(f) < 7’. 


t=(1) Assume that f isan open map. NwGe Z(f)>f'(GQeFs>G= 
FFG) € 7". 80, Z(f) < F' 


t=(2) Assume that f is an closed map. Let Ge 7’ and F=Y\G. By the 


continuity of f, f~'(F) is Z-closed. Hence f(f~'(F)) is 7’-closed, and hence, 
Ge”. 50,7, ) = 4 














21.18. Example. A quotient map need not be closed or open, in general. 
Indeed, consider R with the usual topology and X = {a,b} with f: Ro X 


defined by f(x) = ‘ nee Well; 





FS igeg joa), Then al) = (0.%, (0}) and F((7 8) = 10} 
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is not closed as {a} is not open. Also, f((0,1)) = {a}, which is not open. Thus f 
is neither closed, nor open. 


Now we give an equivalent frequently used construction of quotient. Let 
f: X + Y bea surjective function. Then by the Theorem 5.11, f: X/f > Y isa 
one to one correspondence. Thus we identify Y with X/f and instead of giving 
topology on Y, we give the quotient topology on X/f. Since the only effect of Y 
and f here is to yield an equivalence relation, we do not have any role of Y and 
f in the final version. Thus all in all, we use an equivalence relation. Not only 
this, but most of the time, in an equivalence relation, the partition is mentioned 
only using which points of X are identified. Having done that, Y is obtained as a 
byproduct. The following example makes it clear. 


21.19. Example. Identifying the end points of the interval [0,1], we obtain a 
circle as a quotient. 


Here the partition of [0,1] consists of all C) 
singletons except the points 0,1, which are o 4 
identified with each other in the sense that, 
for x,y € [0,1], we define x ~ y if either FIGURE 17. Circle as Quotient 
x= yor if x,y € {0,1}. Then the quotient 
X/~ 2S! = {(z,y):2?+y? = 1}. That is, the quotient space X/~ is homeo- 
morphic to the sphere S'. 


Indeed, define t € [0,1] + e?"* € S?. Then the map is continuous. Let us 
note that the basic open sets of S! are of the form either B, = {e?"" : t € (a,b)} 
for some 0<a<b<1€Ror By= {e?™ :t € [0,a) U (6, 1]}. The preimage of 
B, = (a,b) and the preimage of By = [0,a) U (b, 1], both which are open in (0, 1]. 
Thus the quotient of the interval [0,1] obtained by identifying the end points is 
the circle. 








PROOF. If g is continuous, then go f, being a composition of two continuous 
functions, is a continuous function. On the other hand suppose go f is continuous. 
Let G C Z be open. Then f~'(g~!(G)) is open. Hence, g~'(G) is open, and hence, 
g is continuous. 














Next we give a construction of a quotient space that really justifies the name 
quotient. 


Recall the Definition 5.9 as well as Definition 5.12 of quotient. Also, recall the 
construction of a quotient by means of a function in Theorem 5.11. The following 
theorem constructs a (topological) quotient of a topological space in the same way. 
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21.21. Theorem. Let X,Y be two topological spaces and f: X — Y be an 
onto continuous function. As in Theorem 5.11, let ~f be defined on X by 
any if f(x) = fly), (2, y © X) and the function f: X/~; 4 Y be defined 
by f({2]) = f(x), ([z] € X/~,). Then f is a one to one correspondence between 
X/~z and Y. 


21.22. Theorem. Let X,Y be two topological spaces and f: X — Y be an 
onto continuous function. Then the quotient top;ology F,(q¢) on X/~Fz given 
by the quotient map qe: X + X/~z ts the strongest topology such that each of 
the maps in the following diagram is continuous. 


YON 
X/~F ae 





FIGURE 18. Quotient Space 





PROOF. Clearly, 7,(q,) is the strongest topology for which the map qf is continu- 
ous. That is, gy is the quotient map. Hence, by Theorem 21.22, f is continuous if 
and only if f = f oq, is continuous. But f is continuous by the hypothesis. So, f 
is continuous. This completes the proof. 














21.23. Remark. As noted in Theorem 5.11, f is a continuous bijection. But it 
need not be a homeomorphism. The following example clears it. 


21.24. Example. Consider X = {a,b,c} with the topology Zy = {0, X, {a}, {a, b}}, 
Y = {a,b,c} with the topology A = {0, Y, {a}} and f: X — Y the identity map. 
Clearly X/~; = X with the identity map. Hence the topology of X/~; is the 
same as that of X. But X/~+y is not homeomorphic to Y. 


21.25. Remark. The trick in the above example is to take two topologies A < 7x 
so that they are not homeomorphic. Since we are taking the identity map, it will 
be continuous and also the quotient will be homeomorphic to X. 


21.26. Theorem. Let X be a topological space and A C X. Denote by X/A, 
the quotient of X obtained by identifying the points of A. Let f: X > X/A be 
the quotient map. 


(1) If A is open, then f is open. 
(2) If A ts closed, then f is closed. 





Proor. Let Bc X. If@ A BCA, then f~'(f(B)) = A. If BN A =O, then 
ff (B)) =B. If BN AFD, then f-'(f(B)) = BUA. 


m=(1) If GC X is open, then as observed above, f~'(f(G)) is A,G or AUG, 
each of which is open in X, and hence, f(G) is open in X/A. 
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m=(2) If F Cc X is closed, then as observed above, f~'(f(F)) is A, F or AUF, 
each of which is closed in X, and hence, f(£’) is closed in X/A. 














Problems 
151. Prove the Proposition 21.15. 
152.Show that a circle is obtained by identifying two end points of a closed 
interval [a, b]. 
153. Let S = [0,1] x [0,1]. Identify (0, y) with (1, y) for every y € [0,1]. Show 
that the quotient space so obtained is homeomorphic to the cylinder. 


154. Without using the Theorem 21.26, show that the quotient map defined in 
the Example 21.19 is closed but not open. 


22. Product Topology 


In this section, we define and investigate the basic concepts of the product 
spaces. Throughout this section, unless otherwise mentioned {(X;, %) : 1 € I} 
will be a family of topological spaces. We shall denote [],<; X; by X. Also for 
j € 1, 1: X + X; will be the j" projection map. 





Clearly, 

Sr =f (Ui) :U,€ Fie I} (22.1.1) 
is a subbase and 

Br = {3m (Ui,) Ua, € FG, for every i, € I,n € N} (22:12) 


is a base for the product topology. 





Proor. Let U € &% and x € U. Then there are ij, %2,...,in € I and Uj, € 
Fi, Ving € Fy,..., Ui, € F, such that x € N_y7;,'(U;,) C U. But then for every 


open sets U;, € %,, there is B;, € B;, such that x;, € B;, C U;,. Hence, 


k? 


xe am; (Bi, ) Cc te (U;,) cv, 














This completes the proof. 
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22.3. Corollary. Let {X;:71¢ I} be a family of topological spaces. For each 
i€T, let B, be a base for F. Then 


SF ={n,"(B):i€1,Be &} 
is a subbase for the product topology. 





Product of two ordered spaces need not be an order space. In order to make a 
distinction between an open interval (a,b) and the ordered pair (a,b) in a product 
space, we shall denote the ordered pair by a x b. 


22.4. Example. Consider N with the order topology. It is the discrete topology. 
Hence N x N with the product topology is discrete. Recall that the natural order 
on the product of two ordered sets is the lexicographic order. N x N with the order 
topology is not the discrete topology because any open set containing 2 x 1 will 
contain an interval of the form (1 x n,2 x k), and hence, is infinite. Thus {2 x 1} 
is not open. 





22.5. Example. The order topology on R? has the following as a basis. 
B={(ax b,a, xc): a,b,c € Rb < ch. 
Thus for any open rectangle (a,b) x (c,d), we have 


(a,b) X (ea) = Use nte} * (Gd) = Use (eX 2 x a). 





Thus the open rectangles are open in the order topology. But (x x c,x x d) does 
not contain any open rectangle, and hence, it is not open in the usual topology on 
R?. Thus the usual topology on R? is strictly weaker than the order topology. 











PROOF. Since Y does not have the minimum as well as maximum, by the Propo- 
sition 15.1 (3) and (4), it follows that the order topology on Y is given by the 
base {(a,b) : a,b € Y,a < b}. Thus the product topology on Xq x Y is given 
by {{xz} x (a,b): a € X,a,b € Y,a < b}. Clearly, {x} x (a,b) = (x x a,x x b), 
proving that it is open in the order topology on X x Y. On the other hand, for 
x<yinX, (x xa,y x b) is the union of {x} x (a, 00), {y} x (—o0o, b) and for each 
z € (x,y), {z} x Y, each of which is open in Xq x Y. Thus X x Y with the order 











topology is the same as Xq x Y. 








Proor. Let S = 1;'(U;) € %, with U; € J. By the Lemma 4.10 (5), 7;(S) = Uj, 
which is open in X;. Let S = 7; '(U;) for some i 4 j. Then by the Lemma 4.10 (6), 
mj(S) = X; if U; 4 0 and 7;(S) = 9, if U; = 0, which is also an open set. Now let 


B=(haor € Ar; (22.7.1) 
with S, € Y for every 1<k<n. 
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In the equation, (22.7.1), assume that for some i € J,1<k<m<n, 
Se = a; (G) and Sm = a; (H), where G,H € J are open. Then S$, S, = 
nt, '(G) Na;7'(H) = 77'(GN A). Replacing the S$,N Sm by 7 1(GN H), the 
repetition is removed. Carrying out this replacement finite number of time, we 


can assume without loss of generality that 


Beis. =7,, Uy) is, .) tin, (C,.); 


1 


with S, = n;,' (Ui) € YS for every l<k<nandip Ain if 1<k<m<n. Now 
applying the Lemma 4.10 . to each S; and simplifying, we get 


B= Tor = iT =[[¢. 


ier 
where C; = U; if i = i, for some 1 < k < n and C; = X; otherwise. Thus 
1;(B) = Cj, which is open in X;. 
Finally, for arbitrary V € 2%, with V = Ugea Ba, and By € &, for alla € A, 
AV) = 7G Upen Da) = Unea (Ba); 


which is open in X; as 7;(B,) is open in X; for alla € A. 














The projections are not closed in general. As seen in the Example 19.3, the 














projection 7: R? + R, 71(x1, x2) = X1, ((x1,X2) € R?), is not closed, because 
A = {(4,n) :n € N} is closed in R*. But 7(A) = {4 : n € N} is not closed. 





PROOF. We prove that H, is open and similarly we can prove that Ho is open. Let 
(a,,a) € H,. Hence az > f(a,). Let r = sa f{ea) Then there exists 6 > 0 such 
that f((a1—6,ai+6)) C (f(ai)—r, f(ai)+r). Let G = (aj—6,a,+6) x (ag—r, agt+r). 
Taking (x1,x2) € G, we see that f(a;) +r = f(a1) + oa f(a) = after) tea~ far) = 
sot Sion) Also ag—r = ag— *2— faa) = 2am sat f{es) = oe, Now let (x1,X2) € G. 
Then x; € (a;—46,a;,+6). So, f(xi) < cane =a —1r < X9. Thus (xj, Xo) € Aj. 
Hence G C H,. Thus Hj is open in (0,00) x (0, a 























Since the product topology is the weak topology determined by the projections, 
the following is at once. 
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22.10. Corollary. Let {X; : i € I} be a family of topological spaces, X = 


Iie Xi; and Y be a topological space. Suppose for each i € I, there is a 
continuous map fi: Y + X;. Then the lifting f of {fi : 7 € I} ts continuous. 





PROOF. For every 7 € I, 7; 0 f = fj is continuous. So, by the Theorem 22.9 f is 
continuous. 

















PROOF. Suppose f is embedding. So, f is one-one, and hence, by the Theo- 
rem 4.15, {f; : 7 € I} separates the points of Y. Also, since f is continuous, so are 
f; for alli € I. Hence f;-'(U;) are open for every i and every open U; in X;. On 
the other hand, let U C Y be an open set in Y and x € U. Since f is embedding, 
f(U) is open in f(Y). So there are #1, i2,...,%, € J and open sets U;,,U;,,...,U, 


in 


in X;,,Xi,,...,Xi, respectively, such that f(x) € ML, (m7,"(Ui,) AF(Y)) C f(U). 


But then : 
we falta, Vin) = Mar F (5, (Uig))) = Ma Fi Ua) CU: 
Thus Y has the weak topology generated by {fj : 7 € I}. 


Conversely, suppose Y has the weak topology given by {f; : 7 € I}. Clearly, by 
the Corollary 22.10, f is continuous. Let U C Y be open. So, U = NR, fj," (Ui, ) 
for some open sets U;,,,U;,,...,U;,, in Xj,, Xto,...,X;,, respectively. But then 
fU) = §CRaAf CO) = FRAG) = FF OR (i) = 
(MN (7;,' (Ui, ))) A f(Y). Thus f is a homeomorphism. 














22.12. Definition. Let a = (a;) € [],<; X;. For j € I. We define 
Alay) =x = (oo oe Sa Bor 





PROOF AS A COROLLARY TO THE THEOREM 22.11. For everyi ¥ j, let fi: Xj; > 
X; be the constant map defined by f;(x) = a;, (v € X). Also, for i = j, let f; be the 
identity map. Then {f; : i € I} separates the points of X; and X; carries the weak 
topology given by {f; : 7 € I}. Thus, X,; is homeomorphic to f(X;) = X(a, Jj), 
where f is the lifting of {f; : i € I}. 














TRADITIONAL PROOF. Clearly, 75|,(..): X (a,j) — X; is continuous. Let x,y € 
X(a,j) be two distinct points. But then the only possible distinction in the 
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coordinates of x and y is in their j coordinates. Thus 7; as (amas yi= 
Tlxaq)(¥)- Thus 75|x;q,) 18 one-one. Also for z € X;, define 


nc Hee 
an" ihe oy 


z, ift=j. 


Then x € X(a,j) and 7)... (2) = 2. Thus 7j|,,,,, is onto. 


Finally, let 1;'(U;) € %. Assume first that i 4 j If a; ¢ U;, then 
nm, '(U;)O X (a, 7) = 0, and hence, Talia 9s (1; 1(U;)N X(a,j)) = 0. If a; € U;, then 
Mihcicas te (Uy) M X(a, j)) = X (a,j), and hence, Nj |x(a,i) (a; * (Ui) Mn X(a, j)) a X;. 

Let i = j. Then 15 ((Tj)x¢¢,))(U5)) = Uj > Tilyee,y (M (Ui) NX (a, j)) = Uj. 


Thus, we conclude that 7), ...,: X(a,j) + Xj is a homeomorphism. 














22.15. Definition. Let {X;: i € I} be a family of topological spaces, X be a 
topological space and for every 2 € I, f;: X — Xj; be a continuous function. We 
say that {f; :7€ I} separates points from closed sets if whenever E is a closed 
set in X and x € X \ LE, there exists i € I such that fi(x) ¢ f(£). 





The following is an exercise in [Wil70, Exercise 8B]. We are interested in 
[Wil70, Corollary 8.15]. 





Proor. Assume that {f; : i € I} separates points from closed sets. Let U be 
an open set in X and x € U. Then EF = X \ U is a closed set and x ¢ E. So, 





there is i € I such that fi(x) ¢ f;(E). So, there is an open set V in X; such that 
f(z) €V C X;~ fi(E). Since f; is continuous and since F is closed, f;(E) = 
fi(E) C fi(E). Hence X;~\ fi(F) C X;~ f,(£Z). Thus f(z) € V Cc Xi ~ f,(£). 
Hence x € f-'(V) CX\ E=U. Thus {f7'(V) :2€J,V is open in X;} forms a 
base for the topology of X. 











Conversely, suppose {f;'(V) : i € I, V is open in X;} forms a base for the 
topology of X. Let EF’ bea closed subset of Y and x ¢ E. SoU = Y~\ Eis open and 
x € U. Hence there is i € J and an open set V C X; such that x € f;'(V) CU 
and so, f; '(V)N E=90. But then f,(x) € V and Vn f,(E) = 9. Since V is open, 
Vn fi(£) = 9. Hence fi(x) ¢ fi(E). 




















The following is at once now. 
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22.17. Corollary. Let {X;:i€ I} be a family of topological spaces, X be a 
topological space and for everyi € I, fi: X + X; be a continuous function. If 


{fi :i€ I} separates points from closed sets, then X carries the weak topology 
given by {f, :1 © I}. 





Problems 


155.Let X = Y =N, and Z = {a,b}, all the three with the discrete topologies. 
Show that X x Y and X x Z are homeomorphic. However, the cancellation does 
not hold, that is, Y is not homeomorphic to Z. 


156. Let {X; : i € I} be a family of topological spaces and X = [],<; X;. Show 
that A, = {T]e, Ui : U; is open in X; for every i € I} is a base for a topology, say 
&%. Also show that the topology coincides with the product topology if and only if 
all but finitely many X; are indiscrete. The topology % is called the box topology. 


157. Let {X;:i € I} be a family of topological spaces and U C [jez Xi be open. 
Show that {i € J: 7,(U) # X;} is finite. 

158. For a product space X = [],<; X; and a = (a;) € X, show that A = {x € 
X : x; =a, for all but finitely many 7 € J} is dense in X. 


159. Let {X; : 7 © I} be a family of topological spaces and Y; C X; for every 
i € I. Show that the product topology on Y = []je; Y; coincides with the subspace 
topology inherited from the product space X = []j¢-; X;. That is, show that 
product of subspaces is a subspace of the product space. 


160. Let {X;: i € I} be a family of topological spaces. Prove the following. 


(1) Product of two spaces is discrete if and only if each of them is discrete. 
(2) Product of topological spaces is indiscrete if and only if each of the factor 
spaces is indiscrete. 
(3) A countable product of discrete spaces, each with at least two points, cannot 
be discrete. 
(4)Let J = JUK with JN K = Q. Show that the product space [],;<¢; X; is 
homeomorphic to []je7 Xi X Tiex Xi- 
(5) Let f: I > I be a bijective function. Show that 
IX: = [1 Xv. 
i€l i€l 
161.Show that A = {(x, +) : x > 0} is closed in R x R but 7(A) is not closed in 
R. 
162. Let R? = R; x Ry. Show that 
(1)Y = {(x, —x): x € R} is discrete. 
(2)Let Z = {(x,x) : x € R}. Show that the restrictions of 71,72 to B are 
hoeomorphisms. 


163. Consider R x Rg, where Rg is the R with the discrete topology. For m € 
R {0}, show that the projection map 7 restricted to Y = {(z,mz) : x € R} is 
not open. 
164. Let R?, = Ry x R,. Show that 
(1)Y = {(x,x) : x € R} is discrete. 
(2)Let Z = {(x,-x) : x © R}. Show that restriction of 71,72 to B are 
hoeomorphisms. 
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165.Let {X; : 7 © I} and {Y; : 7 € I} be two families of topological spaces. 
Suppose for every 7 € I, f;: X; — Yj; is a homeomorphism. Also, define 
F: [[X; — ILY;, defined by F(x); = fi(x;), (x € [[Xi,7 € I). Show that 
F is a homeomorphism. 

166. Let {X;:i¢€ I} and X = [],-,; X;. For A; C Xj, prove the following. 

(1) Thier A, = Hier Aj. 

(2) If all but finitely many X; is indiscrete, then J],<7(A?) = (ler Ai)?- 

(3) If infinitely many X; are not indiscrete, then there are A; C X; such that 

Hier(A?) # lier Ai)”: 

167.Let X be a set and {4% : i € I} be a family of topologies on X. Let X; 
denote the topological space (X, Y;). Show that the weak topology on X given by 
{uj: X — X;:4€ I} is homeomorphic to A = {x € []je; Xi : Xi = x; for every 
i,j € I} 


23. Coproduct 


Dual to the product, there is the concept of coproduct, better known as 
disjoint union. In this section, we define and investigate the basic concepts 
of the coproduct spaces. Throughout this section, unless otherwise mentioned 
{(X;, F) 7 € i} will be a family of topological spaces. We shall denote [],<; X; 
by X. Also for j € I, 1; : « € X; + (a,j) € X will be the injection maps. 


23.1. Definition. The strongest topology on X generated by all injection 


maps is called the coproduct topology on X and is denoted by Z%,. 





23.2. Remark. 


(1) Since the topology on X is the strongest topology such that each injection is 
continuous, by definition injections are continuous. 

(2) GC X is open if and only if G; = {x € X; : (x,t) € G} is open in X; for 
every 7 € I if and only if G = [],;-<; G;, where G; is open in X; for each 7. 

(3) u(X;) = X} and in fact, each 1; is an embedding, giving a homeomorphism 
li: Xi xX? ; 





Proor. Let U C X; be open. Then v5 "(z;(U)) = U is open in X; and 4; *(2;(U)) = 
is open in X;, (i #7). So, 4;(U) is open in X. 

Let F CX; be closed in X;. Then X \ 2;(£) = Lier Gi, where G; = X; if 
iA#Ajand G; = X;\ E. Thus X \1;(£) is open. This completes the proof. 




















Topology Life is nothing but a competition to be the criminal rather than the victim. —Russell D.J. Karia 
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ProoF. Let (x,j) € X. Then there is B € X; such that ¢ € B. Then (z,j) € 
BOE Z. 

Let B, = By, 110, Bo = Bee l]0 € Z and (2,m) € By NM Bo. Then clearly, 
j =k =m and so, there is B € &; such that r € BC By N Bj. Taking 
B; = BIO, we have (x,m) € Bs C B,M By. This proves the result. 

















ProoF. If f is continuous, then fo; is continuous for every 7. Conversely, assume 
that fo 1; is continuous for every i. Let U C Y be open and (2,7) € f~'(U). So, 
5 (f-1(U)) = (f o4j) (UV) is open in Xj. So, (x, j) € (foe) (WU) 0 c f-(U). 
This completes the proof. 














Problems 
168.Let {X; : 7 € I}, {Y; : 7 € I} be families of topological spaces and X = 
Lie; X; and Y = [],-,Y;. For each 7 € J, let f;: X; — Y; be a map. Define 
f:X 7 Y by f(z,t) = (fi(x),2), (2,1) € X. Show that f is continuous if and 
only if each f; is continuous. 
169.Let X be a topological space and {U; : i € I} be a family of open subsets of 
X such that X = UieU; and U;U; =@ if i # j. Then show that X = [];e; Ui. 


24. Inverse Limit of Topological Spaces 


24.1. Definition. Let J be a directed set and for every i € I, let (X;, %) be 
a topological space. For every 7,7 € I with 7 < j, let there be a continuous 
mapping 7: X; — X; such that 
(1) wig = 4, the identity map of X;, for every i € I, and 
(2) the diagram in Figure 19 commutes whenever i < j < k. That is m,; = 
15,4 O Tk, j- 


Then ({X; : 7 € I}, {aj 24 < j}) is called an inverse system or projective system 
of topological spaces. 








FIGURE 19. Inverse System 





D.J. Karia If I have been able to see further,... Topology 
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In this section, we fix the inverse system ({X; : 7 © I}, {mj}; : 7 < j}) and 
denote it by ({Xi}, {7;,}). 


24.2. Definition. Let ({X;},{7;,;}) be an iverse system. A topological space 
X is said to be an inverse limit or a projective limit of ({X;}, {7;;}), denoted 
by lim X;, if the following hold. 


1EL 


(1) For each i € J, there is a continuous function 7;: X — X; such that for 


every 7 < j, the diagram in Figure 20(a) commutes. 

(2) If there is a topological space Y, and for every 7 € J, a continuous function 
xi: Y — X; such that for every i < 7, the diagram in Figure 20(b) 
commutes, then there is a unique continuous function y: Y — X such that 
for every i € J, the diagram in Figure 20(c) commutes. 


X Y x x »X 
Yn YN NY 
X; Ta > X; Ky > Xj X; 

(a) The object X (b) Other Space (c) Attracting Y 














Tj4 


FIGURE 20. Inverse Limit 


The following theorem proves the existence of inverse limit. 





PROOF. Restricting the projections to X, it is clear from the definition of X 
in (24.3.1) that for each x € X, the diagram in Figure 20(a) commutes. Now 
let Y be a topological space with a family {y;: Y > X;:7 € I} such that the 
diagram in Figure 20(a) commutes. But then by Theorem 4.12, there is unique 
map x: Y > J]je,X; such that y; = 7° y for every ic J. Let x(y) =x € x(Y) 


andi <j. Then 


T5i(7j(X)) = 











Thus x € X. That is, y(Y) C X. Thus x: Y + X. The uniqueness is at once. 








Topology ... it was only because I stood on the shoulders of giants. —Newton D.J. Karia 
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Metric Spaces 


The roots of topological spaces lie in the metric spaces and roots of metric 
spaces lie in the real line with the usual distance. 


25. Metric Topology 


25.1. Definition. Let X be a nonempty set. A metric on X is a function 
d: X x X + R satisfying the following. 
(1) d(x, y) > 0, for all x,y € X and d(z,y) = 0 if and only if z = y. (positive 
definiteness) 





(2) d(x,y) =d(y, x), for all x,y € X. (symmetry) 
(3) d(x,y) < d(z,z) + d(z, y), for all x,y,z € X. (triangle inequality) 


In this case, the set X together with the metric d is called a metric space. It is 
denoted by (X,d) or X. 





25.2. Example. Let X be a nonempty set and d: X x X — R be defined by 
0, ab gy 
d _ rs v] 
(2,4) i it ee y 


Then it is easily seen that dis a metric on X. The metric d in this case, is called 
the discrete metric. 


Positive definiteness and symmetry are at once. For triangle inequality, let 
x,y,z EX. Ife =y, then d(z,y) = 0 < d(az,z)+d(z,y). If  # y, then z 
cannot be equal to x and y both at the same time, say x # z. Consequently, 
d(z,y) =1=d(a,z) < d(x, z)+d(z,y). Thus d is a metric on X. 


Before we proceed further, we recall certain algebraic results. 


PROOF. 
jc + y| = max{x + y, (—x) + (—y)} 
104 
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< max{|z|+y,|z|+(—y)} (because x < |z|, —a < |2]) 
< max{|x| + |y|, |x| + |y|} (because y < |y|, -y < ly) 
= |x| + |yl. 














We now head towards the Holder’s inequality on C”. Holder’s inequality is 
used to prove the Minkowski’s inequality, which, in turn, will be useful in proving 
the triangle inequality for various metrics on R” and C”. In fact, the following 
inequalities hold for infinite sequences whenever the concerned series and the 
supremum define numbers. 





25.6. Example. Let X = R. Define for x,y € R, d(z,y) = |x —y|. Then disa 
metric on R called the usual metric on R. 


In this case also, the positive definiteness and the symmetry are at once. To 
prove the triangle inequality, let x,y,z © X. Then we invoke the Lemma 25.3 in 
the following. 


d(z,y) = |v —y|= |e —z+2-—y|< |x -—2|+|2-—y| =d(z,z) + d(z,y). 


25.7. Example. For n € N and x = (Xj,Xo,..-,Xn),¥ = (¥1,Y2,---)¥n) € R”, 
define 





d(x, y) = |x — yl = ber — yi? + [x2 — yal? +--+ + bn — Yal®. 


SIH 


dp(x, y) = ||x — yllp = ([x1 — yi|? + [x2 — yal]? + --- + [Xn — yal”) 


doo(%, ¥) = |[X — ylloc = max [xi — yil. 





Topology No mathematical error can be demonstrated in my [earlier] proof. —Zermelo D.J. Karia 
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Then d, dy, doo, (1 < p < oo) are metrics on R”. The metric d is the same as the 
dy and is called the usual or Euclidean metric on R”. 





Indeed the positive definiteness and symmetry are at once. However, the 
triangle inequality is involved and can be proved using Minkowski’s inequality 
stated in the Lemma 25.5 


25.8. Remark. 


(1) In the above example, one can replace R" by C” without changing the 
formulae of the metrics. Still they will be metrics. 

(2) Each metric d,, (1 < p < oo), has its analogues for infinite sequences. For 
1<p<o, let 














(oe) 


= {x = (Xn)nai! D7 [Xnl? < co} 


n= 1 


and 
(= {xe = (xp), + sup. [xn] < oo}. 
1<n<oco 
For x,y € @, (1 < p< og), define d,(x,y) = (Sha Ka = ynl?)?. Also, for 


x,y € l™, define d(x, y) = SUP} <pcoo [Kn — Yn|. Then (¢?, dp) is a metric 
space for 1 < p< oo. 


25.9. Example. Let (X,d) be a metric space and r > 0. Define 
d,(ey) = rd(ey), (ey € X ). 
Then d, is a metric on X. 


25.10. Example. Let (X,d) be a metric space. Define 


d(x,y) = min{d(z, y),1},(z,y € X) (25.10.1) 
and 
ple,y) = SEY (aye X). (25.10.2) 


Then d and p are metrics on X. The positive definiteness and the symmetry of p 
are consequences of those of d. Now for x,y,z € X, 














., Boe Idea. _ 1 
ak rar (ee l+d(z,y) ~ 14d(z,y) 
Bates 1 _ lt+d(x,z) +d(z,y) -1 
- 1+ d(x, z)+d(z,y) 14+ d(x,z)+d(z,y) 
_ d(x, 2) d(z,y) 
~ 1+ d(x, z) + d(z,y) ~ 1+ d(x, z)+d(z,y) 
d(x, z) d(z,y) 





~ 1+d(a,z)  1+4+d(z,y) = Pepe): 


25.11. Example. Let (X,d) be a metric space and a € X be fixed. Then 
d: X x X —R, defined by 
0, ifs = y; 


dr(x, y) = ios zie d(a, y), ifa fy, 


is a metric on X and is known the telephone metric. 

















D.J. Karia Where there is matter, there is geometry. —Kepler Topology 
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25.12. Definition. Let (X,d) be a metric space, x € X and e > 0. The set 
Balw,e) = {y € X:d(a,y) <e} 


is called the open ¢-ball centred at x or open ball centred at x and of radius 
€. Many authors also call this set an open sphere instead of an open ball and 
denote it by S,(z). 


25.13. Definition. Let (X,d) be a metric space, x € X and e > 0. The set 
B,\z,¢] = {fy € X : d(z,y) < e} 


is called the closed ¢-ball centred at x or the closed ball centred at x and of 
radius ¢. Many authors also call this set a closed sphere instead of a closed ball 
and is denoted by S.[z]. 





Note: For brevity, instead of writing By(x,¢) we shall write B(z, <). 





ProoF. Let y ¢ Blz,r|. Then d(x, y) > r. Let t = d(x, y)—r. Suppose, if possible, 
that z € Biz, r]|NB(y,t). Then d(x, y) < d(x, z)+d(z,y) < r+d(z,y)—r = d(z, y) 
a contradiction. Thus B(y,t) does not contain any point of B/x,r], and so, y is 
not a limit point of Bixz,r]. That means, B[x,r] contains all its limit points, and 














hence, it is closed. 


25.15. Corollary. Let (X,d) be a metric space, x € X andr > 0. Then 





Br eB er. 











PROOF. Since Bix,1r] is a closed set containing B(x,r), the result follows. 





There are situations when B(x,r) # B[x,r]. The following examples demon- 
strate the same. 


25.16. Example. In R with the discrete metric, B(0,1) = {0} 4 R = B[0, 1}. In 
fact, in any discrete metric space X and x €_X, we have the following. 

() bia) = {ae = Bir) Cx ior 0 r= 1: 

(2) Ba) = qe} eC Bled =X. 

(3) B@ yr) = Bier] =X for L<¢: 

















25.17. Example. Consider the usual metric d on R given by d(z,y) = |x — y|, 
(x,y € R). Then for z € R, 


Biz,r)={y ER: |x-—y| <r} 
={yEeR:x-y<ry-“z<r} 
={yEeR:a-r<y<a«-4r} 














Topology It is not certain that every thing is uncertain. —Pascal D.J. Karia 
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Replacing < by < in above, we see that B[x,r] = [x —r,x +7]. 



























































| | | | 
(a) dy Ball (b) dz Ball (c) doo Ball (d) Three Balls 





FIGURE 21. Open Balls in Various Metrics on R? 





25.18. Example. Consider sum metric d,; on R? given by 





di(x,y) =|xi-—yil+|xe-yol, (YE R’). 


B(x,r) = {y € R?: |x; —yi| + [x2 — yo| <r} 
= {y © R?: +(x — yi) + (Ko — ya) <i} 
={y €R?:x1-yitxe-ye <r} 

Afy €R?:x,-y1—xe+y2 <r} 
N{y € R?: —x, + yi +X2—yo <r} 
N{y € R?:—x, +y1—*2+ ye <r}, 








which is the region inside the diamond centred at (x1, x2) whose vertices are r 
distance away along lines parallel to axes shown in the Figure 21(a). 





25.19. Example. Consider the usual metric dz on R? given by 








do(x,y) = |x-yl= Va —yi? the —yol?, (x.y € R?). 


B(x,r) ={y ER’: |x-y| <r} 
={y eR’: Ve — yi)? + (X2 — yo)? <r} 
= {fy © R?: (x1 — yi)? + (Ko — yo)” <1}, 


which is nothing but the region included inside the circle centred at (x, x2) and 
radius r. The ball is shown in the Figure 21(b). 











25.20. Example. Consider sup metric d,, on R? given by 





doo(x, y) = max{|x1 — yal, |x2—yol}, Gy € R). 


B(x,r) = fy € R? : max{|x, — yi|, |x2 — yal} < r} 
=fy eR’: |xi—y)| <r},fy €R*: |x2—yo| rt 
={fy€R*:y, € (x1 -—1r,x1 +1r)}, fy € R®: yo € (x2 —1r, x2 +1r)} 


= (x, —7r,X1 +1) xX (Xe -—1,X2+7), 











which is nothing but the region included inside the square centred at (x1, x2) and 
having sides of length 2r parallel to axes. The ball is shown in the Figure 21(c). 





D.J. Karia A mathematician is a blind man in a dark room... Topology 
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25.21. Example. Consider R? with fixed point a = (0,0). Then the open ball 
B(x, 3) about x = Ce 575) is as shown in the Figure 22. As it can be seen here 
pictorially the centre of the ball is outside the ball. 























FIGURE 22. Telephone Metric Ball 


25.22. Proposition. Let (X,d) be a metric space,a€ X andr >0. Then 
for any x € B(a,r), there exists t > 0 such that B(x,t) C B(a,r). 





FIGURE 23. Ball Within a Ball 


ProoF. Let t = r—d(a,x) and y € B(x,t). Then d(a,y) < d(a,xz) + d(z,y) < 
d(a,x) +t = d(a,x) +r-—d(a,xz) = r. Hence y € Bi(a,r). Thus B(z,t) Cc 
B(a,7): 














25.23. Proposition. Let (X,d) be a metric space, a € X andr >t > 0. 


then B(a,t) € Ber). 





Proor. z € B(a,t) > d(a,z) < t < r. Hence x € B(a,r). This proves the 
proposition. 














Of course, it is very important for both the open spheres to share the common 
centre. In the Example 25.21, one can see that pictorially the centre of a ball could 
be outside the ball. One more strange phenomenon is that a ball with smaller 
radius could properly contain a ball with larger radius. This is seen in the following 
example. The trick likes in changing the centre. 


25.24. Example. Let X = {—1,0,1} with the natural distance. Then B(1,2) = 
{0,1} & {—1,0, 1} = BQO, 3). 


Topology ... looking for a black cat which isn’t there. —Darwin D.J. Karia 
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Our next step is to prove that a topology is associated with every metric 
space; that is, every metric space is a topological space. 


25.25. Proposition. Let (X,d) be a metric space. Then 


#a= {Bila,r) ae Xr > 0} 


is an open base for a topology on X. 





Proor. For x € X, we get x € B(z,1). So, X = UBy. Let r,t > 0, a,b Ee X, 
and x € B(a,r) NM B(b,t). Then by the Proposition 25.22, there exist 51,52 > 0 
such that B(x, s,) C B(a,r) and B(x, s2) C B(a,t). Taking s = min{s), sy} and 
applying the Proposition 25.23, we see that B(xz,s) C B(a,r)N B(b,t). This 
completes the proof. 














25.26. Definition. Let (X,d) be a metric space the topology generated by 
the base 4g in the Proposition 25.25 is called the topology induced by the metric 


d and is denoted by .%. In general, a topology induced by a metric is called a 
matric topology or a metrizable topology. 





The following is easy to prove. 


25.27. Proposition. Let (X,d) be a metric space and x € X. Then the 
following are local bases at x. 

(COE Ween laine 0h 

(241 Briere Or > Uy. 

(3) {B(a, +) :n € N}. 





25.28. Remark. For an element x of a metric space, {B(x,+) : n € N} isa 
countable local base at x, and hence, every metric space is first countable. 


25.29. Remark. Let us note that a metric 
space is a particular case of a topological 
space. Thus we have the following for a 
metric space (X, d). 


(1) In view of the Proposition 25.25, GC 
X is open in X if and only if for every 
x € G, there exists r > 0 such that 
B(«,r) C Gif and only if G is a union 
of open balls if and only if for every 
x € G, there exist a € X and t > 0 


FIGURE 24. Intersecting Balls such that x € B(a,t) CG. 
(2) We denote the topology generated by 





the metric d by %. 





D.J. Karia Decimals have a point. —Anonymous Topology 
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(3) If we begin with a topology 7 ona the set X, it is obvious to ask a question, 
“Is there any metric p defined on X such that 7 = %,”? If there exists such 
a metric, then we say that the topology 7 is metrizable. 

(4) When we refer to a set X as a metric space, we assume that the underlying 
metric is denoted by d. 

(5) Whenever we consider R” without reference to a particular metric, we mean 
everything with respect to the usual metric. 














d(x,y) 
1+d(z,y)’ 


25.31. Proposition. Let (X,d) be a metric space. Define p(x,y) = 
(x,y € X) as in (25.10.2). Then d and p are equivalent. 





PRooF. Let « € X. Let ¢ > 0. Consider B,(z,¢). Ife > 1, then Ba(t,e) C X = 


Bela e) te <1, letr— pe Then 


ee hier) > dz,y) ar = 





lt+e 
E 
=>1—-— <1-d 





<1-d(z,y) <1+d(z,y) 
—_——- 1 
m= 1+d(z, y) are) 
d(x, y) € 
a 1+ d(x, y) . l+e 
= p(x,y) <« 
Thus Ba(z,r) C B,(a,¢). On the other hand, consider Ba(z,¢). Let r = —— 


Ite 
d(x,y 
x € B(x2,r) > es 
r 


( 
=>d(z,y)<rt+rd(z, [ 

) 

) ip 


(l+e)=e 





=> d(x, y =e uy) < 





> day oc 


Sty) < __ te =€. 
i= (1+) 
Now let G Cc X be %-open and x € G. So, there is ¢ > 0 such that By(z,¢) C G. 


Taking r = 74, we get B,(x,r) C Ba(z,e) C G. Thus G is open in J. 


Conversely, suppose G C X is Y-open and x € G. So, there is ¢ > 0 such 
that B,(a,¢) C G. Taking r = we get Ba(z,r) C B,(#,e) C G. Thus G is 
open in .%. Thus .% = %. 


== 
l+e? 

















Topology Pure mathematics is, in its way, the poetry of logical ideas. —Einstein D.J. Karia 
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25.32. Proposition. Let d,p be two metrics on a set X. Suppose there are 
M,N > 0 such that 


Mp(z,y) < d(z,y) < Nola, y) 
for allx,y © X. Thend and p are equivalent. 





PROOF. For z,y € X, 
y € Ba(x, Me) > d(x,y) < Me 
=> Mp(az,y) < d(x,y) < Me 
= p(x,y) <e 
=> ye Bla): 
Also, 


E 
ye Bele, WN? => p(x,y) < N 


=> d(z,y) < Npo(a,y) < N= 
=d(a.y) <2 
=>y © Bala, €é). 
Consequently, By(z,Me) C B,(x,e) and B,(2, 5) C Ba(z,e). Thus d and p 
generate the same topology on X and hence are equivalent. 














In general, the converse of Proposition 25.32 is not true. 





25.33. Example. On R consider the usual metrics d(x, y) = |x —y]|, and p(x, y) = 


as: (x,y € R). Then by the Proposition 25.31, d and p are equivalent. 


However, there is no N > 0 such that d(x, y) < Np(z,y). 





We shall characterize the equivalent metrics on a set using convergent se- 
quences in the next section. 


Problems 
170. Let d, p be two metrics on a set X. Define for x,y € X, 
di(e,y) = d(2,y) + o(2,y); (25.33.1) 
Yo(w,y) = max{d(x, y), p(x, y).} (25.33.2) 


Show that 1, w.2 are metrics on X. 


171. Let (X,d) be a metric space and Y be a set. Let f: Y > X be a bijective 
function. Define for y,, y2 € Y, p(y, ye) = d( f(y), f(y2)). Show that p is a metric 
on Y. 

172.Combining the proof of the Examples 25.9 and 25.10, prove that on a metric 
space (X,d), for r > 0, 0,(x,y) = mes (x,y € X), defines a metric on X. 
173.Show that dy defined in the Example 25.11 is a metric on X. 


174. Let X = R’. For x,y € X, define 
d(x,y) = | 


Find B((0,0), 1), B((1,1), V2), B((1,1),2. Sketch them. 


D.J. Karia In mathematics the art of proposing a question... Topology 














0, ifx=y; 
|x| + |y|, otherwise. 
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175.Consider X = {(0,0)} U {(x1,x2) € R? : 2? +y? = 1}. Show that 
B((0,0),0.4) = B((0,0),0.5). Sketch B((1, 0), 0.5). 

176. Let (X,d) be a metric space and A C X be dense in A. Let &, be a local 
base at each x € A. Define 


B=U{F,: 2 € A}. 


Show that & is an open base for (X, %). Also, show that we cannot drop the 
condition that X is a metric space. (see the Example 11.5(2).) 

177. Let (X,d) be a metric space and A C (0,00). Show that {b(z,r):r € A} is 
a local base at each x € X if and only if 0 € A. 


26. Sequences 


In this section, we define and obtain properties of sequences. We define and 
obtain the properties of sequences. Wherever possible, we obtain the results in a 
general topological space. But certain concepts and results do not make sense in a 
general topological space so they are restricted to the metric spaces. 


26.1. Definition. A sequence in a set X is a functionn € Nw x, € X and is 


denoted by (z,,) or {z,}. The set {x, : n € N} is said to be the range of the 
sequence {z,}. 





We shall need the following terminology in the sections to follow. 


26.2. Definition. Let {x,} be a sequence in a set X. A subsequence of {xp} 
is a sequence {z,, }, where nj < ng < ng <---. For N EN, we define Ty ({z,}) 
to be the set {27y,2Nn41,---}, called a tail of the sequence {x,}. The sequence 
{x,} is said to be constant if rz, = Lm for alln,m € N. {z,} is said to be 


eventually constant if one of its tails is a constant sequence. Let A C X. We 
say that {z,,} is frequently in A if A contains a subsequence of {z,,}, that is, for 
every n EN, there is m > such that x, € A. We say that {x,,} is eventually 
in A if A contains a tail of {x,}. 





If range of a sequence is a finite set, then we call that sequence a sequence 
with finite range otherwise it is called a sequence with infinite range. 


Now we turn to the concepts of a Cauchy sequence and a convergent sequence. 
The concept of a Cauchy sequence is not available in a general topological space. 
It requires a metric or a uniformity structure. We limit ourselves with the metric 
structure. We include the uniform spaces in the latter sections of the notes. 





Topology ... must be held of higher value than solving it. —Cantor D.J. Karia 
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26.3. Definition. Let (X,d) be a metric space and {z,} be a sequence in X. 
We say that {z,} is 


(1) convergent in X if there exists « € X such that for every ¢ > 0, there is 
N €N such that d(z,,2) < ¢ whenever n > N. In this case, we write 
t+ cin X or lim wp = «. 


(2) Cauchy if for every « > 0, there is a N € N such that d(x, 2m) < € for all 
Tite IN: 


26.4. Proposition. Let (X,d) be a metric space and {x,,} be a sequence in X 
and xz € X. 

(1) {tn} ts Cauchy if and only if d(an, 2m) 2 0 andn,m > oo. 

(2) tn 4 x is convergent if and only if d(x,,x) 40 and n — oo. 





PROOF. (1) {x,} is Cauchy if and only if given ¢ > 0, there exists N ¢ N 
such that d(%p,%m) < € for every n,m > N if and only if there is N € N such that 
\d(2n, 2m) — 0| < € for every n,m > N if and only if d(x, %m) 4 0 as n,m — oo. 
0=(2) x, — x if and only if given € > 0, there exists N € N such that d(z,, 2) < € 


for every n > N if and only if there is N € N such that |d(z,, 7) — 0| < € for every 
n> N if and only if d(ap,x2) > 0 as n > oo. 














Look at the adjacent Figure 25. Think of an ant 
roaming on the largest square. As soon as it enters from 
red to the green zone, say the four sides of the green 
square, are blocked not allowing the ant to come to the 
red zone. Now as soon as it enters the blue square, again 
the entry to the green square is restricted. If we go on 
FIGURE 25. Cauchy doing this, and thereby restricting the area the ant can 
Sequence move. Continuing in this way, we go on restricting the 

movement of the ant in the smaller and smaller region. 

You will say that ultimately the ant will be restricted 

to be steadily on the point drawn at the centre. If we 
mark the position of the ant at every second, then we will infer that the dots are 
accumulating near the centre. In the long run, the dots come nearer to each other. 
Such positions of the dots, is what a Cauchy sequence is. In long run, the terms 
of the sequence are near to each other. Eventually going towards a point, in the 
case of our ant, that point is the centre. So, we say that the ant is converging 
to the centre. Now suppose that in our experiment, we have started with a piece 
of cardboard in which there is a hole at the centre. So the ant eventually goes 
towards some point which does not exist on the cardboard. However, any of her 
two states in long run are very nearer to each other, though they are aimless! This 
represents a Cauchy sequence which wants to converge, but its aim is not in the 
space. The following proposition and example show exactly the same. 


26.5. Proposition. Every convergent sequence is Cauchy. 


D.J. Karia It would be better for the true physics... Topology 
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ProorF. Let {z,,} be a sequence in (X,d) converging to x. Let ¢ > 0 be given. 
Then there exists N € N such that d(z,, x) < § for every n > N. But then 

















ProoF. Let {x,} be a Cauchy sequence in a metric space. Suppose a subsequence 
{xn, } of {z,} converges tox € X. Let ¢ > 0. Choose N € N such that d(an, tm) < 
5 whenever n,m > N. Choose kK € N such that d(xy,,x) < 5 whenever k > K. 
Let M = max{nx,N}. Then for n > M, d(an,x) < d(tn, tng) + d(fn,z,2) < 
5 +35 =6. Thus z, — x. On the other hand, a convergent sequence is its own 











convergent subsequence. This completes the proof. 





; 26.7. Example. A Cauchy sequence need not con- 
RHI verge. Indeed let X = R \ {0} with the usual metric. 
Then the sequence {+} is Cauchy but not convergent. 





FIGURE 26. Nonconver- 


gent Cauchy Sequence Indeed let ¢ > 0 be given. Choose N > ¢. Then 


for n,m > N, assuming that n > m, |+ —2| <4 <e. 

Thus {+} is Cauchy. Suppose + — x. Since 0 ¢ 

Rw {0}, « £0. If x < 0, then taking ¢ = |z|, we see 

that |x — +| = |x| ++ > for every n. For x > 0, choose k € N such that + <k 
1 


as in the Figure 26. Let ¢ = ; — gj. Then for every n > k +1, |x — 4| >e. Thus 


+ 4 x. This shows that {+} is Cauchy but not convergent in R \ {0}. 








We can generalize the concept of convergent sequences in arbitrary topological 
space using the following characterization. However, the concept of Cauchy 
sequences can be generalized only up to the uniform spaces which we postpone to 
the Chapter 10. 





PROOF. Be(1)=(2) Assume that x, ~ z Let U € Y. So,x € U° CU; 
consequently there is ¢ > 0 such that B(x,¢) C U. Since rz, > x, there is N EN 
such that d(apn,2) < € for every n > N. That is, Ty {tn} C B(a,e) CU. 

o=(2) = (1) Assume (2). Let ¢ > 0. Then B(z,¢), being a neighbourhood of z, 
contains a tail Ty({x,}). That is, d(a,,x) < € for every n > N. Thus rz, > &. 














Using this we define the following. 





Topology ... if there were no mathematics on the earth. —D. Bernoulli D.J. Karia 
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26.9. Definition. Let X be a topological space and {z,,} be a sequence in X 
and + € X. We say that z, — x if every U € Y, contains a tail of {x}. 


26.10. Proposition. Subsequence of a convergent sequence converges to the 
same limit(s) of the sequence. 





PRooF. Let X be a topological space and x, + x in X. Let {x,,} be a subse- 
quence of {z,}. Let U € Y, contain the tail T,,({x,}) of {z,}. Choose k €¢ N 
such that 1, 2m. Theni > k >a, € U. Thus 2, 2. 














26.11. Proposition. An eventually constant sequence is convergent but not 
conversely. 


ProoF. Let {z,} be an eventually constant sequence. So one of its tails, say 
Tn({Zn}) is a constant sequence z,z,z,.... Let U € Y. Then Ty({z,}) CU. 
Hence %p, > &. 











Note that in R, = — 0,745 > 1, none of which is eventually constant. In 


fact, the all their terms are distinct. 

















Sequences behave well and reveal much about a metrizable topology. However 
it need not be the case in arbitrary topological space. 


26.12. Proposition. A sequence in a metric space can converge to at most 
one point. 


Proor. Let (X,d) be a metric space and {z,,} be a convergent sequence. Suppose 
In —> x as well as x, — y, where  # y. But then r = d(z,y) > 0. So that B(z, 5) 
contains a tail Ty({v,}) as well as B(y, 5) contains a tail Tyy({v,}). Note that 
tn+m is a part of both the tails. Thus 


i r 
r= d(x, y) = d(ty+m,7) + d(tn+m,Y¥) < 9 + 9 =, 











a contradiction. Thus x = y. 





26.13. Example. A sequence in a topological space, need not have a unique 
limit. The sequence {n} in R with the cofinite topology converges to every point 
of R. Indeed for any x € R, and U € %,, there will be possibly only finitely many 
1, 2,...a, outside U. Taking an integer N > max{aj,q2,...,a,}, we see that 
N,N +1,...€U. Thus 2, > 2. 





























The following concept is not available in a general topological space. 


26.14. Definition. Let (X,d) be a metric space. A sequence {z,,} in X is said 





to be bounded if there is M > 0 such that d(ap,2%m) < M for every n,m EN. 





D.J. Karia As for everything else, so for a mathematical theory:... Topology 
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PRooF. Let {z,,} be a Cauchy sequence in a metric space (X,d). Then there is 
N EN such that d(@n, 2m) < 1 for every n,m > N. Let M = max{d(tn, tm) +1: 
n,m < N}. Clearly d(tn,%m) < M for every n,m € N. Thus {z,} is bounded. 


26.16. Corollary. A convergent sequence is bounded. 


26.17. Example. A bounded sequence need not be Cauchy. Indeed {(—1)"} is a 
bounded sequence in R which is not Cauchy. 




















26.18. Proposition. Let {x,}, {yn} be sequences in R. 


(1) fn A 2 > -—In > —2. 
(2) Ln > & => |xn| > |x| but the converse does not hold. 
(3) in ALS = > 2 provided tp #0 for every n and x #0. 


Oe a Oe ee, 

(5) Ln > L,Yn DY > In — Yn DEY. 

(6) Ln > L, Yn > Y > LnYn > TY. 

(7) In 2,Yn ry > p> - provided Yr, #0 for every n and y # 0. 





Proor. (1) This follows from |z, — z| =|-—2,+2\. 
t=(2) This follows from ||z,| — |x|| < |@n — z| < |5| for large enough n. 


t=(3) By (2), there is N € N such that |x,| > @ for n > N. Thus ai 


ee 
| |z| 








Now given ¢ > 0, let 6 = ae Choose K € N such that |x, — z| < 6 for every 
n> kK. 
1 _ ae 2(t_ — 2) 26 
a — &; 
Dy Dh a |a|? |x|? 











for every n > K. 

t=(4) Let ¢ > 0. Then choose N, M €N such that |x, —2| < 5 whenever n > N 
and |y, — y| < § whenever n > M. Let K = max{M, N}, then for every n > K, 
E 


E 
Pn + Yn — EY] S|tn 2] +|¥m —¥l< Zt 5 


t=(5) This follows by the combination of (1) and (4). 


t=(6) Since y, > y, there is M > 0 such that |y,| <M. Given e > 0, choose 
N,K €N such that |x, — 2| < 55 for n > N and |y, — y| < Map Whenever 
n> K. Then for n > max{N, K}, 


\Cathn = ry| S [fnYn = £Yn + LYn — ry| a an| [an | se |r| [an =U) <<. 





Topology ... beauty can be perceived but not explained. —Cayley D.J. Karia 
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«=(7) follows by combining (3) and (6). 


26.19. Example. Let (X,d) be a metric space and a € X be fixed. Let dp denote 
the telephone metric on X defined as in Example 25.11, that is 


dr(x,y) = | 


0, it e=y; 
d(z,a)+d(a,y), ifa#y, 


Then a sequence {2,,} converges to x # a with respect to dr if and only if {z,} is 
eventually constant to a. Also, a sequence x, — a with respect to dr if and only 
if x, — a with respect to d. 


26.20. Example. A sequence in an indiscrete space coverges to all points. Indeed, 
let X be an indiscrete space and {z,} be a sequence in X. Let x € X. Then 
U, ={X} and X contains the full tail of {z,}. Thus z, > x. 


26.21. Example. A sequence in a discrete space converges if and only if it is 
eventually constant. Clearly, in view of the Proposition 26.11, an eventually 
constant sequence in a discrete space converges. Conversely, suppose X is a 
discrete space and {z,,} is a sequence in X converging to x € X. So, {rt} € Y 
contains a tail of {x,}, forcing it to be eventually constant. 


26.22. Example. Let X bea cofinite space and {z,,} be a sequence in X. Suppose 
no subsequence of {x,,} is constant. Then x, — x for every x € X. Indeed, let 
Ue &,. Then X ~\ U is finite, say X \U = {aj,a2,...,a,}. Since none 
of the a,’s can occur in {z,} infinitely many times, there is N € N such that 
n> N => an F# ag for 1 <k<m. Thus Ty({zy}) CU. Hence, 2, > 2. 


If {x,} contains exactly one constant subsequence {x, 7, 2,...}, then 7, > x 
and tz, % y for y # x. Indeed let U € Y%. Let X \U = {aj, a9,..., am}. Then 
there is N € N such that n > N => ry # ay for 1 << k <m. Thus Ty({rn}) CU. 
Hence, x, — x. Also, for y 4 x, U — X \ {x} does not contain any tail of {z,} as 
x repeats infinitely many times. 


Now it follows that if {z,} contains more than one constant subsequence, 
then {z,,} does not converge to any point of X. 


26.23. Example. The convergent sequences in a cocountable space are precisely 
eventually constant sequences. Indeed, let {x,,} be a sequence in a cocountable 
space. As we have seen if {x,,} is an eventually constant sequence, then it converges. 
Suppose z,, > x. Let A = {x, : n € N} be the range space. Let UV = (X\ A)U{z}. 
Then U € %. So, Ty({an}) C U for some N. But 2, € U for every n > N 
implies x, = x for every n > N. Thus {2,,} is eventually constant. The converse 
follows from the Proposition 26.11. 


26.24. Proposition. Let X have two topologies Y%, A with A < XA and 





{z,} be a sequence in X. If %, > & in (X, H), then tz, 9 & in (X, A). 


PRooF. Indeed, let U be a .%-neighbourhood of x. So, U is a %-neighbourhood 
of x. Hence U contains a tail of {x,}. This completes the proof. 














Note that on a set X 4% < ZY but a eventually nonconstant sequence in X 
converges in (X,-%) but does not converge in J. 





D.J. Karia Divide each difficulty into as may parts as... Topology 
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26.25. Proposition. Let X be a set and 7 be a topology on X such that 


F< JF. Then the convergent sequences in (X, 7) are precisely the eventually 
constant sequences. 





ProoF. Let 2, > xin (X, 7). Then by the Proposition 26.24, x, > x in (X, %). 
But then {z,,} must be eventually constant. In view of the Proposition 26.11, the 
proof is complete. 














26.26. Corollary. Let a be a cardinal number such that Xo < a. Then 


the convergent sequences in Zeqg and Zy are precisely the eventually constant 
sequences. 





26.27. Example. Consider a set X a point a € X and the VIP topology 7 = 
{UC X:U=BPoraeU}. Let be X. Let {x,} be a sequence in X. Then 
<,, — 0 if and only if there is N € N such that {z, :n > N}C {a,b}. 


26.28. Example. Consider a set X a point a € X and the excluded point topology 
F={UCX:U=X orag}. Let b € X ~ {a}. Let {z,,} be a sequence in X. 
Then 


(1) x, + b if and only if {z,} eventually constants to b; and 
(2) an > a. 


26.29. Example. Let X be a set and A Cc X. A sequence {z,,} in X converges to 
all points of X \ A. However it converges to one, and hence all, points of A if and 
only if it is eventually in A. Note that this gives the convergence in an indiscrete 
space by taking A = @. 


26.30. Example. Let X be a nonempty set and {A;: 1 <i <n} be a chain 
of subsets of X. Consider the topology Y = {0, X, Ai, Ao,..., An} as in Exam- 
ple 7.18. To avoid the triviality, we assume that 0 4 Ai C 49S --- GS ArG X. 
Every sequence converges to all the points of X \ A,. Also, a sequence {z,,} 
converges to one, and hence all, points of A; if and only if {x,} is eventually in 
some A, for 7 <k. 





26.31. Example. For a set X and) G A & X, consider 7 = {, X, A, X \ A} is 
a topology on X. A sequence {z,,} converges to a point, and hence all points, of 
A if and only if it is eventually in A and like wise to a point, and hence all points, 
of X \ A if and only if it is eventually in X \ A. 


26.32. Example. For a set X and A C X, consider the topology FY ={GcX: 
G=9or ACG} on X. A sequence {x,,} in X converges to « € X if and only if 
it is eventually in AU {x}. In particular, a sequence eventually in A converges to 
all points. 


26.33. Example. For a set X, A C X, consider the topology FY ={G CX :G= 
X orGc A} on X. Let x € X \ A. Then every sequence converges to x. Let 
x € X. Then a the only sequence converging to x is the sequence that eventually 
constants to x. 





Topology ... is feasible and necessary to resolve it. —Descartes D.J. Karia 
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26.34. Proposition. A sequence {x,,} converges to x € Ry if and only if every 
subsequence {xy} of {x,} has a monotonically decreasing subsequence {2n,,} 





such that inf{atn,.} = ©. 





PROOF. Suppose x, — x in Ry. If {x,} is eventually constant x, then we are 
done. So, we assume that it is not the case. Let {x,,} be a subsequence of {x,}. 
By Proposition 26.10, x,, — x. Hence [z,x + 1) contains a tail, say T), ({2n, }). 
Without loss of generality, we assume that x, # x. But then by the convergence 
of Ty, ({@n,}) to x, there is kg > ky, such that Ty, ({n, }) is contained in [z, s1), 
where sy = min{a# + on In, }. Thus Ty, < Gay,» We choose k3 > ky such that such 
that Ts ({an, }) is contained in [a, 52), where s2 = min{x+ 3, 2p,,}- Continuing, in 
this way we obtain a monotonically decreasing subsequence 2p, > Ln. > Lng > --- 
of {tn}. Also, a < Ing, <at+ - Hence inf In, = ©. 


Conversely, suppose every subsequence {x,,,} of {x,} has a monotonically 
decreasing subsequence {©n,., } such that inf {2ng, t =x. Suppose if possible, that 
Ln 7 x. Hence there is r > 0 and a subsequence &», of {x,} such that r,, > v+r 
for each k > 0. But then inf{z,,} > x-+ r. So, none of it’s subsequences has x as 
its infimum. 














Applying the symmetric arguments as in the above proposition, we have the 
following. Recall that R, is R with the upper limit topology. 























26.35. Proposition. A sequence {x,} converges tox € R,, if and only if every 
subsequence {Xn} of {vn} has a monotonically increasing subsequence {2n,, t 


such that inf{an,.} = ©. 





The following is a consequence of the Proposition 8.25. 


26.36. Proposition. A sequence {x,} in (Z, Zp») converges tom € Z if and 





only if {x, —m} converges to 0. 


PROOF. Clearly, Ba, € %, if and only if Ba, —m € %, where Bay —m = 
{k —m:ke Aaah. 














In light of Proposition 26.36, it is sufficient to obtain the description of 
sequences converging to 0. 


The following is apparent be because the basic neighbourhoods of 0 are of 
the form mZ, (m € N). 


26.37. Proposition. A sequence {x,} in (Z, Zp») converges to 0 if and only 


if for everym EN, there isk > 0 such that m| 2a, for everyn > k. 





26.38. Example. [LM15, p.108] If 7, = n!, yn = Iem(1,...,7), then 2, > 0 and 
Yn — 0 in (Z, Hp). 


D.J. Karia I didn’t work especially hard at mathematics at schooll,... Topology 
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26.39. Example. A sequence z, — x in Rx if and only if it does so in R with 
the usual topology and {z,} K is finite. 


26.40. Example. Let X be a set, Y C X and J bea topology on Y and 7? 
be the discrete extension of Y on X defined in Proposition 12.10. A sequence 
{x,} in X converges to x € Y if and only if Y contains a tail T,{x,} of {x,} and 
Intk + cin Y. On the other hand zx, — x for some x € X \Y if and only if 
{t,} eventually constants to 2. 


26.41. Example. Let X be a set, Y C X and JZ be a topology on Y and 7**% 
be the indiscrete extension of Y on X defined in Proposition 12.11. A sequence 
{z,} in X converges to x € Y if and only if Y contains a tail T,{x,} of {x,} and 
In+k > xin Y. On the other hand x, > x forallaEe XY. 


26.42. Proposition. Let X be a totally ordered set with the right order 
topology. A sequence {x,} in X converges to x € X if and only if there is 


a sequence a, < dg < a3 < ++: < x such that sup{a,} = x and each (a,oo) 
contains a tail of {x}. 








PROOF. Suppose there is a sequence a1 > dz > a3 > +--+: > x such that sup{a,} = 
x and each (a,00) contains a tail of {x,}. Let (a,oo) € Y%. Since a < z, a is not 
an upper bound of {a,,}. Thus for some k € N, a < a,. Hence (a, oo) contains a 
tail of {z,}. Thus 2, > z. 





Conversely, suppose x, — x. If [x,oo) contains a tail of {x,}, then we 
are done. So, assume that [a,oo) does not contain any tail of {x,}. If a is 
the immediate predecessor of x, then |7,00) = (a, 0o) contains a tail of {z,}, a 
contradiction. Thus x cannot have the immediate predecessor. Now let a < x. 
Since (a,oo) contains a tail of {xz,}, and since that tail will not be in [z, oo), 
there is t,, € (a,x). Replacing a by 21, we get a tail of {x,} in (%p,,x) and 
ng > n2 such that rn, € (Xn,,2). Repeating the argument inductively, we get 
nm < ng <n <--: < «such that tp, < tn, < In, < --: < & such that each 
(%n,,v) contains a tail of {z,}. Since {z,,} is a subsequence of {zn}, tn, > ZX. 
This, together with the monotonicity of {z,,}, it follows that sup{z,,} = x. 
Taking a, = £p,, the result follows. 














The following is at once now using the similar argument. 


26.43. Proposition. Let X be a totally ordered set with the left order topology. 
A sequence {x,} in X converges tox € X if and only if there is a sequence 


a, > a2 > a3 >--- > x such that inf{a,} = x and each (—co, ax) contains a 


tat of (2,5. 








26.44. Example. Let (X,d) be a metric space, a € X and dr be the telephone 
metric defined as in Example 25.11. Then a sequence converges to a point other 
than a if and only if it is essentially constant sequence. Also, a sequence converges 
to a if and only if it converges to a in (X, d). 


Problems 
178. Prove the following. 
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(1) Homeomorphic image of a Cauchy sequence need not be a Cauchy sequence. 
(2) Homeomorphic image of a convergent sequence is a convergent sequence. 





179.In the following R carries the usual metric. 


(1) Show that + + 0 in R. 

(2) Let 0 < an < 2 for every n € N. Show that a, — 0. If we replace 0 < a, by 
—1 < dy, can we conclude anything? 

(3) Show that a bounded sequence in R need not converge. 

(4) Show that a bounded sequence in R has a convergent subsequence. 

(5) Let {x,} be a sequence in a topological space X. Define yn = p41 if n is 
odd and y, = %,_1 if n is even. Show that {x,} converges if and only if {y,} 
converges. 

(6) Give an example of a sequence in a topological space which converges to more 
than one point. 

(7) Let {z,} be a convergent sequence in a topological space and k € N. Show 
that if we replace 71, %2,...,2,% with points of our choice from X, then the 
resulting sequence will converge to the same point(s). Also, show that if we 
drop first k terms and start a new sequence from x41, then also the resulting 
sequence will converge to the same point(s). 

(8) Let {x,,} be a Cauchy sequence in a metric space and k € N. Show that if 
we replace 71, %2,...,2, with points of our choice from X, then the resulting 
sequence will be Cauchy too. Also, show that if we drop first k terms and 
start a new sequence from #4, then the resulting sequence will be Cauchy 
too. 


180. Let {x}, {yn} be Cauchy sequences in a metric space (X,d). Is {d(an, yn) } 
a Cauchy sequence in R? 











181. Let {z,,}, {yn} be two sequences in a metric space (X,d) such that x, > x 
and y, > y in X. Show that d(Zn, yn) > d(z, y). 


182. Let (X,d) be a metric space .% be the topology induced by the metric, {x,,} 
be a sequence in X and x € X. Show that x, — x in (X,d) if and only if z, > x 
in (X, 73): 


27. Closed Subsets of a Metric Space 


27.1. Proposition. A closed ball in a metric space is a closed subset. 


ProoFr. Let (X,d) be a metric space, x € X andr > 0. Let y ¢ Blz,r]. Then 

t = d(x,y) > r. Suppose, if possible, that z € Blz,r]N B(y,t —r). Then 
t=d(z,y) <d(z,z)+d(z,y)<rt+t—r=t, 

a contradiction. Thus the neighbourhood B(y,t—s) does not contain any point of 

Bia,r]. That is, y ¢ Blx,r]’. So no point outside Bix, r] is a limit point of Blx,r]. 

This means, B{x,r]! C Blx,r]. Thus Blz,7r] is closed. 














27.2. Example. Let (X,d) be a metric space, x € X and r > 0. Then 
Bee Bier, 
However, the equality need not hold. 
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Since B[x,r] is a closed set containing B(x,r), and since B(x,r) is the smallest 
closed set containing B(x,r), B(x,r) C B[x,r]. Now consider a discrete metric 
space X with at least two distinct points x,y. Then 


Bia, l= {2} = Ba 0.5) CB, 0.5) C Blg.0.5) fap eX = Ble, 1. 


Hence B(x, 1) = {x} # B[z, 1]. 


The above example shows that the closure of an open ball need not be the 
corresponding closed ball. The following example shows that closure of an open 
ball need not be even a ball. 





27.3. Example. Consider the metric d(z, y) = min{|x — y|, 1}, (,y € R). Then 
B(0,1) = (—1,1), B(0, 1) = [—1, 1]. However [—1, 1] is not a closed or open ball. 
Suppose [—1, 1] = Bix,r] for some x € R and r > 0. Since the distance of 1 and 0 
is 1,r > 1. But then B[z,r] = R. Thus [—1, 1] is not a ball at all. 


27.4. Proposition. A finite subset of a metric space is closed. 


PROOF. Since a finite set is a finite union of singletons, it is sufficient to prove 
that every singleton is closed in a metric space. So, let X be a metric space and 
x € X. We show that {x}! = @. Clearly, x is not a limit point of {7} because no 
neighbourhood of x contains a point of {a} other than x. Now let y € X such 
that « # y. Let r= d(x,y). Then b(y, 5) O {a} = 0. Thus {x}’ = 0. Hence {z} is 
closed. 























The following characterizes closure of a set in a metric space using sequences. 





PROOF. Suppose there is a sequence {x,} in A such that x, > x. Let U bea 
neighbourhood of x. So, there is N € N such that x, € U for every n > N. Thus 
U contains points of A. Hence x € A. 


Conversely, suppose there is a metric d such that the topology of X is given 
by d. Assume that « € A. We observe that for each n € N, B(x,4) NA #9. So, 
choose x, € B(z,+)MA for each n. Thus {x,,} is a sequence in A. Given an € > 0, 
fix N € N such that N > 4. That is, 4 <e. Then for x, € B(x, +) > d(an,2x) < 
2 < # <eé whenever n > N. Thus x, > 2. 














The following example shows that the Sequence Lemma does not hold in an 
arbitrary topological space. At the same time, let us mention here that metric 
space in the Sequence Lemma can be replaced by more general spaces called 
sequential spaces. At present, we are not dealing with those spaces. 


27.6. Example. Let X be an uncountable set with a cocountable topology. Fix 
x € X and let A= X \ {x}. Clearly, A is not closed as it is an uncountable proper 
subset of X. Hence A = X. Thus x € A. But by the Example 26.23, a convergent 
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sequence from A will be eventually constant, say 41, %2,...,0%,Y,Y,y,---. and will 
converge to y € A. Of course, it will not converge to x because X \ {y} is a 
neighbourhood of x that does not contain a tail of {x,}. Thus x, A x. 


The following corollary shows that the topology of a metric space is determined 


by its convergent sequences. 


27.7. Corollary. Let d,p be two metrics on a set X. The following are 
equivalent. 


(1) Tu = Jp 
(2) &, > x with respect to d if and only if t, + x with respect to p. 





PROOF. #(1) = (2) is obvious. 


o=(2) = (1) Assume (2). Let Ge %. So, A=XN\Gis F%closed. Let x € A 


with respect to %. So, by the Sequence Lemma, there is a sequence {x,,} in A 
such that x, + x in the metric p, and hence, in d. But then x € A with respect 
to %. Hence x € A. Thus A is closed in %. That is, G € 7%. The symmetry of 
the argument shows that .% C 2%. 














Of course this is not true in arbitrary topological spaces. As Examples 26.21 
and 26.23 show that the discrete and the cocountable topological spaces on a set 
X have the same convergent sequences. However, if X is uncountable, then these 
two topologies are different. 











Proor. Let 1 < p < oo, k € Nand x = (x1, Xo,..., Xx), Y = (V1, Yo,---, Ve) € R*. 
Then for every 1 <j <k, 


k 


k 
xj — ysl? < So xi — yal? => [xy — xy] < OS [xi — vil)” = d(x, y). 
i=l i=l 


As a consequence, 














A 


Xn, — x in (R*,d,) > xnj > x; in 


for every 1 < 7 <k. On the other hand, 














Xnj — x, in R for all j > |[x,; — x;| — 0 for all 7 





=> |x,j — x;|? > 0 for all 7 


k 
=> 5° |x, — x,/? 2 0 
f= 
k 
=> (0 [Xnj — G0 
7=1 





=> x, > x in (R*,d,). 
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Also for p = oo, 
Xng — Xz] < max [Xai — yal: 








As a consequence, xX, — x in (R*, do) > Xnj > x; in R for every 1 <j <k. On 
the other hand, x,; — x, in R for every 7, implies d.o(Xn,x) < di(Xn,x) — 0. 
Thus x, — x in (R*,d,) for any p if and only if x,; > x;. So, each of (R*,d,), 
(1 <p < oo) have the same convergent sequences. Consequently, all of them are 
equivalent. 























27.9. Proposition. For a metric space (X,d), let d(x, y) = min{d(z, y), 1}, 





(x,y € X), be as in (25.10.1). Then d and d are equivalent. 


Proor. Let ¢ > 0 be given. Let e’ = min{e,1}. Then d(x, y) < e' 6 d(x, y) < é’. 
In both cases the required quantity will be less than ¢. Thus a sequence converges 
with respect to d if and only if it converges with respect to d. This completes the 
proof. 














In passing, we obtain yet another characterization of the closure of a set. We 
shall need the following definition. 


27.10. Definition. Let (X,d) be a metric space, x € X and A,B C X. We 
define the distance of x from A to be 


d(x, A) = inf{d(z,a):a€ A}. (2701) 
We define the distance between A, B to be 
d(A, B) = inf{d(a,b):a€A,be B}. (27.102) 


27.11. Proposition. Let X be a metric space, x € X and AC X. Then the 
following are equivalent. x € A if and only if d(x, A) = 0. 





PROOF. Suppose x € A. Let there be a sequence {z,,} in A such that x, > 2. 
Then 0 < d(x, A) < d(x, z,) - 0. Consequently, d(a, A) = 0. 

Conversely, assume that d(x, A) = 0. For any open set G containing x, we 
get ¢ > 0 such that B(xz,¢) C G. But then inf{d(z,a):a¢€ A} =d(x, A) =0 <e. 
So, € is not a lower bound of the set {d(#,a) : a € A}. Hence there exists y € A 
such that d(x, y) < «. Thus y € B(z,e) C G. Hence ANG F 9, giving x € A. 














It is tempting to infer that for two sets A, B in a metric space (X,d), d(A, B) = 
0 if and only if AN B 4 @. One way is true. If  € ANB, then d(A, B) = 0. 
However, the other way is not true. The following example shows the same. It 
also shows that the analogue of the above proposition need not hold for two closed 
sets. 


27.12. Example. There exist two disjoint closed sets A, B such that d(A, B) = 0. 
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Indeed, let A = {n++:n € NX {1}} and B=N. Then d(A,B) < 
d(n + =,n) =+ 0. However, AN B= 9. 





Proor. Let x € AN B and « > 0. Choose a € A,b € B such that d(a,x) < € 
and d(b,x) < «. Then d(A, B) < d(a,b) < d(a,x) + d(b,x) < 2e. Since « > 0 is 











arbitrary, we conclude that d(A, B) = 0. 





The following is an example of a perfect set. This set is also called a Cantor 
ternary set 


27.14. Example. Let Jy = J = [0,1]. In what follows, the expansion of numbers 
are in ternary system. 


h=(% HUE 9 























1 
3 373 
= |0,0.1} U [0.2, 1] 
0, 0.02] U (0.2, 0. 2] 

bs 3 z U coe 3] U [Lz go] U [zr 3] 

= |0, a] U[S, 3] U [3,2+ yg] U [2+3,1] 

= [0, 0.002] U [0.02, 0.02] U [0.2, 0.202] U [0.22, 0.2] 

33 38 uy U [3 a U Ee a] U [3 oa U [zs 2 U Ey aa 


Iz = 0 1 U 2 5] U [as 31 


Define C = N%,J;. It is known’ that x € C if and only if the ternary expansion of 
x, («@ = 0.aya2a3a4...3), consists of 0,2 (a; € {0,2}). We prove that C is a perfect 
set. 

Let x = 0.a,aga3a4...3 € C. Let ¢ > 0. Find k > 0 such that ¢ > me Let y 
be obtained by changing az, and only az.; in the ternary expansion of x. If agi4 
is 0, replace it with 2 and vice versa. Then the new number y € C and |x —y| <e. 


Now let x = 0.a,a2a3a4...3 ¢ C. So, there is some k such that a, = 1. Let 
= raat then d(x, y) > € for every y € C.2 Thus x ¢ C, that is, c ¢ C’. This 
completes the proof. 


Problems 


183.Let X be a metric space and A Cc X. If x € A’, then show that every 
neighbourhood of x contains infinitely many points of A. Hence conclude that 


(1) A finite set in a metric space has no limit point. 
(2) A’ is closed. 


Let X be a topological space in which every singleton is closed. Then show that 
both of the above hold in X. Also show that in an arbitrary topological space, 
the result is not true. 


1Prove! 
2Prove! 
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184. Let (X,d) be a metric space, 0 4 AC X and x € X. Show that there is a 
sequence {z,,} in A such that d(x,, x) > d(a, A). 
185. Let (X,d) be a metric space and A, B be nonempty subsets of X, Show that 
there are sequences {z,} in A and {y,} in B such that d(an, yn) > d(A, B). 
186. Let (X,d) be a metric space and {z,,} be a sequence in X. 

(1)If z, - x, then show that {z,,} U {x} is closed in X. 

(2) If x, - x, then show that {z,} is closed in X if and only if x = x, for some 

neN. 
(3) If {2} is Cauchy that does not converge in X, then show that {,,} is closed. 


28. Continuous Functions in a Metric Space 


In this section, we define and analyse the concept of a continuous function 
defined on a metric space. We start with the classical definition of a real-valued 
continuous function defined on R which is a part of the school curricula. 


























28.1. Definition. Let a € R. A function f: R > R is said to be continuous 
at a if for every ¢ > 0, there is a 6 > 0 such that 


ja — al <5 > |f(x) — f(a) <e. (28.1.1) 


If f is continuous at each a € R, then f is said to be continuous on R. 






























































28.2. Example. f: R — R, defined by f(x) = x, (x € R), is continuous on R. 
Indeed for every ¢ > 0, take 6 = ¢.° Then for a € R, 


Ju —al <6 = |f(x) — fal <e, 








proving the continuity of f at a. Since a € R is arbitrary, we conclude that f is 
continuous on R. 








Using the classical definition of continuity of a function on R, we extend the 
concept of continuity of a function on a metric space. 





28.3. Definition. Let (X,d),(Y,p) be two metric spaces anda € R. A 
function f: X — Y is said to be continuous at a if for every ¢ > 0, there is a 
6 > 0 such that 


CO Sol FC) (a) es (28.3.1) 


If f is continuous at each a € X, then f is said to be continuous on X. 














It is clear from the metric on R, that the Definition 28.3 reduces to the 
Definition 28.1 for a function f: R — R. Now we prove that the definition of 
continuity of a function between two metric spaces is the same as the definition of 
continuity of a function between two topological spaces. 























3Note that the choice of 6 does not depend upon any point. It depends only on the given e. 
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Proor. (1) = (2) Let V be a neighbourhood of f(a). Hence there exists 


é > 0, such that B(f(a),e) C V. By the continuity of f, we get 6 > 0 such that 
d(z,a) <6 => p(f(x), f(a)) <e. Let U = Bia, 5). Then 


xeU=>d(z,a)<d=> p(f(z), f(a) <e=> f(a) EV. 


Thus f(U) CV. 


u=(2) => (1) Let e > 0 be given. Let V = B(f(a),¢). Then by the hypothesis, 


there is an open set U C X such that « € U and f(U) C V. But then there is 
6 >0 such that B(a,d) C U. Thus 


d(z,a)<é6>2E€U=> f(z) €V = Bi(f(a),e) = (f(a), f(a) <e. 











Thus f is continuous. 





Now we characterize continuity of a function on a metric space using sequences. 





PROOF. Suppose f is continuous at x. Let x, >~ x in X. Let e¢ > 0. By the 
continuity of f, there is 6 > 0 such that d(x, y) < 6 > p(f(x)), f(y) < ¢. But then 
there exists N € N such that d(x,,x) < 6 for every n > N. That, in turn, gives, 
Af (tn), f(2)) < ¢ forn > N. Thus f(tn) > f(z). 


Conversely, if f is discontinuous at x, then there is ¢ > 0 such that for ever 
n €N, there is 2, € X such that d(x,,x) < + but p(f(xn), f(x)) > e. Thus 
Ln > x but f(x,) A f(x), a contradiction. So, f must be continuous at 2. 
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af he PROOF. These have already been proved by you 
ae) : in your analysis course. We just demonstrate 
b = (0,x1 + x2) . \. i far € th 
ee, a the proof of two of them. 
at eal tl 8 t(1) Let a = (x1,x2) € R’,e > 0,¢ = 
e€ = (X1 — 0, X2 — N 
. x, +x, and V = (c—e,c+e). Let 6 = &, 
U = (x, — 6,x, + 6) x (ke — 6,X2 + 6). Then 
(V1, Y2) E€U>x,-d<y1< x1 +6;x2.-6< 





Yo <x2+60>c-—é<yityo<ct+e. Thus 


BIQUEE 2 fe Ont anycOR f is continuous at a, and hence, on R?. 





We give analytic proof of the same which will help us in proving the continuity 
of other functions. 


|f (1, X2) — f(y1,¥2)| = [x1 + X2 — v1 — yal S [x1 — yi] + [x2 — yal <e, 
whenever |x; — y1| < § and [x2 — ya| < §. 
re (2) (Xin, Xan) + (X1,X2) > Xin 4 X1, Xan 4 Xe 
> X1nX2n —> X 1X92 


=> (Xin; X2n) + g(X1, X2). 











Thus g is continuous. 








28.7. Corollary. Let Y be a topological space and f,g: Y — R be functions. 
Then the following functions are continuous. (1) f +9, (2) f—g, (3) fg and 
(4) s wherever defined. 


28.8. Definition. Let (X,d),(Y,p) be metric spaces and x € X. A function 
f: X - Y is said to be uniformly continuous if for every ¢ > 0 there is 6 > 0 
such that 


d(z,y) <6 = p(f(z), fly) <e. (28.8.1) 


28.9. Proposition. Let (X,d) be a metric space, 0 4 AC X, x EX 
and f: X — R be defined by f(x) = d(x, A), (x € X). Then f is uniformly 
continuous. 








ProoFr. Let a € A. Then d(x, A) < d(x,a) < d(x, y) + d(y, a) for every x,y € X. 
That is, d(x, A) < d(x, y)+d(y,a). Now taking infimum over a € A, and changing 
the side of d(y, A), we get, d(x, A) — d(y, A) < d(x, y). The symmetry in x, y gives 
d(y, A) — d(x, A) < d(x, y), and hence, 

If(x) — F(y)| = |d(x, A) — dy, A)| < d(z, y). (28.9.1) 
Now given € > 0, let 6 =e. 

d(x,y) <6 = |f(x) — fy)| <e. 


Hence f is uniformly continuous. 
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The inequality (28.9.1) suggest a special type of functions. 


28.10. Definition. Let (X,d) and (Y,p) be two metric spaces. A function 
f: X — Y is said to be a Lipschitz function if there exists IZ > 0 such that for 


allz,y € X 





The following is at once. 





ProoF. Let {x,,} be a Cauchy sequence in X and ¢ > 0. Then there is 6 > 0 such 
that d(z,y) < 6 => p(f (x), f(z)) < e. So, there is N € N such that d(tyn, tm) <6 
for all n,m > M. Compiling all this, we get 


n,m > N = d(tn,2m) <0 = pf (an); F(tm)) < 
Thus {f(,,)} is Cauchy. 














In general, a continuous function need not send Cauchy sequences to Cauchy 
sequences. The easy example is f: (0,00) — (0,00) defined by f(x) = 1, (cE 


(0,00)). It maps a Cauchy sequence {+} to {n}, which is not Cauchy. 


28.13. Definition. Let (X,d),(Y,p) be metric spaces, x € X. A function 
f: X — Y is said to be an isometry if p( f(x), f(y)) = d(z, y) for every z,y € X. 
If f is an onto isometry, then we say that X is isometric to Y. 





Clearly, an isometry is a Lipschitz function, and hence, uniformly continuous. 





PROOF. Clearly, d(z,y) < « = p(f(x),f(y)) < ¢. Thus f as well as f~' are 
continuous. So, the result follows. 














Isometries preserve a number of properties, which otherwise are not preserved 
by a homeomorphism. 


28.15. Proposition. 


(1) Isometric image of a Cauchy sequence is a Cauchy sequence. 
(2) Isometric image of a convergent sequence is a convergent sequence. 
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ProoF. Let (X,d), (Y,p) be metric spaces and f: X — Y be an isometry. 


w=(1) Let {x,} be a Cauchy sequence in X. Given an € > 0, there is N € N such 
that d(tn,%m) < € whenever n,m > N. But then p(f (rn), f(fm)) = d(an, Lm) < € 
whenever n,m > N. 

m=(2) Let {z,} be a convergent sequence in X. Let z, — x. Given an 


€ > 0, there is N € N such that d(z,,x) < € whenever n > N. But then 
P(f (tn), f(x)) = d(an, x) < € whenever n > N. Thus f(z,) > f(z). 














Problems 











187. Using your school mathematics, show that the function f: R — R defined 
by each of the following formulas is continuous on R. 


(1) —x, (2) x*, (3) sinx and (4) cosz 
188.Let f: (x,d) > (Y,p) be a function. Show that f is continuous at a € X if 
it satisfies the following. 


Given ¢ > 0, there is 6 > 0 such that 


d(x,a) <6 = p(f(x), fla) <e. 
189.Let f: (x,d) > (Y,p) be a function. Show that f is continuous at a € X if 
it satisfies the following. 
Given ¢ > 0, there is 6 > 0 such that 


d(a,a) <6 = p(f(a), fla)) < 2. 


190. Construct more examples of continuous functions f which do not map Cauchy 
sequences to Cauchy sequences. 


191. Let (X,d), (Y, pe) be metric spaces, x € X and f: X — Y be a function. 
Show that each of the following is equivalent to the statement “f is continuous at 


x”. 


(1)xz € Int(f~'(B(f(x),r))) for every r > 0. 
(2)x € Int(f-'(B(f(x),r))) for every O< r <1. 
(3)x € Int(f~'(B(f(x),r))) for every r € Q. 
(4)x € Int(f-1(B(f (x), +))) for every n EN. 
(5)x € Int(f-'(B[f(x),r])) for every r > 0. 
(6)x € Int(f~'(B[f(x),r])) for every O0< r <1. 
(7)x € Int(f~'(Blf(x),r])) for every r € Q. 
(8)x € Int(f-!(B[ f(z), -])) for every n EN. 


29. Bounded and Totally Bounded Subsets 


29.1. Definition. Let (X,d) be a metric space and A C X. We define the 
diameter of A to be 


diam(A) = sup{d(x,y):2,y € A}. (29.1.1) 


We say that A is bounded if diam(A) < co. A set which is not bounded is called 
an unbounded. 





29.2. Remark. 
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(1) Recall that sup @ = —oo and inf @ = co. So, diam(@) = —oo, and hence, @) is 
bounded. 

(2) Boundedness of the subsets of a metric space depend upon the underlying 
metric. If we replace a metric by an equivalent metric, then boundedness of a 
subset may be affected. For example, R with the usual metric is unbounded 


|e—yl 


but with p(x, y) = nap (x,y € R), every subset of R is bounded. 




















(3) It is clear that a sequence in a metric space is bounded if and only if its range 
is a bounded set. 


29.3. Proposition. The following subsets of a metric space are bounded. 


(1) Subset of a bounded set. 
(2) A finite union of bounded sets. 
(3) A finite set. 


(4) The range of a Cauchy sequence. 
(5) The range of a convergent sequence. 
(6) A closed ball. 

(7) An open ball. 





Proor. Let (X,d) be a metric space. 
t=(1) Let AC X be bounded and B C A. Then 
diam(B) = sup{d(a, b) : a,b € B} < sup{d(a, b) : a,b € A} < co. 
Hence B is bounded. 


t=(2) If we prove that union of two bounded sets is bounded, the result follows 


by repeating the argument finite number of times. So, let A, B C X be bounded. 
Fix z€¢ Aandye€ B. Leta,be AUB. 


a,b € A= d(a,b) < diam(A) 
< diam(A) + d(x, y) + diam(B). 
a,b€ B= d(a,b) < diam(B) 
< diam(A) + d(x, y) + diam(B). 
a€A,be B= d(a,b) < d(a,z)+d(z,y) + d(y, db) 
< diam(A) + d(x, y) + diam(B). 
Taking supremum over all a,b € AU B, we get, 
diam(A U B) < diam(A) + d(x, y) + diam(B) 


t(3) follows from (2) and the fact that diameter of a singleton is 0. 


m=(4) Let {x,} be Cauchy. Let N € N be such that d(z,,2m) <1 forn,m>N. 


This gives boundedness of A = {x,:n > N} by restricting its diameter by 1. But 
then the range of {x,,} being union of the finite set {x, : nm < N} and a bounded 
set A, is bounded. 


t=(5) follows by observing that a convergent sequence is Cauchy. 


t(6) Diameter of Blx,r] is at most 2r, and hence, it is bounded. 
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s=(7) follows as an open ball is subset of the corresponding closed ball. 





The following characterizes the bounded sets. 


29.4. Proposition. Let (X,d) be a metric space, AC X anda eée X. The 
following are equivalent. 


(1) A is bounded. 


(2) AC B(z,r) for some x € X and some r > 0. 
(3) AC Biz,r] for some z € X and some r > 0. 
(4) AC B(a,t) for some t > 0. 
(5) A Cc Bla, t] for some t > 0. 





PROOF. ™®(1)=>(2) Let diam(A) < s € (0,co). Then for x,y € A, d(z,y) < 
s+l=r, say. Thus Ac B(az,r). 


t=(2)=(3) follows from AC B(az,r) C Blz,r]. 


c(3)>(4) Let t =r+d(z,a)+1. For y € A, d(a,y) < d(a,xz) + d(z,y) < 
d(a,z) +r <t. Thus AC B(a,t). 


t=(4)=(5) follows from AC B(a,t) C Bia, t]. 
( 


) 
m=(5)=-(1) diam(A) < diam(Bla,t]) < 2t < co. So, A is bounded. 














29.5. Proposition. Closure of a bounded set is bounded. 


Proor. Let A be a bounded subset of a metric space (X,d). So, there is a 
closed ball B[z,r] such that A C B[z,r]. But then A Cc B[z,r], and hence, A is 
bounded. 














29.6. Definition. Let (X,d) be a metric space. A C X is said to be totally 
bounded if for every € > 0, there is a finite set {21,22,73,...,%n} C X such 
that A C UZ, B(a;,¢). In this case, the finite set {71,22,23,...,%n} is called 
an €-net for A. 


29.7. Proposition. The following subsets of a metric space are totally bounded. 


(1) Subset of a totally bounded set. 

(2) A finite union of totally bounded sets. 
(3) A finite set. 

(4) The range of a Cauchy sequence. 

(5) The range of a convergent sequence. 
(6) Closure of a totally bounded set. 





Proor. Let (X,d) be a metric space. 





Topology ... an enormous error in the latter. —Henry Poincaré D.J. Karia 


134 §30. Complete Metric Spaces 





t(1) Suppose BC AC X ande > 0. Then there is {2 , 22,43,...,¢n} C X 
such that A C U_, B(z;,¢). But then B C A C UZ, B(aj, €). 


(2) If{A,:1<k<n} isa finite family of totally bounded subsets of X, and 
given an € > 0, if A, C Uj*, B(aei,€), then UR Ap C UR_y (UF*, B(rn3,€)). This 
proves (2). 





t=(3) A finite set is a finite union of singletons, and hence, by (2), proof follows. 


u=(4) Let {x,} be a Cauchy sequence. Given an € > 0, there is N € N such that 


Tn({@n}) C B(ay,e). The remaining terms {x1, %2,73,...,¢N-i} of the sequence 
can be covered by at most N — 1 open e-spheres. 


t=(5) follows by observing that a convergent sequence is Cauchy. 


«=(6) Let A be a totally bounded subset of X and « > 0 be given. So, there 
exists a finite set {71, 22, 3,...,2n} C X such that A C U?,B(z;, §). But then 
Ave US 4 Be, 2 C UR Ble.) CUE, Bla, 2). 

















29.8. Example. A bounded set, need not be totally bounded. Indeed, R with 
the discrete metric space is bounded but is not totally bounded as we do not get 
finitely many open balls of radius 4 to cover R. Putting the same in different 
words, R = B(0,2) is an open sphere which is not totally bounded. 








30. Complete Metric Spaces 


30.1. Definition. A metric space (X, d) is said to be complete if every Cauchy 


sequence in X is also convergent. 














You have studied that R,R” with the usual metrics are complete metric 
spaces. We shall use the fact. 


30.2. Proposition. R* with each metric d,, (1 < p < oo) ts complete. 

















ProoF. Let {x,,} be a Cauchy sequence in R*. As noted in the Proposition 27.8 
Ix; — yyl < d(x, y). 
Consequently, {x,,;} is Cauchy in R for 1 < 7 < k. Since R is complete, {x,,;} 


converges in R. Now appealing to the Proposition 27.8, we conclude that {x,,} 
converges in R*. 



































30.3. Proposition. Let X be a complete metric space and Y be subspace of 


X. Then Y is complete if and only if Y is closed in X. 





PRrooF. Let Y be complete and x € Y. Then there exists a sequence {x,} in Y 
such that x, — x. Since every convergent sequence is Cauchy, so is {x,}. But 
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then {x,} is a Cauchy sequence in a complete metric space Y; and hence, {z,,} 
converges in Y, say x, + y. But then xz, — y as a sequence in X also. Since a 
convergent sequence has a unique limit, x = y. This gives x € Y because y € Y. 
Thus Y CY, asserting the closedness of y. 


Conversely, suppose Y is closed. Let {x,,} be a Cauchy sequence in Y. Then 
{xn}, as a sequence in X, is Cauchy; and hence, by the completeness of X, is 
convergent. Say 2, — x. But then we have a sequence {z,} in Y converging to 2. 
Since Y is closed, x € Y. Thus {z,,} converges in Y. So, Y is complete. 














The following is a generalization of the Nested Interval Theorem. 





PROOF. Suppose some Fy = Q). Also Fy D Frii D Freya: > Fy, =O for alln > k. 
So, diam(F;,) = —oo for all n > k. Hence diam(F;,) 4 0, a contradiction to (3). 
Thus no F, is empty. For each n € N, choose x, € F;, and also fix « > 0. Then 
by (3), there exists N € N such that diam(F;,) < ¢ for alln > N. Letn,m>N. 
Without loss of generality we assume that n < m. Hence x7, € F,, C F,. But 
In € F,. Hence d(an, 2m) < diam(F,,) < e. Thus d(tn,%m) < € for alln,m > N. 
Hence {x,} is a Cauchy sequence in X. By the completeness of X, we get x € X 
such that 2, + x. Now fix i € N. Then Clearly, {@n+4;} is a sequence in F; 
and %n4; > © as n— oo. Hence x € F; = F;. Hence x € F; for every i € N. 
Hence x € N°2,F,,. Finally, suppose there is another y # x such that y € N°°) Fy. 
But then d(x, y) < diam(F;,) + 0, and hence, d(z,y) = 0. Thus x = y, and so, 
nec, F, = {x}, a singleton. This completes the proof. 














We shall use Cantor’s Intersection Theorem to prove the following theorem 
known as the Baire’s Category Theorem. 





ProoF. Let (X,d) be a complete metric space and {A,,} be a sequence of nowhere 
dense sets in X. Suppose every nonempty open set U intersects A;. But then 
A, = X, giving @ = (A,)° = X, a contradiction. So, there is an open set Up C X 
such that A; Uy = 9. Let B, = B(x1,1r1) be an open ball of radius r; < 1 such 
that B, C Up. That is, B} M.A; = 0. Let F, = Blix), 4]. Now A} = @. So, choose 
an open ball By = B(#2,r2) C FP of radius rg < 5 such that By Ay = 0. Define 
Fy, = Biro, 3). Continuing in this way, for every n € N, we get the open balls 
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Beg Bee iS Ty a na 1 and B, 1 A, = 9. Define F, = Bix, %}. 


Thus for every n € N, F;, is a closed set, F,, C F,-1 and diam(F;,) < 2 =, < 4. 
Hence by the Cantor’s Intersection Theorem, N°°,F,, = {x}, some singleton. 
Clearly, for any i € N,  € 18, F, C F; and F;N A; = 0. So, « ¢ A;. Thus 


x ¢ Ur, Ay. Thus U%,A, # X. Hence X is of second category. 

















ProorF. Let {z,,} be a Cauchy sequence in X. Since Y is dense in X, there is a 
sequence {y,} in Y such that d(a,, Yn) < =. 


r{y,,} is Cauchy. 


Let ¢ > 0. Then there is N € N such that d(an, 2m) < 3, Whenever n,m > N. 


Now let M € N such that a < §. Then forn,m>N+M, 


1 E 1 
oe a oa . 
Bl Uns Ui) Ss Bing a) a Gast) das tin) = aa ; a ee 


Now by the hypothesis, {y,} converges in X. Say yn, — x in X. We show that 
In > x. Let e > 0. Choose N € N such that + < 5; and M > 0 such that 
d(Yn,v) < §, whenever n > M. Now forn >N+M, 


1 
(2m, 2) S dan, Yn) + Wn, t) < — + 5 22 











Thus %, — 2. 








Proor. Let x € Z. By the Sequence Lemma (Lemma 27.5), there is v7, € Z 
such that z, > x. So, {an} is Cauchy, and hence, by the Theorem 28.12, 
{f(an)} is Cauchy in Y. Since Y is complete, {f(x,)} is convergent in Y. Define 


g(«) = lim f(en): 


«=g is well-defined. 


Let x € Z. Suppose {x,,}, {yn} be two sequences from Z both converging to 
x. Suppose f(t,) 3 a, f(Yn) > b. Let ¢ > 0 be given. Choose M,, Mz € N such 
that 


n>M, => plf(tn)a)< = and n> My, = (f(Yn),b) <5. 


3 
Also choose 6 > 0 such that d(u,v) < 6 > p(f(u), f(v)) < §. Let Ni, No € N be 
such that d(t,,r) < 7 whenever n > N, and d(yn, 2) < S whenever n > No. Let 
M=N,+ No+ MM, + Mo. Then 

d(xm,ym) < d(rmu,x) + d(x, ym) < 6. 
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Consequently, 


p(a,b) < pla, f(em)) + e(f (em), fy) + ef (ym), 6) <e. 
Thus g is well-defined. 
tg is continuous. 


Let ¢ > 0. Choose 6 > 0 such that z,y € Z,d(x,y) <6 = p(f(z), fly)) < §- 
Let x,y € Z and d(z,y) < a Let {tn}, {yn} be equates from Z such that 


In —> L, Yn + y. Choose N € N such that d(z,,2) < 2 Ty Ung) 7 whenever 
n> N. Then 


d(2n, Yn) < d(tn, 2) + d(a,y) + dly, yn) < 6. 


Consequently, p(f (tn), f(Yn)) < §, and hence, taking limit, we have 


p(g(z), 9(y)) = lim p(f (tn); f(Yn)) < 


n—>oco 


. <a. 
2 


t= Uniqueness of g. 


Suppose h : Z — Y is another continuous extension of f. Let x € Z and 
{tn} be a sequence from Z such that x, > x. Then 


h(c) = lim h(en) = lim f(en) = 9(2): 





This completes the proof. 











30.8. Corollary. Let (X,d) be a metric space, ZC X, (Y,p) be a complete 


metric space and f : Z + Y be an isometry. Then the unique continuous 
extension of f to Z is an isometry. 





PRooF. Let g be the unique extension of f to Z. Let z,y € Z and {xn}, {yn} 
be sequences from Z such that x, > x and y, > y. But then p(g(x),g(y)) = 
jim p(f (an), fYn)) = lim, d(an, Yn) = d(x, y). 


Noo 














Problems 
192.Show that Z is the complete. 
193.Show that a discrete metric space is the complete. 
194.Show that (0,1) is not complete but it is homeomorphic to R. 





195.Show that on Q there is no complete metric equivalent to the usual metric. 


196. Find the intersection of F;, in each of the following. Also, find which property 
of the hypothesis of the Cantor’s Intersection Theorem does not hold in each case. 
(1) F,, = [n,co) CR, (n EN). 
(2) Fi, _ (0, *) = R, (n = N). 
(3) Fr — (0, 5] € (0,1), (n EN). 
197. Consider F,, = (—=,+) C (—2,2), n € N. Observe that F, is not closed, 


Fi, D Fri for all n € N, and diam(F,,) > 0 as n > oo. What is the N°,? Does 
this situation clash ith the Cantor’s Intersection Theorem? 
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31. Completion of a Metric Space 


A number of results do not hold for incomplete metric spaces. Thanks to 
the tool we are going to develop in this section guaranteeing that every metric 
space can be regarded as a dense subset of a complete metric space uniquely up to 
isometry. 





PROOF. It is easy to see that the relation ~ is reflexive and symmetric. We prove 
the transitivity. Let {rn} ~ {yn} and {yn} ~ {zn}. Then 


0 < d(&n, Zn) < d(Ln, Yn) + d(Yn; Zn) > 0. 











Thus d(Zn, Zn) — 0, which completes the proof. 





We shall denote the equivalence class containing the Cauchy sequence {z,,} under 
the equivalence relation ~ defined in the Lemma 31.1 by [z,]. 





PROOF. nay A(Ln, Yn) exists. 


Let [rn], [yn] € X* and e > 0. Then there are Nj, Nj such that 
Ce aed 5 whenever n,m > Ny and d(Yn, Ym) < : whenever n,m > No. 


Consequently, for n,m > N3 = max{ Nj, No}, 
A(Ln, Yn) — Um; Ym) S d(Ln, Lm) + (Lm, Yn) — Am; Ym) 
< d(Ln, Lm) + d(Lm, Ym) + (Ym; Yn) — Am; Ym) 
= d(Zn, Lm) za A(Yms Yn) 
— = =F _ By 
2 2 
By the symmetry of the argument in n and m, we have 


eae Yn) ~~ thn Ym)| <€é, 





whenever n,m > N3. Thus {d(2n, yn) } is Cauchy in R. Since R is complete, we 
conclude that {d(x,,%m)} converges in R. 





t= is well-defined. 
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Let [2], [Yn], [2n] € X* and [x,] ~ [yn]. Then 
p( lon) Len) = Jim, dln, 2) 

< Tim (d(an, Yn) + dns *n)) 

= lim, d(yn, 2n) 


P( [Yn]; [2n])- 


Similarly, 


P([Yn]; [n]) S plan]; [2n})- 
Thus p is well-defined. 


t= is positive definite and symmetric. This sit-n-do part is left to the reader. 
«Triangle inequality for p. Let [x,], [yn], [zn] € X*. 
P([%n], [Yn]) = Tim, d(tn, Yn) 
< lim dn, Zn) + d(ens Yn) 
= p([@n]; [2n]) + o( Zn]; [nl)- 

















ProoF. Let z,y € X. Define 2, = 2, yn, = y for alln € N. Then p( f(z), f(y)) = 
alae, loi) = jim d(x,y) = d(x,y). Thus f is an isometry. 


Let [r,] € X*. Let « > 0. Since {x,} is a Cauchy sequence in X, there 
is N € N such that d(apn,2%m) < § for every n,m > N. Let z = xy. Then 
d(%,,2) < § for every n > N. Hence p([z,], [2]) = jim d(tn,tn) < 5 <¢. Thus 
[2] € B([@n],e) Vf (X). Thus f(X) is dense in X*. 


PROOF. In view of the Theorem 30.6, it is sufficient to show that every Cauchy 
sequence in f(X) converges in X. Let {[%;,]} be a Cauchy sequence in f(X). We 
show that [2] > [nl]. 














Note 


To realize the sequence, observe that 7; is the constant sequence 71, %1,%,..., 
which is Cauchy, and hence, [#1] € X* which is the first element of the sequence 


{[¢,|}. In the same way, £2 is the constant sequence 2X2, %2,%2,..., which is 
Cauchy, and hence, [#2] € X*. Continuing in this way #; is the constant sequence 
Lk, LE, Lp,---, which is Cauchy, and hence, [a] € X*. On the other hand, [z,,] 
is the equivalence class of the Cauchy sequence {2 1, 22, 73,... }. 
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Let ¢ > 0. Choose N € N such that d(x,,%m) < §, whenever n,m > N. Now 
let k > N. Then 


p((ee), [en]) = Jim d(ae,2n) <5 <e. 














Thus [#,] — [an] as k > oo. 


Summing up all these Lemmas, we have the following. 





PROOF. In views of the above series of lemmas, we have 


(1) (X*,p) is a complete metric space. 
(2) f: (X,d) > (X%, p) is an isometry. 
(3) f(X) is dense in X. 
It remains to prove that 
(4) If (Y,c) is a metric space and h: (X,d) > (Y,c) is an isometry with a dense 
range, then there is an onto isometry k: (Y,a) > (X*,p). 
Note that f oh !: h(X) > X* is an isometry. So, it extends uniquely as a 
continuous map k: Y — X* to the closure Y of h(X). Since the isometric 
image of a complete metric space is complete, k(Y) is complete. But f(X) = 
foh (h(X)) C k(h(X)) Ck(Y) C_X%, it follows that h(Y) is a dense as well as 
closed subset of X*. Hence k(Y) = X*. Since k is a continuous extension of an 
isometry, k is isometry. Thus Y is isometric to X*. This completes the proof. 














Problems 
198.Show that R is the completion of Q. 
199.Show that R is the completion of R x Q. 
200. Let (X1, d1), (X2,d2) be metric spaces and (Xj, d,) and (X35, dz) denote their 
completion respectively. Show that (Xj x X3,d) is the completion of (X1 x X2,d), 


a d((X1, X2), (¥1, ¥2)) = max{di(X1, y1), do(x2, Y2)}, ((X1,X2), (Vi, y2) € X1 x 
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Convergence 


In general, sequences are not sufficient in arbitrary topological spaces to 
characterize the topology and the continuity of functions. So, now we generalize 
the notion of a sequence to the object known as a net. Nets and their convergence 
are not new to you. In fact, you have used it in Riemann Integration. Let 
f: [a, 6] > R be a bounded function. The upper Riemann sums of f over [a,b] 
form a net and it does converge. In the same way, The lower Riemann sums of f 
over [a,b] form a net too and it does converge too. If both of them converge to 
the same number, then the number is called the Riemann integral of f. 





32. Inadequacy of Sequences 


Let us recall that the Sequence Lemma (Lemma 27.5) characterizes closure of 
a set and the Theorem 28.5 characterizes the continuity of a function in the set up 
of metric spaces. In fact, such a result is true in more general set up of sequential 
spaces. However, none of these holds true in arbitrary topological spaces. The 
following examples show the same. 


Recall from the Example 26.23 that a sequence in a cocountable topological 
space converges if and only if it is eventually constant. 











32.1. Example. Let R,,Rq denote the real line with the cocountable topology 
and the discrete topology respectively. Both have the same set of convergent 
sequences, viz. the eventually constant sequences. 





(1) [0,1] is dense in R,, and hence, 2 € [0,1] but there is no sequence from (0, 1] 
that converges to 2. 

(2) e: R. > Rag is discontinuous however x, > x in R, > (4) 9 (x) in Ra. 

(3) Let X = R®. Let A = {x € R®: x = yp, where F C R is finite}. Then 
\r € A. But there is no sequence from A that converges to xp. 


























Problems 


201.In a finite set with any topology, show that sequences are sufficient to 
characterize the closures of subsets. 
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33. Definition. A relation < on a set A ¥ @ is said to be a direction if 


< is transitive. 
) Given A, u € A, there is y € A such that \ < 7 and p< 4. 


A with < is called a directed set 


iL 
) < is reflexive. 
) 


(1 
(2 
(3 


33.2. Definition. Let X be a set and A be a directed set. A function 
AE AH 2) € X is called a net. A net is usually denoted by {x)},eq, and 
when there is no confusion, by {zx}. Let {x} be a net in X. For uw € A, the 
set T,.({x,}) = {x, : A> p} is called a tail of the net {xy}. 


33.3. Definition. Let {x} ce, be a net ina set X and AC X. We say that 


(1) {2} is eventually in A if A contains a tail of {x}. 
(2) {x} is frequently in A if every tail of {x} intersects A. 


33.4. Definition. For directed set A and I a function y: [ > A is said to be 


(1) increasing if p< y => p(u) < (9). 
(2) cofinal if given » € A, there is w € T such that A < y(p). 


33.5. Definition. Let {x)},ceq be a net ina set X,T bea directed set and p € 
[++ y(u) € A be an increasing cofinal map. Then the map p € T+ ry) € X 
is called a subnet of (a) and is denoted by {x ,)}. 





33.6. Example. 


(1) N with the usual order is a directed set, and hence, every sequence is a net. 

(2) A nonempty subset of R with the usual order are a directed sets. 

(3) Let X bea set. A= A(X) with relation A < B if A C B is a directed set. 
This is called the upward direction 

(4) Each of the above with the reversed order is also a directed set. This is called 
the downward direction However, unlike the partial order, a reversed order of 
a directed set need not make it a directed set. See Exercise 202. 

(5) Let X bea topological space and x € X. Then A = %, with U < V whenever 
V CU isa directed set. Whenever we consider %, as a directed set, we shall 
mean this order, unless explicitly mentioned otherwise. 





33.7. Definition. Let X bea set. On any collection & of subsets of X, define 
E<FifECF, (£,F € @&). If (@,<) is a directed set, then we say that < 


is an upward direction. Now, define E< FifF CE, (E,F € &). If (@,<) is 
a directed set, then we say that < is an downward direction. 
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33.8. Remark. Now onwards without mentioning the directed set A, we shall 
state that {x} is a net. 


33.9. Definition. Let X be a topological space, {7} be a net in X. We say 
that {x} is convergent if there is  € X if every neighbourhood of x contains a 
tail of {z)}. In this case, we say that {x} converges to x and write x, > a. 


Important Note 
Instead of x, + x, never ever write im L, =x or 2, > 2 asrA-> oo. This is 


meaningless. Think what happens when A = {1,2,3,4} with the usual order. 
However, writing lim £, = 2 is perfectly permicsible 


Proor. Let V be a neighbourhood of x. Then the tail Ty({xu}) C V. 

















We recapture the closure of a set and continuity of a function through 
nets. 





Proor. Assume that x € A. For each U € Y,, choose ry € ANU. Then {ry} 
is a net from A and by the Lemma 33.10, ry > x. 


Conversely, let {x,} be a net from A such that x, > «2. Let V bea 
neighbourhood of x. Since 7, > x, V contains a tail T),({x,}) of the net {x}. 
But then x, € ANU. Thus x € A. 

















PROOF. Suppose f is continuous at x and x, + x in X. Let V € Wz). Then 
f-\(V) € &,. Consequently, there is a tail T,({x,}) C f-'(V). Applying f 
both the sides, we get T,({f(xa)}) C f(f-'(V)) C V. This guarantees that 
f(@x) > Je): 

Conversely, suppose f is discontinuous at x. So, for some V € Wx), f-'(V) ¢ 
M,. Thus for every Uc Y,, U ¢ f~'(V). Consequently, for every U € Y,, there 
is ty € UN f-(V). But then by the Lemma 33.10, ry > x, but no term of 











{f(zu)} isin V. That is, ry > x but f(zv) A f(z). 


Topology Mathematicians do not study objects but the relation between objects. —Henry Poincaré D.J. Karia 
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33.13. Definition. Let X be a topological space, {2} be a net in X. We say 
that {x} clusters at x € X if {x)} is frequently in each neighbourhood of x. 





ProoF. Let {x} rea cluster at x. Let P = {(U,\): 2, €U € &,} with the order 
(A,U) < (u,V) whenever 4 < p,V CU. Let the function y: T — A be defined by 
f(A, U) = A. Then (A,U) €T 6 aya) = & € X is a subnet of {x}. Clearly, 
(AU) < (U,V) > g,U) =A < w= v(u,V). Also, for \ € A, (A,X) € T and 
p(A, X) =A > x. Thus ¢ is cofinal. Now let U € Y,. Choose A € A such that 
eeu. Let (a.V) > (Apu). Then to) —2,6 V-CU. This tyag) > 2 
Conversely, suppose a subnet {2 ,(,)}yer of {@,}axeq converges to x. Let 
Ue &, and p € A. Choose yo € TF such that T,,{(x,:~)} C U. Let 6 € T be such 
that y(d) > w. Let 7 € T be such that 6 < 7 and yo < 7. Then y(n) > mw and 
Lo(n) € U. Thus {x} is frequently in U. Thus {x} clusters at a. 














33.15. Definition. A net {x)} in a set X is said to be an ultranet if for every 





E CX, {x} is eventually either in & or in X \ E. 


33.16. Remark. An eventually constant net is an ultranet however an explicit 
example of an ultranet which is not eventually constant is difficult. We shall prove 
the existence of such an ultranet implicitly. 


33.17. Proposition. Let {x} be an ultranet in a set X andE CX. If {xy} 





is frequently in E, then it is eventually in E. 


PROOF. Suppose {x} is eventually in X \ E. Then X  \ E contains a tail of 
{xy}, say T,,({xz,}). But then there is no 6 > yw such that x; € E. Thus {zy} is 
not frequently in £, a contradiction. Thus {2,} must be eventually in E. 


33.18. Corollary. Let {x} be an ultranet in a topological space X. If {xy} 
clusters at x € X, then x, > x. 
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Proor. Let X,Y be two sets, f: X + Y be a function and {x} be an ultranet 
in X. Clearly for E CY, 2) € f- (LE) > f(xy) € f(f-(£)) C E. Thus {f(x)} 
is an ultranet. 














The following is apparent. 





PROOF. One way implication is a consequence of the continuity of the projections. 
On the other hand, assume that 7;(x,) > 7;(x) for each i € I. Let $ = 1; '(U;) 
be a subbasic neighbourhood of x with U; € 7. Clearly, x; € U;, and hence, 
for some ps € A, T,,({xa;}) C U;. Consequently, T,,({x,}) C mj) '(U;) = S. Now 
for B= $,N52N53N---NS, be a basic neighbourhood of x. Then there are 
H1, He, U3,---, ln Such that T),,({x,}) C S; for 1<k <n. Let uw € A be such that 
Ly <p for 1 <k <n. Then T,({x),}) C B. Since every U € % contains some 
basic neighbourhood B of x, it follows that x, > x. 

















Proor. Assume that {x)} clusters at x. Let U; € Fb 
and y € A. Then there is \ > yw such that x, € 7; '(U;). But then 7;(x,) € Uj. 


e a neighbourhood of x; 











Thus {7;(x))} clusters at x;. 














The converse of the above theorem does not hold even in case of R x R. The 
following example shows it. 


33.23. Example. Define 
ee (1,n), if n is odd; 
"| (n,2), ifn is even. 


Then {71(x,)} clusters at 1 and {72(x,)} clusters at 2 but {x,} does not cluster 
at any point. 


In passing, we state that the concept of Cauchy nets is not defined in arbitrary 
topological spaces. However, we can surely define a Cauchy net in a metric space 
and a uniform space. 





Topology Once we accept our limits, we go beyond them —Einstein D.J. Karia 
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33.24. Definition. Let (X,d) be a metric space and {7} be a net in X. We 


say that {x} is Cauchy if for every € > 0, there is a Xo such that d(x), x,,) < 
whenever A, tt > Ao. 





In fact, we shall deal with more general spaces, called uniform spaces, than 
metric spaces in which we shall define the concept of Cauchy nets (see the Defini- 
tion 56.1). Naturally, more general results proved in the context of uniform spaces 
will be applicable to metric spaces. So, we do not discuss results on Cauchy nets 
in metric spaces here. 


Problems 


202. Let X be a set. Let A be the collection of all nonempty finite subsets of X. 
Show that A is a directed set with the usual order of subsets, that is, A < B if 
AC B. Show that A is not a directed set with the reverse order. 


203.Show that a subnet of a sequence need not be a subsequence. 
204. Show that tail of a net is a subnet but not conversely. 


205.Let f : [a,b] > R be a bounded function. Let Y be the collection of all 
partitions of [a,b] and for P € Y, let U(P, f) and L(P, f) denote the upper and 
lower Riemann sum over the partition Y. Show that P€ Ar U(P,f) and 
Pe Aw LP, f) are nets in R. 
206.Let X be a set, A= {F C X : F is finite } is a directed set with upward 
direction, that is, E Cc F if EF C F, and f : X — R bea function. For a finite set 
F CX, define Sp = cr f(x). Show that {Sr}, is a net. The limit, if exists, is 
called the sum of f over X and is denoted by o,<x f(x), a discrete version of the 
integration. Suppose that f: X — (0,00). Show that if the net {.S-}- converges, 
then it converges to sup{Sr: F C X is finite }. 











207.Let X be an indiscrete topological space. Show that every net in _X converges 
to all the points of X. 

208. Show that a net in a discrete space converges if and only if it is eventually 
constant. 

209.Let A = {(a,F) CR: a ¢ F and F is countable}. For (a, £), (b, F) € A, 
define (a, F) < (b, F) if E C F. Does the net (a, F) + a € R converge to any 
point in R with the cocountable topology? 











210. Which of the nets considered in the previous exercises cluster at some point? 
211.Show that a subnet of an ultranet is an ultranet. 


34. a-Nets and a-graded spaces 





It should be noted that every a-net is a net. 


34.2. Definition. Let a be a cardinal. We say that a topological space is 


a-graded if every x € X has a local base &, with |Z,| < a. The first countable 
spaces are No-graded. 
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Similar to the characterization of closures by sequences, we have the following 
in a-graded spaces. 





Proor. Let X be an a-graded space. Let A C X and x € X. Suppose x € A. 
Let &, be a local base at x with |¥,| = a. Applying the axiom of choice, choose 
tp € B for each B € &,. Clearly, (xg) is an a-net in A such that xg > x. The 
converse is obvious because every a-net is a net. Thus the closure of a set in an 
a-graded topological space is characterized by convergent a-nets. 

















PROOF. One way it known as every a-net is a net. 


Conversely, suppose (2) holds. Suppose f is discontinuous at « € X; so that 
there is a neighbourhood V of f(x) in Y such that f~!(V) is not a neighbourhood 
of x. Let &, be a local base at x in X such that |4,| <a. Then for every B € &,, 
there is zg € B such that rg ¢ f~'(V). That is, rg > x but {f(r@g)}NV = 90. 
Thus f(zg) A f(x), a contradiction. Thus f must be continuous. 

















PROOF. Suppose % is discrete. Let x € X. Then {x} is open, and hence, 
|X \ {x}| <a. Hence |X| = |X \ {x}| <a. 

Conversely, if |X| < a, then |X \ {x}| < |X| <a for every x € X, asserting 
that {x} is open, and hence, % is discrete. 

















ProorF. Let (%)),eqa be an a-net. Suppose x, > x. Let G = (X\ {ay : AE 
A})U {a}. Then G is a neighbourhood of x that can contain a tail of the net (xy) 











only if the tail constants to 2. 
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34.8. Corollary. Let (X,.7) be a topological space and Fy < ZF. Then an 


a-net in X converges if and only if it is eventually constant. 





PROOF. Clearly, the identity map v: (X,. 7) > (X, %) is continuous. So, the 
result follows by applying the Theorem 34.4. 


34.9. Corollary. Let X be a co a-topological space and |X| >a. Then X is 
not a-graded. 


Proor. Let U = {x}. Then X {x} is not open because |X \ {x}| = |X| >a. 
Thus A = X \ {2} is not closed, so that z € A. But as we have seen any a-net 
from A converging to x must be eventually constant net with a tail consisting 
of x only. Thus there cannot be an a-net from A converging to x. So, X is not 
a-graded. 


























Problems 


212.Consider a cardinal topologies 7, and .%. Let 6 be a cardinal such that 
B <a. Is it true that all 5-nets are essentially constant in Ze, and .% 


35. Filters 


35.1. Definition. Let X be a set. A nonempty family ¥ of nonempty subsets 
of X is said to be a filter on X if 


Q)B,FEFSENFE F. 
(QQ) BR EF,ECFS>FEF. 





PRooF. First we show that 7 defined by FU{H} is a topology. Indeed, 0, X € 7. 
Now let {G;:i¢I}C 7. Fix a nonempty G;. Then G; € ¥ and G; C VierG;. 
Hence, UjerG; € 7%. Let Gi,Go € FY. If G, or G2 is empty, then we are done. So, 
assume that G1,G2 € ¥. But then GiM G2 € ¥. Thus 7 is a topology on X 














Of course, the converse to the above is not true. Indeed if we remove the 
empty set from the usual topology on R, then the resulting family is not a filter 
on R. 








35.3. Definition. Let 7,9 be filters on a set X. We say that Y is a finer 
filter than F if F CG. In this case, we write F < G. 


35.4. Definition. Let ¥ be a filter on a set X. A family @ is said to bea 
filter base for ¥ if # ={F C X : there is C € @ such that CC F}. 
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35.5. Proposition. Let X be a nonempty set and @ be a nonempty family of 


nonempty subsets of X. Then @ is a filter base for some filter if and only if 
C,DE@ => thereis BEG such that BCCNOD. 





PROOF. Suppose C,D € @ => there is B € @ such that BC COND. Let 
F ={E CX: there is C € @ such that C C F}. 


Let LE, F € ¥. So that there are C,D € @ such that C C E,D C F. Hence 
there is BE @ such that BC CNDC ENF. Thus ENF € F. Also, let E € F 
and Ec F. Then Rae is C € @ such that C C #. Hence, C C EC F. So, 
CCF. Thus F € ¥. Hence ¥ is a filter. Thus @ is a filter base for the filter F 


Conversely, suppose @ is a filter base for a filter ¥. Clearly, @ C #. Hence 
for C,DE@,C,DEF =>CNADEF = there is BES such that BCCND. 
This completes the proof. 














35.6. Definition. A filter ¥F ona set X is said to be a free filter if NF = 0. 
A filter which is not a free filter is called a fired filter. 


35.7. naruto A aphid F is called a maximal filter or an ultrafilter if for 
any filter 97, 7 <¢=> 7 =%. 





PROOF. Suppose -¥ is an ultrafilter and A C X. Suppose A ¢ F. Let FE € F 
If E CA, then Ae ¥. So, E ¢ A. But then EN (X \ A) #9. Let 


C={(X\A)NE: EEF}. (35.8.1) 


Let (XN A)NE (XN A)NF €@, with EL, Fe ¥. Than ENF © ¥. Thus 
(X\ A)N(ENF) € @ such that (X\ A)N(ENF) C (XN A)NEN(XNA)JNE. 
Thus @ is a filter base. Let Y be the filter generated by @. Then for E € F, 
(X\A)NEE€@and(X\A)NECE. Hence EE Y. Thus ¥ =Y. But then 
(X\ A) =(X\A)NX ESC so that (X \ A) € Y = F. This proves that 
either A or X \ A is in F 


Conversely, suppose -¥ is not an ultrafilter. Let Y be a filter such that F s G. 
Let A € Y be such that A¢g ¥. If XV AE F, a ae ee 
contradiction. Thus neither A nor X \ A is in ¥. This completes the proof. 

















ProoF. By the Theorem 35.2, 7 isa ee space. Now let A be a proper 
subset of X. Since ¥ is an ulirafilter. A€ForXNAEF. Equivalently, A is 











Z-open or A is 7-closed. 


Topology Either mathematics is too big for the human mind or... D.J. Karia 
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Proor. Let X be a set and ¥ bea filter. Let # = {Y : Y isa filter on X and 
F <G}. One easily verifies that & is a poset. Let @ be a chain in &. Let 
G = UG. Clearly, Y is a nonempty collection of nonempty subsets of X. For 
E,F €@, there are filters ¥,,-A2 such that EF € F,, F € Fo. Let F, < Fo. But 
then E,F € Yo, and hence, ENF € ¥2 CY. Also for FE € Y and E C F, we 
have EF € ¥, for some filter F, € @. But then F € YF, C Y. Thus Y is an upper 
bound of @. Thus every chain in & has an upper bound in «. Hence, by Zorn’s 
Lemma, <& has a maximal element, say ¥. Suppose now that Y < Y, for some 
filter Y. But then ¥ < GY, and hence, Y € &. Since Y is a maximal element of 
A, G is a maximal filter. Thus ¥ is contained in a maximal filter. 


35.11. Definition. Let X be a topological space and x € X. The filter Y%, on 
X is called the neighbourhood filter at x. 


35.12. Example. 


(1) Let X be a nonempty set and A Cc X. Then @ = {A} is a filter base and it 
generates the filter F¥ ={F CX:AC FI. 

(2) As a particular case of the above, for an x € X, the filter 9, ={F CX: 
x € F} is the neighbourhood filter at x for the discrete topology. 

(3) For a set X, {X} is a filter called the indiscrete neighbourhood filter. 

(4) @ = {(a, co) :a € R} is a filter base and the filter generated by @ is called 
the Fréchet filter. 

(5) @ = {(0, +) : n € N} is a filter base. 

















35.13. Definition. Let X be a topological space, x € X and ¥ bea filter on 


X. We say that ¥ converges to x and write F ~ cif Y< F. 





35.14. Definition. Let X be a topological space, x € X and ¥ bea filter on 
X. We say that F clusters atrifUE%,FeFSuUNFFO. 


35.15. Remark. (1) % > a. Also, (2) F ~924,F <G SG 2. 





PROOF. Suppose ¥ clusters at x. Define @ ={FNU: Fe F,UEY,}. Then 
FOU £9 for every FE F¥ andUcY,. Also, X € . Thus @ is a nonempty 
collection of nonempty sets. Since ¥ and %, are closed under finite intersections, 
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so is @, and hence, @ is a filter base for some filter, say Y. Also, for E € F, 
B= ENX€€C@ gives F¥ < Y. On the other hand, for every U € %, 
U=UNX EC CF gives Y > x. 


Conversely, suppose there is a filter Y > ¥Y such that Y > x. But then 
FcGand Y% Cc ¥Y guarantees that Fe ¥,UECU%>FAU FY. Thus F 
clusters at x. 

















PROOF. Let an ultrafilter Y cluster at x and U € Y,. Either U or X \ U is in 
F. Suppose X \U € ¥. Since ¥ clusters at 7, U pegs with each aac 
of Y, and hence, with X \ U, a contradiction. This Uc F. That is, %,< F 
So, U, > ©. 

















PROOF. Suppose z € A. Define @ = {ANU :UEY,}. It is =. to verify that 
@ is a filter base for some filter on X, say ¥. Then AC ¥ and F¥ > z. 


Conversely, suppose there is a filter Y on X such that FY > 2 and Ac F 
But thn UE%S>UECFSUNAF MY. Thusve A. 














35.19. Proposition. Let X,Y be sets, f: X > Y be a function and F be a 
filter on X. Then 


@ ={f(E): Be F}. (35.19.1) 


is a filter base on Y. 





ProoF. Let f(£), f(F) €@ with E, Fe ¥. Than ENFe F=> f(ENF)€@. 
Also f(E NF) Cc f(£)N f(£). This completes the proof. 

















ProoF. Let f be continuous at x and V € Wz). So, f-'(V) € GY. lf F > a, 
f'(V) € F, giving f~'(f(V)) € f(F). So, V € f(F). That is, f(F) > f(x). 





Topology Only two things are infinite,... D.J. Karia 
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Conversely, let V € Ya). Since Y% — x, f(W,) 4 x. So, V € f(Y,). Hence 
there is U € Y, such that f(U) C V. Thus fi is continuous at x. 

















PROOF. Let X,Y be sets, f: X — Y bea function and ¥ be an ultrafilter on 
X. Let E CY. Then f-1(F) € ¥ => f(f-(B)) € f(F). Since f(f-'(E)) C E, 
E€ f(F). Similarly, if f-'(X \ FE) € ¥, then X \ Ee f(F¥). Thus f(F) is an 
ultrafilter. 

















PROOF. One way proof follows from the Theorem 35.20. Now suppose 7;(.¥) > 

m,(x) for each i € I. Let S=2;*(V) € % with V € J. But then V € G.. So, 
V Een(F). a ene; there is U € F such that 7;(U) C V. That is, U C aj7'(V) =S. 
Thus Se ¥. Let B=S,NSeNS3M-:-NS, be a basic Beteupounnood of x with 
51, 52,53,---,5n © Y%,- But then a S, € F, and hence, B € ¥. Since every 











UE, con ains a basic neighbourhood of x, we conclude that ¥ FX. 





Problems 

213.Let X bea set and AC X be infinite. Show that 

C6 ={ECA:A\ Eis finite } 
is a filter base for a free filter on X. 
214. Let Se bea cae ona en X. Show that ¥ is an ultrafilter if and only if 
EUFE€EFSECFoareF 
215.Let X be a nonempty set and ¥ be a fixed filter. Show that FY is an 
ultrafilter if and only if there is some x € X such that F={ECX:2re€ E}. 


216.Let (X, 7%) be a cofinite topological space and X be infinite. Let F, = 
FT; ~ {0}. Show that #; is a filter that converges to every point in (X, 7). Does 
F, converge in X with the cocountable topology? 

217.Show that a set X is finite if and only if all filter on X are fixed. 

218. Let X be a nonempty set and F, = %~ {0}. Show that -¥, is a filter that 
converges to every point in (X, %). Dee F,, converge in X with the discrete 
topology? 

219.Let0@AACRand F¥={ECR:AC EF}. Show that ¥ clusters at x if 
and only if x € A. 

220.Let X be a set and {.F; : i € I} be a family of filters on X. Show that 
Niet Fi is a filter. 

221.Let X be a topological space, x € X and AC X. Show that @ = {ANU: 
Ue Y&,} is a filter if and only if x € A® if and only if @ = Y,. Also, show that @ 
is a filter base if and only if x € A. 
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222.Let X,Y be sets, f: X — Y be a function. Show that 
{f- (BE): E € F}. 

is a filter base if and only if EM f(X) 4 @ for every E € F. 

223.Let X be sets and AC X and ¥ bea filter on X. Define 
Fa={ENA: EE F}. 


Show that ¥, is a filter on A if and only if EM A # @ for every E € F if and 
only if there is a filter Y on X such that ¥ <Y¥ and ACG. 


36. Relation between Nets and Filters 





ProoF. Of course, tail of a net is nonempty. For A, © A, there is y € A such 
that y > p,v. So, T,({x,}) C Ti({z,}) N TL({z,}). Thus @ is a filter base. 

















PROOF. «) — « if and only if every U € Y, contains some T,,({xA}) if and only 
if U € F({x}) if and only if F({x)}) > a. 

















PRooF. {x} clusters at x if and only if every U € Y, intersects every T,,({x}) 
if and only if every U € Y, intersects with every E € ¥F({x)}) if and only if 
F ({xy}) clusters at 2. 

















ProoF. Let E € F({x}). So, T,({x,}) C E for some uw € A. Taking 6 € T with 
(db) > p, we see that T5({x,..)}) C Ti({za}) C EB. Thus E € F({x,~4)}), giving 











F ({e}) < FUSoqy}). 


Topology In mathematics you don’t understand things. You just get used to them. —von Neumann D.J. Karia 
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Proor. {xy} is an ultranet eventually in E C X if and only if T,,({z)}) C E for 
some jt if and only if FE € A({x,}). The same implication holds for X \ E. Thus 
the result follows. 














The following is easy to see. 


36.8. Definition. For a filter F on a set Xj and Ag as in (36.7.1), the net 
(a,F) €Ag) tar =a € X is called the net based on the filter F. 





ProoF. If ¥ > «, then U € %, (y,V) = (a,U) > tyv) =y € V CU, proving 
LaF) 7 x. 

Conversely, suppose X(a,r) > z. Let V € Y,. Then there is (a9,Uo) € Ag 
such that ta) € V whenever (a,U) > (ao, Up). In particular, a = t(a,y,) € V for 
all a € Up, giving Up C V. Since Up € F¥, the result follows. 

















Proor. Let ¥ cluster at x. Let U € Y, and (a, F) € Ag. Than UNF £O. Let 
bE UNF. Then (6, F) > (a, F) and b= z@,r) € U Thus {24,7} clusters at 2. 


Conversely, suppose {%(q,7)} clusters at «. Let U € Y%, and E € F. Let 
be€ E. Then there is (a, F) > (6, £) such that a = t,r) € U. So, F C E and 











ac FQu. Thusa€ UNE. Hence -¥ clusters at x. This completes the proof. 








ProoF. It follows from the fact that E ¢ ¥ if and only if To z){ta,m} C EL. 














That is, E € F if and only if x(q,” is eventually in E. 


Problems 
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224.Let F be a fixed filter on a set X. Show that the net {%q,7)} net based 
on ¥ is an ultranet if and only if {x} € ¥. Show that we cannot weaken the 
condition {x} € F by rx ENF. 





Topology Mathematics is the key to science. —Galileo D.J. Karia 
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Separation 


The earliest definition of topology by Hausdorff included a condition that 
made a all the topological spaces what we now know as a 75-space or Hausdorff 
space. Later on the separation axioms were studied under the name of an accessible 
space, which we know now as a T\-space. A 7\-space was baptised as a Fréchet 
space or a space with a Fréchet topology. Later on mathematicians settled with 
the name 7) -space. Gradually the series of names 7)-space, T>-space, T3-space and 
T,-space was used for spaces with different separation properties. Actually the 
letter T’ was used by Tietze in 1923. Of course T has nothing to do with his name, 
but it is taken from the German word Trennung meaning separation. Besides 
these the terms a regular space and a normal space were also defined. Some books 
swapped a 73-space with a regular space and a 74-space with a normal space. 
Later on the series was appended with 7-space, Ty1 -space, T31 -space, Ts-space 
and T¢-space. T,1-space is also known as completely Hausdorff space and T31-space 
is also known as completely regular space. A To-space is also known as Kolmogorov 
space. 


37. To-Spaces 


37.1. Definition. A topological space (X, 7) is said to be a To-space if 
for every pair of distinct points x,y € X, one of them has a neighbourhood 
not containing the other. That is, there is an open set U such that either 
xceu,y¢U oryEeu,«x €U. 





PROOF. Suppose X is To. Let x,y € X be two distinct points. Without loss of 
generality,let U be an open set containing x but not y. But then x € {a} \ {y}. 
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Conversely, given two distinct points x,y € X, assume that z € {at ~ {y}. 
Since z ¢ {y}, there is an open set U such that z ¢ U and UN {y} = 0. However, 
since z € {x}, x © U. This completes the proof. 














37.3. Example. 


(1) A metric space is a To-space. 

(2) The Sierpinski space is a To-space. 

(3) The usual topology, the lower limit topology, the upper limit topology are 
To-topologies. 

(4) A set X with any of the left order topology, the right order topology, the 
cofinite topology, the cocountable topology, co a-topology, cosub a-topology, 
discrete topology, excluded point topology, particular point topology is a 
To-space. 

(5) Indiscrete space with at least two points is not a To-space. 

(6) A topology finer than a 7T-topology is also To. 

(7) Intersection of two To-topologies on a set need not be To. Indeed the inter- 
section of the two Sierspinsky topologies on {a,b} is the indiscrete topology, 
and hence, is not 7p. Also the intersection of left order and the right order 
topologies on Z is the indiscrete topology. 





PROOF. Let X be a Jo-space and Y C X. Let x,y € Y be distinct. Without loss 
of generality, we assume that there is a neighbourhood U of x in X that does not 
contain y. But then UNM X is a neighbourhood of x in Y which does not contain 














y. Thus Y is a To-space. 





PrROooF. Let X be a To-space, Y be a topological space and f: X + Y bea 
homeomorphism. Let x,y € Y be two distinct points. Then f~'(z), f~'(y) are 
two distinct points of X. Since X is Jo, without loss of generality, let U be 
a neighbourhood of f~!(x) that does not contain f~'(y). But then f(U) is a 











neighbourhood of x that does not contain y. Thus Y is To. 








PROOF. One way is obvious as X; is homeomorphic to a subspace of X, and 
subspace and homeomorphic image of a 7o-space are TJo-spaces. 


Conversely, suppose each X; is To. Let x,y € X be distinct. Let 7 € I be such 
that x; A y;. Since X, is Tp, we take, without loss of generality, a neighbourhood 
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U of x; that does not contain x;. But then tz (U) is a neighbourhood of x that 


does not contain y. This completes the proof. 














37.7. Example. A quotient of a Jo-space need not be Tp. 








Indeed consider the characteristic function yg: R — {0,1}, where R carries 
the usual topology. Then the quotient topology on {0,1} is the indiscrete topology, 
which is not To. 


Open or closed quotient of a To-space is not 7p as the following example 
shows. 


37.8. Example. Let 7 be the left order topology on Z. Then Z is To. Indeed for 
m<né€Z (—co,n) is an open set containing m but not n. Define f: Z — {0,1} 
by f(n) =n mod 2. Then the quotient topology 7%(f) is indiscrete. Since every 
nonempty open or closed set contains even as well as odd integers, image of every 
nonempty open or closed set is {0,1}. Thus f is a closed as well as open map. 
But {0,1} is not To. 


Problems 


225.Let X be a topological space. Define a relation ~ on X by x ~ y if open 
sets containing x are the same as the open sets containing y. Show that 

(1) ~ is an equivalence relation. 

(2) X/~ is To. 

(3) If X is J, then X = X/~. 
226.Let X bea set, Y be a discrete space and f: X + Y bea function. Show 
that X with the weak topology given by f is To if and only if it is discrete. 


38. T)\-Spaces 


38.1. Definition. A topological space (X, 7) is said to be a T\-space if for 
every pair of distinct points x,y € X, each of them has a neighbourhood not 


containing the other. That is, there are two open sets U,V in X such that 
crEU,yEeV,xcEeV,yE¢U. 

















FIGURE 28. Schematic T\-space 


38.2. Example. From the definitions of a Tp-space and a 7}-space, it is clear that 
every T)-space is a To-space. However, Sierspiisky space is Jp but not 7}. 
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PROOF. Let X be a Ti-space. Let x,y € X be distinct and U,V be open sets 
such that 7 €U, ye V,x2¢V and y ¢g U. Then V is an open set containing y 
and not intersecting with {a}. Thus y is not a limit point of {x}. Consequently, 
no point of X other than x can be a limit point of {x}. Thus {zx} is closed. 


Suppose now that every singleton is closed in X. Let x,y € X be distinct. 
Let U = X \ {y} and V = X X {a}. Then U,V are open subsets of X such that 
cxeEUu,yEeV,xéV,y¢U. Thus X is T). 














38.4. Corollary. An ordered space is T,. 


PRooF. Let X be an ordered space and x € X. Then X \ {x} = (—oo, x) U(z, 00), 
an open set. Hence {2} is closed. Thus every singleton in X is closed, and hence, 
X is T\. 














38.5. Corollary. A topological space X is a T,-space if and only if every finite 





subset of X is closed in X. 


38.6. Corollary. A metric space is T,. 


ProoF. Let (X,d) be a metric space and x € X. For any yA x, r =d(x,y) > 0. 
Hence B(y,r) V1 {x} =. Thus y ¢ {x}; so that {x} is closed. This completes the 
proof. 














38.7. Corollary. A topological space (X,7) is T, if and only if Tp < 7. 


Proor. Assume 7 < 7. Since every singleton is .7;-closed, so is the case in .7 
too. Thus 7 is a T\-topology. 
Conversely, suppose (X, 7) is T;. Let G C X be F-open. So G = @ or 


X \ Gis finite. If G = 0, then G € 7. If X \ Gis finite, then X \ G is Z-closed. 
Thatis,Ge 7. Thus 7; s 7. 














38.8. Corollary. Let X be a T/1/space, AC X and x € A’. Then every 
neighbourhood U of x contains infinitely many points of A. 


PROOF. Suppose U € &% and UN A\X {a} = {21,%2,23,...,2n}. But then 
UN (My(X ~ {xx~})) is a neighbourhood of x that does not contain any point of 
A, a contradiction. Thus UM A must be infinite. 
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38.9. Corollary. Let X be a T,-space and AC X. Then A’ is closed. 


PROoF. Let x € A” and U be a neighbourhood of x. Then U contains infinitely 
many points of A’, say y€ UN A’ {x}. Then U is a neighbourhood of y and 
y € A’. So, U contains infinitely many points of A. Consequently, U contains 
a point of A other than x. Thus x € A’. That is, A” C A’, and hence, A’ is 
closed. 

















38.10. Proposition. In a topological space X if convergent sequences have 





unique limits, then X is T,. However the converse does not hold. 


PrROooF. Let X be a topological space. Suppose X is not 7}. So, there is a 
singleton, say {x}, in X such that {x} is not closed. Let y € {x}. Then the 
constant sequence {z,z,x,... } converges to x as well as y. On the other hand, 
R with the cofinite topology is T;. But the sequence {n} converges to each and 
every point of R. 




















38.11. Proposition. A finite T\-space is discrete. 





ProoF. Let (X, 7) be a finite T;-space. Hence by the Example 7.11, 9 < F < 
TZ. Hence FY = Y. 














In fact, the following result of the similar color is more interesting. 





PROOF. Suppose X is 7, and F C X is finite. Then F is a finite T\-space, and 
hence, is discrete. 


Conversely, assume that every finite subset of X is discrete. Let x,y € X be 
distinct. Then, {x,y} is discrete. So, {a} and {y} are open sets in {x,y}. Hence 
there exist open sets U,V in X such that UN {x,y} = {x}, that is x € U and 
y¢U. AlsoV A {x,y} = {y}, that is ye V and x ¢V. Thus X is 7}. 

















PROOF. Suppose X is T;. Let G C X. Then G = Nigg(X \ {r}) is an intersection 
of open sets. 


Conversely, suppose every subset of X is an intersection of open sets. Let 
x,y € X. Clearly, {y} is intersection of open sets containing y. So there is an 
open set containing y not containing x. So, y is not a limit point of {x}. Thus 
{x} is closed. Thus X is T}. 
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ProoF. Let X be a Tj-space and Y Cc X. Let x € Y. Then x € X. Since X 
is T,, {x} is closed in X. But then {x} = {x} MY is closed in Y. Thus every 











singleton is closed in Y. So, Y is T;. This completes the proof. 








PROOF. Let X be a T\-space and f: X — Y be a homeomorphism. Let y € Y. 
The {f~'(y)} is a singleton in X and since X is T;, {f~'(y)} is closed in X. But 














a homeomorphism is a closed map so that {y} is closed. Thus Y is 7}. 





PROOF. X;, being homeomorphic to a subspace of X, is T,, when X is. 
Note that for x € X, {x} = Mierm '({x;}). If each X; is T,, then each {x;} 














is closed in X;, which ensures that {x} is closed in X, and hence, X is T. 


38.17. Example. 


(1) A metric space is a T\-space. 

(2) The Sierpinski space is not a T\-space. 

(3) The usual topology, the lower limit topology, the upper limit topology are 
T,-topologies. 

(4) A set X with any of the left order topology, the right order topology, excluded 
point topology, particular point topology is not a T\-space. 

(5) A set X with any of the cofinite topology, the cocountable topology, co 
a-topology, cosub a-topology, discrete topology is a T\-space. 

(6) Indiscrete space with at least two points is not a T)-space. 

(7) A topology finer than a T\-topology is also T;. 

(8) Intersection of any number of T\-topologies on a set is T). 

(9) The cofinite topology on a set X is the smallest T,-topology on X. 


38.18. Example. Quotient of a 7\-space need not be 7\. Indeed, consider the 
quotient of R as in the Example 37.7. The quotient topology of {0,1} given by 
Xo is the indiscrete topology, which is not T}. 





38.19. Example. A closed quotient of a T\-space is T,. Indeed, let f: X > Y 
be a closed quotient map. Let y € Y. Then there is x € X such that f(x) = y. 
Since X is T,, {x} is closed. But then {y} = f({x}) is closed in Y. Thus every 
singleton in Y is closed. Thus Y is 7}. 


Problems 


227.Let X bea set, Y be a discrete space and f: X + Y bea function. Show 
that X with the weak topology given by f is 7; if and only if it is discrete. 
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228.Let X be a topological space and x € X. Show that X is TJ; if and only if 
X ~\ {x} is an open T\-subspace of X. 





229.Determine which of the following topologies makes R a T)-space. 


(1) The usual topology, 
(2) Lower limit topology, 

(3) Cocountable topology, 

(4) Cofinite topology and 

(5) Wx defined in the Example 8.26. 


39. 7T>-Spaces 


39.1. Definition. A topological space X is said to be a T>-space if for every 
distinct points x,y € X, there are two open sets U,V such that 


xeu,yeV andUNV =89. 


A T»-space is also known as Hausdorff space. 





The definitions of 7; and 7>-spaces reveal that every 7>-space is T,, and 
hence, To. 








39.2. Proposition. A finite T>-space is discrete. 


PROOF. The Proposition 13.10 and the fact that every T>-space is 7; prove 
this. 


























FIGURE 29. Schematic 7>-space 


39.3. Example. A T\-space need not be T>. Indeed the cofinite space (X, .7;) is 
T, but it is T> if and only if X is finite. Thus (R, 7) is T; but it is not 7). 








PROOF. Let X be a Hausdorff door space. Suppose a,b € X be two limit points 
of X. Let G,H be two disjoint open sets such that a € G,b € H. If possible, 
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suppose U = (G \ a) U {b} is open. But then UN H = {b}, asserting that 6 is not 
a limit point. But this is not the case. Hence U must be closed. But then X \ U 
is open. Hence (X \ U)NG = {a} is open, showing that a is not a limit point of 
X. Thus X has at most one limit point. 














It should be noted that a discrete space is a door space without any limit 
point. 





PROOF. Let X be an ordered space and x < y be two elements of X. If there is 
z € X such that x < z < y, then (—ov, z) and (z, 00) are two disjoint open subsets 
of X containing x and y respectively. If no such z exists, then x is an immediate 
predecessor of y. But then (—oo, y) and (x, 00) are two disjoint open subsets of X 














containing x and y respectively. 





ProoF. Let (X,d) be a metric space. Let x, y € X be distinct. So, r = d(x, y) > 0. 
an 


Clearly, B(x, 5) and B(y, 4) are two open sets containing x sini y deapectively. 
Also z € B(x, 5) B(z, 5) > d(z,y) < d(z,z)+d(z,y) <r, a contradiction. Thus 
B(x, 5) and By, 5) are con This completes the pinGE 

















PROOF. Suppose X is 75. Let x,y be two distinct points of X and U,V be two 
open sets in X such that  € U,y eV and UNV =9. Clearly, U x V is open in 
X x X and (z,y) €Ux V. 
(UxV)NAZOs (z,z) €U x V for some z € X 
@zéeU,zeVv 
e&UNV £9, (39.7.1) 


a contradiction. Thus (U x V)N A= 9. 


Conversely, suppose A is closed in X x X. Let x, y be two distinct points in _X. 
So, (x,y) ¢ A. Hence, there are two open sets U,V Cc X such that U x VN A= 9. 
But then by (39.7.1), UNV =@. Thus X is To. 

















PROOF. Suppose X is 7> and ¥ is a convergent filter on X. Suppose FY — x and 
F — y for two distinct points 7,y € X. Let U,V be two open sets in X such that 
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xreu,yeVandUNV =. Since ¥ > x, U € ¥, and since F¥ ~ y, V € F. 
Since a filter is closed under finite intersection, 0 =U NV € ¥, a contradiction. 
Thus -¥ cannot converge to more than one point. 


Conversely, suppose every filter on X has at most one limit. Let 7,y € X be 
distinct. Suppose U € %,V € % >UNV £9. Let 
€={UNV:UEY,,V €&Y,}. 


Let U,, U2 E Uy, Vi, Vo E Wy: Then U, 9 Us € Uy, V1 AV € ae So, U1, U2N 
ViNV. € @. Thus @ is a filter base, say for a filter F. Clearly, Ue Y% => U = 
UNX€E¢€@CF. 80, Y% < ¥. Similarly, % < %. 80, F¥ ~2,F oy, a 
contradiction. Thus X is 75. 

















ProoFr. Let X be a T>-space and a net {x} in X converges to two distinct points 
x,y © X. Let U,V be two disjoint open sets in X such that x € U,y € V. Since 
x, — x, there is Ao such that x, € U for every A > Ap. Similarly since 7, > y, 
there is A; such that 7, € U for every \ > A,. Let A be such that A > Az, A > Ao. 
But then x, € UNV, a contradiction. Thus {xz} can have at most one limit. 


Conversely, suppose every net in X has at most one limit. Suppose, if possible, 
that X is not Ty. So, A Cc X x X is not closed in X x X. Take a net {(a), v))} in 
A such that (%),x2),) > (a, y) € A. So x, > x and x) > y, a contradiction. Thus 
X must be TJ». 


39.10. Remark. 


(1) We preferred to give the direct proof of the Theorem 39.9. Otherwise, one 
can argue that every net converges to at most one point if and only if every 
filter does so. Therefore, the result follows from the Theorem 39.8. 

(2) Clearly, in a T>-space every sequence can have at most one limit. However 
the converse fails in the cocountable topology. 














Since sequences are also nets, we conclude that a sequence in a 7-space has 
at most one limit. Also, by the Proposition 38.10, it is clear that the converse does 
not hold. However, in the presence of the first countability, the converse is true. 





PROOF. Suppose X is not 7>. Let x,y be two points without disjoint neigh- 
bourhoods. That is each neighbourhood of «x intersects each neighbourhood of 
y. Let {U, : k € N} and {V, : k € N} be local bases at x and y respectively. 
Note that for every n € N, W, = NRy(Uk OM Ve) = (MU) N (ML Ve)  O. 
Also, Wr C (Nt,Un) C Ux for every 1 < k <n. Choose x, € Wy, (n € N). 
Let W € &Y. So, there is m € N such that U,;, C W. Now for n > m, 
In € WC (NR_{UE) C Um CW. Thus rz, > x. In the same way, t, — y also, a 
contradiction. Thus X must be 7». 
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DIRECT PROOF. Let (x,y) € X x Y but (2,y) ¢ G(f). That is, y and f(z) are 
distinct points of Y. Since Y is Jy, there are two disjoint open subsets U,V of Y 
such that y € U, f(x) € V. By the continuity of f, we get an open set GC X 
such that f(G) C V. Suppose (2’,y’) € G(f) N(G x U). Hence 2’ € G, y’ EU,” 











f(z’) =y' €V. Thus UNV £9, a contradiction. Thus G(f) must be closed. 





PROOF USING NETS. Let (x,y) € X x Y be a limit point G(f). So, there is a 
net {(),y,)} from G(f) such that (x,y) > (x,y). Hence 7, > x and y, > y. 
But since (z),y,) € G(f), yx = f(xy) for every 4. Hence, by the continuity of 
f, f(@,) - y. By the uniqueness of the limits in T>-space, y = f(x). Thus 
(x,y) € G(F), proving the closedness of G(F’). 

















ProoF. Consider y € X such that f(y) 4 g(y). So, there are two disjoint open 
sets U,V CY such that f(y) € U, g(y) € V. But then W = f-'(U)Ng“(V) € Y. 
Let z € W Then f(z) € U and g(z) € V. Since UNV =O, f(z) 4 g(z). Thus 
WnA=9. So, y g A. Hence A is closed. 

















Proor. Let X be a To-space and Y C X. Then Ax = {(z,x): a € X} is closed 











in X x X. Hence Ay = Ax N(Y x Y) is closed in Y x Y. Thus Y is Tp. 








PrROooF. Let X be a 7>-space and f: X — Y be a homeomorphism. Let x,y € Y 
be distinct. Then f~'(x), f~'(y) are distinct in X. So that there exist two disjoint 
open sets U,V Cc X such that f~'(x) € U and f~'(y) € V. But a homeomorphism 
is an open map so that f(U), f(V) are openin Y. Also, x € f(U),y € f(V). Since 











f is one-one, f(U)N f(V) = f(UNV) =O. Thus Y is To. 
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PROOF. X;, being homeomorphic to a subspace of X, is T>, when X is. 


Conversely, assume that X; is 7) for every i € I. Let x,y be two distinct 
points of X. Choose j € J such that x; # y;. Let U,V be two disjoint open 
sets in X; such that x; € U, x; € V. Then 7;1(U),1;'(V) are two open sets 
in X containing x,y respectively. Also, z € t;*(U) (a 1 (V) =27,EUNV,a 
contradiction. Thus X is 75. 














39.17. Example. A closed image of a T>-space need not be 7». 


Indeed consider Rx = (R, Z). Let Y = Rx /K. Since K is Z%-closed, the 
corresponding quotient map f: Rx — Y is a closed map by the Theorem 21.26(2). 
Suppose there are two open sets U,V in Y such that0 EU, K eV andUNV = 90. 
But then f~'(U) and f~!(V) are two disjoint .Z-open sets such that 0 € f~1(U) 
and kK c f~1(V). Let B be a basic .Zx-open set such that 0 € Bc f-1(U), If B 
is an interval, then for large enough k, ; € B, a contradiction. On the one hand, 
if B= (a,b) I then choose large enough k such that ¢ < b. Since -ef (Vv), 
there is (i —e,¢+e)C f-'(V). Taking € small nie so that ma = ;—€, we 
see that ; — § € f-'(U) Nf (V), a contradiction. Hence Rx/K is not To. 




















39.18. Example. An open image of a T>-space need not be 7). 

Indeed, let X = {(z,y) € R? : y = 0 or y = 1}. Identify (7,0) with 
(z,1) if #0. The resulting quotient is Y = {% = {(z,0),(z,1)}: 2 A O}U 
{(0,0)} U {(0,1)} with the quotient map p(z,y) = % if « £ 0, p((0,0)) = (0,0) 
and p(0,1) = (0,1). Clearly, the map p is open. Also every neighbourhood of 
(0,0) contains (—z,) and every neighbourhood of (0,1) contains (—d,4) for some 
€,6 > 0. Thus (0,0) and (0,1) do not have disjoint neighbourhood. 





39.19. Example. Let X be an infinite set. Fix two symbols a,b which do not 
represent members of X. Let X* = X U {a,b}. Define 


B={GCxX*:aeG,X* ~ Gis finite}. 
D={GcxX"*:beEG,X* \~ Gis finite}. 
TF, =O X U{b}) Ue. 
R= AX U{a})UH. 


Then %, and % are Hausdorff topologies but %N % is not Hausdorff. 


Clearly, 0 € A(X U {b}), X* € &. It is clear that each of A(X U {b}) and 
@, are closed under arbitrary union and finite intersection. Let G € A(X U {b}) 
and H € &@. Then X*\ (GUA) = (X \ G)N (X* \ A), a finite set. Thus %, 
and similarly %, is a topology on X*. 


Let z,ye X*. fax AaFy, then {zx}, {y} are disjoint open sets containing 
x and y respectively. Now suppose = a. The X* \ {y} and {y} are two 
disjoint open sets containing x and y respectively. Thus .% is a Hausdorff topology. 
Similarly %, is a Hausdorff topology. 


Let F,VE€E Fn, ae Uu,beEV. Suppose UNV=9. Ue & and 
aeuUus X*\U is finite Ce A%andbeVv = X* \X V is finite. Hence 
X* = X*\ (UNV) = (X* \U) U(X* UV), a finite set. Thus X* is finite, a 
contradiction. Thus a,b do not have disjoint neighbourhoods. Thus 4% % is not 
a Hausdorff topology. 
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39.20. Example. Consider (R, 7x). Let x,y € R be distinct points. Let r = peal 
Then (x—r,x+r), (y—r, y+r) are two disjoint open sets containing x, y respectively. 
In a much simpler way, -7%x is finer than the usual topology, and hence, it is a 
T>-topology. 


39.21. Example. 


(1) A metric space is a T>-space. 

(2) The Sierpinski space is not a T>-space. 

(3) The usual topology, the lower limit topology, the upper limit topology are 
T>-topologies. 

(4) Indiscrete space with at least two points is not a T)-space. 

(5) A set X with any of the left order topology, the right order topology, excluded 
point topology, particular point topology is not a T-space. 

(6) A set X with discrete topology is a T>-space. 

(7) A set X with the cofinite topology is a T>-space if and only if X is finite. 

(8) A set X with the cocountable topology is a T>-space if and only if X is 

countable. 

(9) A set X with the cosub a-topology is a T-space if and only if |X| <a. 

(10) A set X with the co a-topology is a T>-space if and only if |X| < a. 

(11) 

(12) 


A topology finer than a 75-topology is also T5. 
Intersection of two T>-topologies on a set need not be To. 


Problems 


230. Let X be a Hausdorff space and {x7} be a net in X. Show that {x} can 
converge to at most one point. 


231.Show that a subspace of a 75-space is 7) in each of the following ways. 


(1) Using definition of a T>-space. 
(2) Using convergence of nets. 
(3) Using convergence of filters. 


232.Let X bea set, Y be a discrete space and f: X + Y bea function. Show 
that X with the weak topology given by f is T> if and only if it is discrete. 


40. 73 and Regular Spaces 


40.1. Definition. A topological space X is said to be a T3-space if given a 
closed subset F' of X and a point x € X ~ F, there are open sets U,V C X 
such that 


TeUL.FPCV andU avy =v: 


A T3-space, which is also a T\-space, is called a regular space. 
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FIGURE 30. Schematic 73-space 


The following examples show that a 73-space need not be T> and a T>-space 
need not be 73. 


40.2. Example. A 7>-space need not be 73. 

Consider (R,.%.). Then Kk is a closed set and 0 € RN Kk. Suppose U,V 
are two disjoint subsets of R such that 0 © U, K C V. Let r > 0 be such 
that (—r,r) \ K Cc U. Choose n € N such that + < r. Since 4 € V, there is 
(+ —€, + +¢) Cc V. We can take ¢ small enough so that a z 4 —e. Consequently, 
+—£ €UNV. Thus (R, %) is not T3. 





40.3. Example. An indiscrete space is trivially 73. But it is not 7, and hence, it 
is not regular. 





Proor. Let (X,.7) be a regular space. Given two distinct points x,y € X, 
treating {y} = F as a closed set and x as a point out side it, we get two disjoint 
open sets U,V C X such that x € U and F CU. But then y € V, proving that 





X is To». 











In view of the Proposition 39.2, the following is a corollary to the above 
theorem. 


40.5. Corollary. A finite regular space is discrete. 








D.J. Karia If a man’s wit be wandering, let him study mathematics. —Bacon Topology 
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FIGURE 31. Characterization of a 73-space 


PROOF. Suppose X is 73. Let G be an open set and zx € G. Let F= X\G. 
Then F' Cc X is closed and x ¢ F.. So, there exist two open sets U,V C X such 
that zx € U, F CV andUNV =9. Let H =U. Note that UNV = 9. So, 
H=UcX\YV. Since X \ V is closed, we get HC X\V=XW\V. Also, 
XSGS=FCYV.86,XsV CG. Thisve CHCA V CG. 


Conversely, suppose for every open set G C X and a point x € G, there 
exists an open set H C X such that x € HC ACG. Let F C X be closed and 
x ¢F. Let G=X ~ F. Then G is open and z € G. So, there exists an open set 
HcX suchthattze HCHCG. LettU =H andV =X \H. ThenzeU. 
AlsoH CG. So, FC X\ H=V. Since H CH,UNV=HNX\H =9. Thus 
xX is T3. 

















40.7. Corollary. A topological space X is T3 if and only if every point x © X 


has a local base consisting of closed neighbourhoods of «x. 





PROOF. Suppose X is T3, x € X and &, is a local base at x. Define B, = {B: 
Be &,}. Clearly, Z, Cc Y,. Now let G € Y,. Using the T3-condition and the 
Theorem 40.6, we get and open set H such that x € HC H CG. Since &, isa 
local base at x, there is B € &, such that c € BC H. But thenzx Ee BCH CG. 
Thus &., is a local base at x consisting of closed neighbourhoods of «x. 


Conversely, for each x € X, let 4, be a local base at x consisting of closed 
neighbourhoods of x. Let G be an open set and « € G. Then there is B € &, 
such that c € B C G. But then taking H = B°, wehavex€ HCHCBCG. 
Thus X is T3. 


40.8. Corollary. A 0-dimensional space is T3. 


PRroorF. Let X be a 0-dimensional space and # be a base for X consisting of 
clopen subsets of X. Then by the Proposition 10.9, for every x € X, 


B,={BeB:xe Bh 


is a local base at x consisting of clopen subsets. Thus X is 73. 





























Topolo Mathematics is a game played according to certain... D.J. Karia 
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PrRooF. Let X be an ordered topological space and x € X be fixed. For a,b € X 
with a < x < b, we define 


(1) c to be a point such that a < c < 2, if it exists; otherwise c = x. 
(2) d to be a point such that « < d < , if it exists; otherwise d = x. 
Now let G be an open set containing 2. 
Suppose there is a basic open set (a,b) such that x € (a,b) C G. Let 
H = Int([c, d]). 
Ifa<c<xa<d<b, then x € (c,d) C (c,d) C [c,d] C (a,8) CG. 
Ifa<c=2<d< b, then [c,d) is open and z € [c,d) C [c,d) C [c,d] C 
(3,6) CG, 
Ifa<c<x2=d < b, then (c,d is open and z € (c,d] C (c,d] C [c,d] C 
(a0) CoG, 
Ifa<c=2=d <b, then {x} = (a,6), an open set. Then H = {x} and 
rEeHcH={r}cG. 
Suppose there is a basic open set (a, oo) such that x € (a,oo) C G. Clearly, 
x € Int([c, 00)) C Int([e, 00)) C [e,0o) C G. 





Suppose there is a basic open set (—oo, b) such that 2 € (—oo, b) C G. Clearly, 
x € Int((—oo, d]) C Int((—co, d]) C (—00, d] C G. 
Thus X is a 73-space. By the Corollary 38.4, X is also 7;. Thus X is regular. 

















ProoF. Let (X,d) be a metric space. Fix  € X. Since Bix, 5] C B(x,r), one 
easily verifies that Z, = {Blx,r] : r > 0} is a local base at x consisting of closed 





neighbourhoods of «. Thus X is 73. 


40.11. Corollary. Every metric space is regular. 














PROOF. Let X be a 73-space and Y C X. For an xz € Y, let &, be a local base 
consisting of closed neighbourhoods of x in X. Then by the Proposition 12.5, 
Bry ={BNY:BeE Z,} isa local base consisting of closed neighbourhoods of « 





in Y. Thus Y is 73. 


40.13. Corollary. A subspace of a regular space is regular. 


D.J. Karia ... simple rules with meaningless marks on paper. —Hilbert Topology 
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PROooF. Let X be a 73 space and f: X — Y be a homeomorphism. For x € X, 
let &, be a local base at x consisting of closed neighbourhoods of x in X. But 
then by the Theorem 19.24, f(@,) is a local base at f(x) consisting of closed 
neighbourhoods of f(x). Since f is onto, we have a local base at each point of Y 














consisting of its closed neighbourhoods. Thus Y is 73. 


40.15. Corollary. Homeomorphic image of a regular space is regular. 





PROOF. X;, being homeomorphic to a subspace of X, is 73, when X is. 


Conversely, assume that X; is 73 for every 7 € J. Let U C X be an 
open set and x € U. So, there is a finite set A C J, and for each 7 € A, an 
open set U; in X; such that x € Miezm; (Ui) C U. Since X; is T3, for every 
i € A, there is an open set_ Vj Cc U; such that x; € V; C V; C Uj. Hence 
xe Nicat; (Vi) ‘o Nica; (Vi) C Meat; (Ui) CU. Since Nicat; (Vi) is closed, 
it follows that Nica; (Vi) C Nica; (Vi). Thus 

x E Mean (Vi) C Micany (Vi) C Micat, (Ui) CU. 
Thus X is T3. 


40.17. Corollary. Product of regular spaces is regular. 


40.18. Proposition. Let X be a T3-space. Define ~y on X byx~y y if 

















every neighbourhood of x contains y. Then ~y is an equivalence relation. 


PROOF. Clearly, ~y is reflexive. Suppose y ~y x. Then there is an open 
neighbourhood U of y that does not contain x. Since X is 73, there is an open 
set V in X such that ye V CV CU. Thus X \ V is an open set that does 
not contain y. Thus 7 4,. Thus ~y is symmetric. Now assume that x ~y y 
and y ~y z. Let U be a neighbourhood of x. Then U contains y, that is, U is 
a neighbourhood of z. Bence U contains z. Thus x ~y z. This completes the 
proof. 














~y is an equivalence relation on a 73 space. However, there exists a space X 
which is nor 73 but ~y is an equivalence relation on X. The following example 
shows the same. 


40.19. Example. An infinite cofinite space Xy is not T3, otherwise it will be 
regular and hence 7>, which is not the case. On the other hand let x,y be two 





Topology I can see that, without being excited,... D.J. Karia 
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distinct points of X;. Then there is an open set containing x that does not contain 
y. Thus « yz y. Thus the relation ~y= A, which is an equivalence relation. 


V. N®*ations: = Let X be a 73-space. The quotient X/~y is denoted by 
Xy and the equivalence class containing x € X is denoted by xy. Also, qy will 
denote the function qy: X > Xy by qy(x) = rH. 





PROOF. Clearly, U C qy'(qu(U)) and E C qy'(qu(E)). Let x € gy'(qu(U)). But 
then there is « € U such that qy(x) — qn(y), giving x ~y y. Consequently, every 
neighbourhood of x also contains y. That is, y € U, giving qy'(qu(U)) C U. Now 
suppose x € dy'(qu(E)). So, there is y € E such that 2 ~y y. If x ¢ E, then 
x € X \ E, an open set. Hence y € X \ E, a contradiction. This completes the 
proof. 














40.21. Corollary. Let X be a T3-space. Then qy is an open as well as a 
closed map. 


Proor. Let U C X be open. Then qy'(qu(U)), an open set. Hence qy(U) is open. 
In the same way, for a closed set E C X, qa'(Xu \ du(E)) = dy (qu(X \ E)) = 
X \ E, an open set. Hence qy(£) is closed. 














40.22. Proposition. Let X be a T3-space. The quotient space X/~x is 





Hausdorff. 


PRooF. For x € X, let xq denote the equivalence class containing 7. Suppose 
Xy,yH be two distinct points of Xy. So, x,y are two distinct points of X 
and x % y. So, there is a neighbourhood U of x, which does not contain y. 
Consequently, there is an open set V such that c € V C V CU. Consequently, 
V and X \ V are disjoint open sets containing x and y respectively. Hence 
qu(U),qu(V) are disjoint open sets containing xy and yx respectively. Thus 
Xy = X/~xH is Hausdorff space. 














40.23. Definition. Let X be a 73-space. Then X/~y with the quotient 


topology is called the Hausdorff quotient of X. 





Problems 


233.Let X be a topological space and for every x € X, @, be a local base at x. 
Show that X is 73 if and only if for every x € X and B € &,, there is B, € Z, 
such that B, C B. 





D.J. Karia ... mathematics can look pointless and cold. —Mirzakhani Topology 
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Al. T31 and Completely Regular Spaces 


41.1. Definition. A topological space X is said to be a T31 -space if given a 
closed subset F' C X and a point x € X ~ F, there is a continuous function 
f: X — [0,1] such that f(x) =0 and f(F’) = {1}. A Ts1-space, which is also a 
T,-space, is called a completely regular space. 





PrROooF. Let X bea T31-space and Y C X. Let E CY be closed andxE YN E. 
Then there is a closed set F of X such that FAY = E. Clearly, x ¢ F. Hence 
there is a continuous function f: X — [0,1] such that f(#) =0 and f(F’) = {1}. 
Restricting f to Y, we obtain the required function. 

















PrROooF. Let X be a T31-space, Y be a topological space and f: X + Y bea 


homeomorphism. Let F' be a closed subset of Y and y € Y \ F. Then f7!(F) is 
a closed subset of X and x = f~!(y) ¢ f~!(F). So, there is a continuous function 
g: X — [0,1] such that g(x) = 0 and g(f7'(F)) = {1}. Then h = g 0 (f7~*) is the 











required function. 








PROOF. X;, being homeomorphic to a subspace of X, is T3 1, when X is. 


Conversely, suppose each X; is T; 1, F Cc X is closed and x € X \ F’.. Consider 
a basic open set U = N?_,7~'(U;,) in X, with U;, open in X;,, for each k, and 
x€U CXF. For every 1 <k <n, let f,: X;, — [0,1] be a continuous 
function such that f;,(x,) = 1 and fx(X;, \ Ui,) = {0}. Define f: X — [0,1] 
by f(a) = min{(m;, 0 fx)(a): 1 <k <n}, (a € X). Clearly, being minimum of 
finitely many continuous functions, f is a continuous function. One verifies that f 
satisfies the required properties. 

















Proor. Let X be a T31 space. Let FC X be closed and x € X \ F. Since 
X is Ty1, there is a continuous function f: X — [0,1] such that f(x) = 0 and 





Topology We are servants rather than masters in mathematics. —Hermite D.J. Karia 
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f(F) = {1}. Let U = f~*((0, $)) and V = f71((4, 1]). Then U, V are open because 
f is continuous. Also, x € U,F CV, and UNV = @, completing the proof. 














The following is at once now. 





PROOF. Since every metric space is 7}, it is sufficient to show that a metric space 
is T31. Let (X,d) be a metric space, F C X be closed and x € X \ F. Then 
f: X — [0,1] defined by f(x) = Tee (x € X), is a continuous function. 
Also, f(z) = 0 and f(F) = {1}. 

















PrRooF. Let X be a 0-dimensional space with a base & consisting of clopen sets. 
Let « € X and F be a closed set such that x ¢ F'. Thus x € X \ F, an open set. 
Hence there is B € & such that x € BC X \ F. Since B is a clopen set, yz, 
the characteristic function of B is continuous. Let f = 1— xg, Then f(x) = 0, 














f(F) = {1}, Thus X is a T31-space. 


The following example is from [Dan12]. In fact, we are aiming first to 
produce an example of a regular space which is not completely regular. 


41.9. Example. Let S = {(z,y) € R?: y > 0}. For each z € R, let 
Vz = {(@,y) :0< y < 2} = {x} x [0,2]. 
Dz, = {(s,s -—2):4<s< x42}. 
O, = V, U Dy. 


Now define 


By ={{(z,y)} sy > Of. 
S,={0,\F:xc€R,« ¢ F CO, is finite}. 
B= By Bo: 
Then & is a base for a topology on S. Indeed, the union of Z is S and @ is 
closed under finite intersection. 
We also prove that each B € A, U Az is clopen. 


Let B= {(z,y)} € A and (xo, yo) €E SN B. If yo £0, then {(2o, yo)} is an 
open set not intersecting B. If yo = 0, consider the open set O, \ F’, where F is a 
finite set containing (a, y) if (a, y) € Oz. 





D.J. Karia I would never die for my beliefs because I might be wrong. —Russell Topology 
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FIGURE 32. Plane and Point 


Let B = O, \ F, where F C O, is finite and (20, yo) € S\ B. If yo > 0, 
then {(Xo, yo)} is the open set not intersecting B. Let yo =0. Then O,,N B= F 
is a finite set. Define B,, = O,,\ F. Then B,9B = 9. Thus S is 0- 
dimensional, and hence, a T31-space. One easily verifies that for every real 
number z, N{O, \\ F: F Cc O, \ {x}} = {x}, and hence, S is T;. Thus S isa 
completely regular space. 


41.10. Example. Let S be as in the Example 41.9 and T = S'U {(0,—1)}. For 
every n EN, let U, = {(z,y): 2 >n,y > O}. Let T carry the topology determined 
by the basic open sets 4, U By U Z; where 


B; = 1, g) {(0, 1)} IME N}. 
The following lemmas show that T is regular but not completely regular. 


In the following discussion till the end of this section, H,, will stand for the set 
[n,n +1] x {0} and H =R x {0}. 





Proor. Lett BE 4,UA, andx eB. Thnx e BCBCB. Lett B= 
U, U {(0,1)}. Clearly, (0,1) € Unto C Un4o C Un. Thus T is T3. Since S' is an 
open 7\-subspace of T, T is 7). 














ProoF. Forn€N, G= f-\(-2, +) € Mao). Let B= Og F € & be such that 
BCG. Thus A, = {z € O, : |f(x)| > =} C F, and hence, is finite. Thus 


{ee 0,2 fe) 70} =UA,, 


which is at most countable. 

















PROOF. Suppose f((a,0)) =r #0. Let W = (r—- lp rly Then there is 


2° 2 
F CQO, such that f(O. \ F) C W. Thus only finitely many x € O, are such that 
f(x) =0, a contradiction. Thus f((a,0)) = 0. 

















Topology We are justified in calling numbers a free creation of the human mind. —Dedekind D.J. Karia 


176 $41. T; 1 and Completely Regular Spaces 








PRooF. It is sufficient to prove form =n+1. Let A = {(xx,0):k EN} C A, 
be such that f(A) = {0}. By the Lemma 41.12, for each k € N, there is at most 
a countable subset A, = {w € D,, : f(w) # O}. Let B = UR, {mi (w) : w © Ax}, 
where 71(x,y) = 2, ((z,y) € S). Let C = [n+1,n+2]\C. Let (2,0) € C. Then 
for each k € N, Dz, OV, is singleton, say Dz, AV, = {by}. But then f(b,) = 0. 
Thus there is a countably infinite set E = {b, :k © N} CV, such that f(£) = {0}. 
Hence by the Lemma 41.13, f(x,0) =0. Thus C C H,,4; and f(C) = {0}. Since 
C’ contains all but countably many points of H;4,, the result follows. 


PROOF. Consider the closed set F = Ho = [0,1] x {0} and x = {(0,—-1)}. 
Suppose there is a function f: T — [0,1] such that f(F’) = {0} and f((0,—-1)) = 1. 
But then f~1((0.5,1]) € %o,-1). So Hy, C f~*((0.5,1]) for some n. But then 
0 ¢ f(An) C (0.5, 1] and f(Ho) = {0}, a contradiction to the Lemma 41.14. Thus 
T is not T31. 


























Now we characterize the T31-spaces. 





PROOF. Suppose X is a T31-space. Let U be an open set and x € U. So, there is 
a continuous function f: X — [0,1] such that f(x) = 0 and f(y) = 1 whenever 
y €U. Thus z € f~'((0, 5)) Cc U. Thus U is open in the weak topology given by 
all real-valued bounded continuous functions on X. Clearly, since every real-valued 
bounded continuous function is continuous in the given topology, the weak topology 
is weaker than the given topology. 


Conversely, suppose X carries the weak topology given by all real-valued 
bounded continuous functions. Let F C X be closed anda € X \ F = U. Since U 








is open, there are bounded continuous functions f;, fo,..., fn, and bounded open 
intervals (a;,b;) C R such that a € N*_, f7 '((a:,bi:)) C U. For 1 <i <n, define 

(1) 9 =—fi, 

(3) ki = fi — ai, 

(4) Pi = max{hi, O}, 

(5) q = maxf{k;, O}, and 

(6) f = pipe: +: PnGig2*** In: 

K 


. Karia I’ve always been interested in using mathematics. . . Topology 
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Note here that each of p;,q;: X — [0,co), and so, f: X — [0,0o) is a bounded 
continuous function. Also, 


Nay (Cai, bi) = NeaLfz*((—00, bi)) OFF" (Cai, 00))] 
= MeilgF *((-8:, 00)) 9 F7"((ai, 00))] 
= NLi[h; *((0, 00)) Nk; *((0, 00))] 
= Nib; *((0,00)) Ng; *((0, c0))] 


Suppose y € X such that f(y) > 0. So, for every 2, p:(y), gi(y) € (0,00). Soy € U. 
Thus if y g U, then f(y) =0. Thus f(F’) = {0}. Since p;(x), q(x) > 0 for every 
i, f(x) > 0. Let f(X) C [0,c] and 0 <d= f(x) <c. Define r: [0,c] > [0,1] by 
£ ift<d; 
t = d? — ? 
ati 
and g(x) = 0, g(F’) = {1}. This completes the proof. 


and g = 1—rof. Then one easily verifies that g: X — [0,1] 

















41.17. Definition. Let I be a set. The product space [0,1]! is called a cube. 


Also for n €N, let I, = [0, +). Then [[P-., In is called the Hilbert cube. 





ProoF. If X c [0,1]/, then as a subspace of a completely regular space, X is 
completely regular. Conversely, suppose that X is completely regular. Then 
X has the weak topology induced by Cy(X,R). For f € C,(X,R), let Jy be a 
closed and bounded interval such that f(X) C J;. Then the evaluation map 
of Cy(X,R) to Tpeocx,py Jp, €: X > Tlpecycxp) Jy, defined by e(x), = f(z), 
(c € X, f € C,(X,R)), is an embedding. Since each J; is homeomorphic to [0, 1], 
we conclude that [];ec,x.z) J is homeomorphic to [0, 1]. 


























42. T, and Normal Spaces 


42.1. Definition. A topological space X is said to be a T-space if given 
disjoint closed subset E', F C X, there are open sets U,V C X such that 


SCcUuUrev anduny =v. 


A Ty-space, which is also a T,-space, is called a normal space. 








Topology ... to make the world work better. —Roth D.J. Karia 
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FIGURE 33. Schematic 7 -space 


42.2. Example. An indiscrete space is trivially 7,. But it is not 7,, and hence, it 
is not normal. 





ProorF. Let (X, 7) be a regular space. Let F C X be closed and « € X \ F. 
Since X is T;, FE = {x} is closed. Also, EM F' = 0. Thus there are two disjoint 
open sets U,V Cc X such that FE C U,F CU. But then x € U, F CV, proving 











that X is 73. Since a normal space is TJ), X is regular. 





42.4. Example. A 7)-space need not be 73. 


Consider the real line with the topology consisting of the empty set and sets of 
the form (a, oo) (a € R). Then there are no disjoint closed sets. So, R is vacuously, 
T;. On the other hand, (—oo, 0] is a closed set not containing 1 and these two 
cannot be separated by means of two disjoint open sets as no two nonempty open 
subsets of R are disjoint. 














PROOF. Suppose X is 7,. Let G be an open set and FE be a closed set such 
that E Cc G. Let F = X \G. Then F Cc X is closed and EMF. So there 
exist two open sets U,V C X such that E CU, F CV and UNV =9. Let 
H =U. Note that UNV =9%. So, H=UcCXWYV. Since X ~ V is closed, 





we get HC X\V=X\YV. Also, X\G=FCV. So, X\V CG. Thus 
BPCHCHEX SV CG. 


Conversely, suppose for every open set G C X and a closed set EF with 
E C G, there exists an open set H C X such that E C HC HCG. Let 
E,F CX be disjoint and closed. Let G = X \ F. Then G is open and EF CG. 
So, there exists an open set H C X such that FE CH C HCG. Let U =H and 
V=X\dH. Then ECU. AlsoH CG. So, FC X\H=V. Since H C AH, 
UNV=HAX\H=?. Thus X is J). 

















D.J. Karia First rate mathematicians choose first rate people,... Topology 
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ProoF. Let (X,d) be a metric space and E, F' be two disjoint closed subsets of X. 
Define f: X — [0,1] be f(x) = IGE (x € X). Then by the Corollary 28.7, 
f is continuous. Let U = f~'[0,0.5) and V = f71((0.5,1]). Then U,V are open. 
Alsoz € EF => d(z, FE) =0=> f(x) =0; so that x € U. Thus EF CU. Similarly, 


F CV. Thus X is Tj. 


42.7. Corollary. Every metric space is normal. 

















PrROooF. Let X bea 7, space and f: X — Y bea homeomorphism. Let FE, F Cc Y 
be disjoint and closed. Then f~!(£), f~'(F) are disjoint closed subsets of X. 
So, there exist two disjoint open sets U,V C X such that f~'(£) Cc U and 
f-'(F) CV. But a homeomorphism is an open map so that f(U), f(V) are open 
inY, Ec f(U),F Cc f(V). Since f is one-one, f(UU)N f(VV) = f(UNV) = 9. 











Thus Y is 74. 


42.9. Corollary. Homeomorphic image of a normal space is normal. 








ProoF. Let (X, 7) bea Ty-space and Y C X be closed. Let E, F be two disjoint 
closed subsets of Y. Then by the Proposition 13.10, E’, F' are closed subsets of 
X. Using the fact that X is 7), we get two disjoint open sets U,V in X such 
that EF CU,F CV. But then U; = UNY and V, = V NY are two disjoint open 











subsets of Y such that E C U,,F Cc V,. Thus Y is 74. 


42.11. Corollary. A closed subspace of a normal space is normal. 


In general, a subspace of a normal space need not be normal. Hence subspace 
of a Ty-space need not be 7,. Example of a 7y-space whose subspace is not JT) is 
easy. In fact, well within finite topological spaces we get such an example. However 
subspace of a finite normal space is a normal space. Indeed a finite normal space 
is discrete and every subspace of discrete space is discrete, and hence, normal. So, 
in order to find an example of a normal space whose subspace is not normal, we 
have to consider an infinite space. 





42.12. Example. Subspace of a 74-space need not be T4. 
Indeed let X = {a,b,c,d}. Consider the particular point topology, 
P= {0, Xx, {a}, {a, b}, {a, chs {a, d}, {a, b, Ch {a, b, d}, {a, C, d}}. 


Topology ... but second rate mathematicians choose third rate people. —André Weil D.J. Karia 
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Consider the excluded point topology, 

Ty = {0,X, {a}, {a, b}, {a, c}, {a,b,c}, {b}, fe}, {0, ch}. 
Let 

T= FN =40, 4,40) 410,0},1a,6},16,0.c}}. 


Then all nonempty 7-closed sets contain d. Thus we do not have two nonempty 
disjoint closed subsets. So, X is Ty. Let Y = {a,b,c}. Then 


Fy = {0, i, {a}, {a, b}, {a, Ch: 


Then {b},{c} are disjoint closed subsets of Y. But Y does not have disjoint 
nonempty open subsets. Thus Y is not 74. 





ProoFr. Let E CY. Since Y is discrete, E, Y \ E are closed disjoint subsets of 
Y. Since Y is closed, EF, Y \ E are closed in X. So, there are two disjoint open 
sets U(E), V(E) c X such that E C U(E),(Y \ E) C V(E). Define f: A(Y) > 
P(Z) by f(E) =U(E)NZ, (EF € A(Y)). Suppose LF, F CY and EY FF 9. 
Then U(E)NV(F’) 4 @. Since Z is dense in X and U(E)NV(F) is a nonempty open 
subset of X, U(E)NV(F)NZ #9. But then U(E)NV(F)NZ CU(E)NZ. Let 
xe€ ENF. Thenz €U(E). Asoxr €YVECV(F). Thus z €U(E)NV(F)NZ 
but ¢ g U(F)NZ. Thus f(£) = U(E)NZAU(F) OZ = f(F). That is, f is 
one-one. Hence |Y| < 2!¥! < 2/41, 














Proor. Let Z = Q x Q. Then any basic open set B = [a,b) x [c,d) contains 
infinitely may points of Z. Thus Z = X. 

Let Y = {(z,-—x): 2 € R}. Forz ER, {(z, —z)} = YN|z, x+1) x [-z, 1-2). 
Thus Y is discrete. Also, Y is closed. Since |Y| = |R| = ¢ = 2'4! = 2!8ol, Ry, x Ry 
is not 74. 
































42.15. Example. The topological space S defined in the Example 41.9 is not 
normal. Indeed again Z = S is dense in S and Y = R x {0} is discrete closed 
subspace with same cardinality. 





43. Characterizations of a T)-space 


The following Lemma uses a simple fact that a — 0. Recall that a dyadic 


rational number is a rational number of the form £, p € Z,n € NU {0}. 





D.J. Karia The only true wisdom is in knowing you know nothing. —Socrates Topology 
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ProorF. Let (a,b) C [0,1]. Let e = (b— a). Since & — 0, there is m € N such 
that sb <e. Let B= {k E NU {0}: & <a}. Let t=supB. Note that 0 € B, 
and B is finite so that om <a. If ts > b, then e = b—a < =4, a contradiction. 


qm 
Thus a < <b. This completes the proof. 














The following characterizes a 7, space in terms of separation by means of a 
continuous functions. 





PROOF. The first step is to inductively construct a family of open subsets of X. 
Define U; = X \ B. Let m = 1. Choose an open set U1 such that A C U1 Cc 


Ui Cc U,. In the next step, for m = 2, we construct Ui, Us such that 
2 2 











AcCU:1 CUi1 CUucMcUsU3 CU, 
32 32 3 3 2 32 





FIGURE 34. Urysohn Function 


Having constructed U_1 
gm-T 
so that 
AcU1 CU1i CU1_ CU1 CU8U 3: C Umer C U2 Umea CU, 
am am gm—1 am—T qm gm - gm am 


20 


,U_s_,...,Ugm-1_,, inductively, we construct U1 ,U3,...,U2m1 
gm-T “om—1_ an am 














Thus for every dyadic rational number ( 0<r <1, we have constructed U, such 
that O<r<s<1=5ACU,CU, CU, CU,. Define f: X - [0,1] by 


fore A if Z U,; 
7 inf{r:2¢€U,}, ife eu. 


Let « € X. Suppose f(x) = 0 and [0,a) C [0,1]. Then let r € [0,a) be a dyadic 
rational number. Then x € U, and f(U,) Cc [0,r] C [0,a). Suppose f(x) = 1 
and (a, 1] C [0,1]. let r € (a, 1] be a dyadic rational number. Then x € X \ U, 
and f(X \ U,) C [r,1] Cc (a,1]. Suppose f(x) € (a,b) C [0,1]. Let r,s € (a,b) 
be dyadic rational numbers such that a < r < f(r) <s <b. Then z €U,\ U, 











Topology Nothing new had been done in Logic since Aristotle! —Gédel D.J. Karia 
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and f(U, \ U,) C (r,s) C (a,b). Thus f is continuous. Clearly, f(A) = {0} and 
f(B) = {1}. This completes the proof. 

Conversely, let A, B be two disjoint closed subsets of X. Let f: X — [0,1] be 
a continuous function such that f(A) = {0}, f(B) = {1}. Then U = f7~1((0,0.5)) 
and V = f~1((0.5, 1]) are disjoint open subsets of X such that ACU, BCV. 














Now the following is at once because singletons are closed in a normal space. 


43.3. Corollary. A normal space is completely regular. 


In view of the above corollary and the Theorem 41.2, the following is at 
once. 


43.4. Corollary. A subspace of a normal space is completely regular. 





PROOF. Suppose for every closed subset A of X, every continuous function f: A > 
[—1,1] admits a continuous extension to whole of X. Let E,F be two disjoint 
closed subsets of X. Clearly, yr: EU F — [-1,1] is continuous, and hence, it 
admits a continuous extension f to whole of X. But then by the Urysohn’s Lemma, 
X is T4. 

Conversely, suppose X is T,. Let A C X be closed and f: A > [—1,1] be 
continuous. Let 


F,={xeA: f(z) <—t} and Fy = {xe A: f(x) > 4} 


and f,: X — [—4,3], a continuous function, such that f,(£1) = {—}} and 
fi(fi) = {3}. Let 9: = f — f; on A. Then clearly, for z € A, 


Jn(o)| = [f(@) — Ale) <2 
Again let 
Ey = {x € A: g(c) <-S} and p= {xe A: g(x) > SZ} 


and f2: X — [-4, 4], a continuous function, such that f2(Z2) = {-4} and 
fo(F) ={S}. Let 9 = 9 -— fo = f — fi — fo on A. Then clearly, for x € A, 


Ig2(x)| = |f (x) — f(z) — fal) < 3)? 
Continuing inductively, for every n, we get two disjoint closed subsets E,,, F;, C A, 
and hence, of X, a continuous function f,: X — [— an = | such that f(E,) = 
{-"2+}, fi) = ah taking gn = Jn—1 — fn on A, we have for x € A, 

\gn(a)| = |f (x) — fila) — fo(x) — +++ — fr(a)| < 3)” 
Define Ff’: X — [-1,1] by F(x) = 7°, fa(x), («@ € X). Then clearly, for x € A, 
f(z) — F(z) = f — Sh faz) = 0. 


D.J. Karia Every good mathematician should also be... Topology 
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To prove the continuity of f on X, let x € X and ¢ > 0 be given. Let N E N 
be such that yeaa)” < 5. Using the continuity of f,, choose U;, € Y, such 
that y € Un => |fa(x) — faly)| < & for n = 1,2,3,...,N and let U = n2_,U,. 
Then 


P(e) — FO < Do Lfale) ~ fala) + y Q)<e. 


n=N-+1 











This completes the proof. 


43.6. Remark. There is nothing great about [—1,1]. In the notation of the 
Tietze’s extension theorem, 


(1) Let f: A> R. Let h: R > (1,1) be a homeomorphism. Then k = 
ho f: A— (-1,1) C [-1,1] is a continuous function. Considering k: A > 
[—1, 1], and applying Tietze’s extension theorem, we get a continuous ex- 
tension F': X + [—1,1] of k. Let B = F~!({—1,1}). Then B is closed and 
ANB =0. Let H: X — [0,1] be a continuous function such that H(B) = {0} 
and H(A) = {1}. Then G = F'. H: X — (1,1) is a continuous function 
and H(z) = F(x)H(x) = F(x) = k(z), if x € A. Now let K = h' od. 
K(x) = h-+(A(2)) = h-l(k(2)) = h-*(A(f(z))) = f(z) for every x € A. 
Thus K continuously extends f. 

Applying the same trick as in the above, we can continuously extend any 
continuous function f: A — B, where B is any of a, b], (a, b), (a, 00), (—0o, a). 











—— 
iw) 
SS 


Problems 


234. Show that a topological space is 7, if and only if given two disjoint closed 
subsets FE, F' of X and real numbers a < 6, there is a continuous function f: X > 


[a, b] such that f(A) = {a} and f(B) = {bd}. 





Topolo ... a good chess player and vice versa. —Henry Poincaré D.J. Karia 
pology gS play: 
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Countability and Compactness 


In this chapter we shall revisit the countability axioms. Recall the Defini- 
tion 11.1 that a topological space is first countable if it has a countable local base 
at each of its points and is second countable if it has a countable base. As the 
Theorem 11.3 states, every second countable space is first countable. However an 
uncountable discrete space is first countable but not second countable. 


44. First and Second Countable Spaces 





ProoF. Let X be a first countable space and Y Cc X. Let 4, be a countable 
local base at x. Then 4,y ={BNY:Be€ &,} is a countable local base at x in 
Y. Thus Y is first countable. 

















Proor. Let X be a second countable space and Y Cc X. Let & be a countable 
base for X. Then 4 = {BONY : Be &} is a countable base for Y. Thus Y is 











second countable. 





An arbitrary product of first countable spaces need not be first countable. 











44.3. Example. Let J = R and for every i € J, let X; = R. Then R® = [],<; X; 
is an uncountable product of first countable spaces. We show that it is not first 
countable. Suppose Bo = {B,, : n € N} is a local base at 0 in R®. Then for every 
néN, A, = {r EN: 7,(B,) 4 R} is finite. Consequently, x € R® defined as 


: if r € UA); 
= 











1, ifr gUA,, 








is in every B,. Thus R® is not T;, a contradiction. Thus R® is not first countable. 
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The following Example is at once now. 


44.4. Example. A product of second countable spaces need not be second 
countable. 


However we have the following. 





PROOF. Suppose that X is first countable. Since each X; is homeomorphic to a 
subspace of X, and since subspace and homeomorphic image of a first countable 
space are first countable, it follows that each X; is first countable. 


Let K = {i € I: X; is not indiscrete}. For each i € K, choose a nonempty 
proper subset U; € 7;. For i ¢ K, let U; = X;. By axiom of choice, let x € X 
be such that x; € U; for every i € I. Let &, = {B, : n € N} be a local base at 
x. Clearly, I, = {1 € I: 1;(B,) # X;} is finite, and hence, J = Ul, is at most 
countable. Fix p € K, then x € 7, '(U,), and hence, there is n € N such that 
Bn C m'(Up). Applying 7, on both the sides, we see that (Bn) C Up & Xp. 
Thus p € J. Consequently, K C J. This proves that at most countably many 
factor spaces are nontrivial. 


Conversely, suppose each X; is first countable and all but countably many 
X; are indiscrete spaces. Let K = {i € I: X; is not indiscrete}. Let x € X. For 
every i € K, let &; be a countable local base at x;. Let 


By = {Nam;, (Bi) -kKEN, OF Ee K, Be € Bet 


Clearly, A is countable. For every U € %, let i1,%2,...,%% € I be such that 7;,(U) 
is a proper subset of X;,. Then there are B;, € 4, such that x,;, € Bi, C Ui,. 
Hence x € M_17;,'(Bi,) CU. This proves that #, is a local base at x. 


7] 

















PROOF. Suppose that X is second countable. So, it is first countable. Hence all 
but countably many factor spaces are trivial. Also, since each X; is homeomorphic 
to a subspace of X, and since subspace and homeomorphic image of a second 
countable space are second countable, it follows that each X; is second countable. 


Conversely, suppose each X; is second countable and all but countably many 
X; are indiscrete spaces. Let K = {i € I: X; is not indiscrete}. For every i € K, 
let @; be a countable base at x;. Then 


B= {17;,'(Bi,) : Bi, € Bi, for every i, € K,n € N} 














is a countable base for the product topology. This completes the proof. 





Topology The longer mathematics lives the more abstract... D.J. Karia 
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44.7. Example. The ordered topological space [0,w,], where w, is the first 
uncountable ordinal, is not first countable. Indeed, suppose &,,, = {B, :n € N} 
is a local base at w ;. Since the basic open sets containing w, are of the form 
(a, 00) = (a, wu], (a € [0,w1)) we get a1, a2,a3,--- € [0,w1) such that (a,,01] C Br 
for alln € N. Since a, € [0,«1), (—00, an] = (—co,an + 1) is countable for 
the successor a, + 1 of dn. Thus U%,(—00, a] is countable. Since (—oo, w) 
is uncountable, there is a € (—00,w1) \ U%(—00, an]. Clearly, (a,w1] is a 
neighbourhood of w 1, that does not contain any B,,. This contradiction establishes 
that [0,w,] is not first countable. 


45. Separable Spaces 





45.2. Example. 
(1) A countable set with any topology is separable. 


2) IR” is separable as Q” is a countable dense subset. 
R/ is separable as Q” is a countable dense subset. 
An uncountable set with cocountable topology is not separable. 


) 
) 
) 
) A cofinite topological space is separable. 
) 
) 





A finite space is separable. Indeed the whole space is a countable dense set. 
A countable space is separable. Indeed the whole space is a countable dense 
set. 


( 

(3 
(4 
(5 
(6 
(7 


45.3. Example. A subspace of a separable space need not be separable. 




















Indeed Ry x Ry is separable as Q x Q is a countable dense subset of Ry x Ry. 
However {(a,—a) : x € R} is an uncountable discrete subspace of Ry x Ry. 

















PrRooF. Let X,Y be two topological spaces and f: X — Y be an onto continuous 





function. Let A C X be dense in X. Then Y = f(X) = f(A) C f(A) CY shows 
that f(A) is dense in Y. If X is separable, we can choose A to be countable, and 
hence, f(A) is a countable dense subset of Y. 




















Proor. Let x € X and U € &%. Since U; = 7;(U) is open, there is y; € U;N A. 











Clearly, y€ UMA. This completes the proof. 


45.6. Corollary. A finite product space is separable if and only if each factor 
space is separable. 


D.J. Karia ... and therefore, possibly also the more practical it becomes. —Bell Topology 
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The following example and the Theorem following it show that an uncountable 
product of separable spaces may or may not be separable. 


45.7. Example. Let J 4 and for each i € I, X; = {a,b} with Z = {0, X;, {a}}. 
Let x € X = []je,X; be defined as x; = a, (i € J). Let W = 2;'(U) be any 
subbasic neighbourhood where U C X; is open. Clearly, x € W. Thus {x} is 
dense in X. Thus X is separable. 





PROOF. Since continuous image of a separable space is separable, each X; is 
separable. For each 1 € K choose two nonempty disjoint open sets U;, V; C Xj. 
This can be achieved by taking two points in X; and separating them by means 
of open sets using the fact that X; is Hausdorff. Now let D C X be a countable 
dense subset of X. For each 7 € J, let 


G;={xeED:a (x) €U;}, H,={ce D:1,(x) ¢ U;} 


choose y € DNn;, (Uj) M77 (Vj). Thus y € G; and y ¢ G;. Thusi 4 j > Gj # Gj. 
That is, {G;:i € I} are distinct subsets of D. Thus |K| < 2!?! = c. 


Note that for i 4 j, 7) 1(Ui) M m5 (Vj) is a nonempty open set, and hence, we can 














Since the product with a singleton does not alter the product, we can omit 
them. Thus essentially we proved the following. 





The converse is essentially due to Pondiczery [Pon44] and the proof presented 
here is due to Marczewski [Mar47] from Ross and Stone [RS64]. 





ProoF. If J is finite, we are done. So we assume that J is infinite. Also, since 
|Z| <c, we can assume that J C R. Since J is infinite, we can assume that I is 
dense in R. For each i € I, let D; = {x', : n = 1,2,3,...} be a countable dense 
subset of X;. Define 





Pht SS (Hirai cag Pei hi hen een) oe © OL = Tea = Ny St 





Topology False words are not only evil in themselves, but they infect the soul with evil. —Socrates D.J. Karia 
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For every r € P, define 


Ze, if i € (—00, 11]; 
x= 4x4, if t € (Tm-1, Tm); 


Lens tS (rp5 00). 


Then {x, : 7 € P} is a countable subset of X. Let U = M7_y7;, ‘(U;,). Rearranging, 
if needed, we assume that 71 < t2 < i3 < ++: < in. Choose r € P such that 
te Th Oe ae eg a et Ns For 1 < 7 < n, choose 
x; € Di, 1U;,. Then x, € U. Thus {x,: r € P} is dense in X. 

















PrROoF. Let X be a topological space with base &. Choose xg € B for every 
Be Band lett A= {rg: BE B}. Let U C X be open and « € U. So, there 
is B € @ such that x € BCU. But then rg € UNA. Thus A is dense in 
X. Consequently, when X is second countable and ¥ is countable, then A is 











countable, and hence, X is separable. 





45.12. Example. Let X be an uncountable set with the cofinite topology .7,. 
Let A Cc X be countably infinite. Then clearly, A is dense in X. But as noted in 
the Example 19.12, X is not second countable. 





ProoF. Let (X,d) be a separable metric space. Let A = {x, : n € N} bea 
countable dense subset of X. Define 


B={Btp,r):nEN,r >0,r € Q} 


Let U be an open set and x € U. Let B(z,e) C U. Choose x, € B(x, 4) and 
re On (4,2). Then fory € B(g,,7) = d(z,y) < d@,@,)-+d@.,9) < G+ 5 <<. 
Thus B(z,,7r) C B(a,e) C U. Thus & is a base for the topology induced by the 
metric. 














46. Lindelof Spaces 








D.J. Karia When the mind is thinking, it is talking to itself. —Plato Topology 
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46.2. Definition. Let (X, 7) be a topological space and Y C X. Let # bea 
cover for Y in X. &@ is called 


(1) a finite cover if I is finite. 
(2) called a countable cover if I is countable. 
(3) an open cover for Y in X if each G; € # is open in X, that is, if WC J. 


6 C @ is called a subcover of & if © is also a cover for Y. 





The very first task at our hand is to remove the redundancy of the phrases 
open cover “in X” and “in Y”. 





ProorF. Let Z be Lindelof in Y. Let & = {G; : i € I} be an open cover for Z in 
X. But then 


ZLOLZAYC (UierG;) NY = Vier (Gi mM" Lae (46.4.1) 


Since G;M Y is open in Y for each 7 € I, we conclude that H ={G;NY :i€ I} 
is an open cover for Z in Y. Since Z is Lindelof in Y, there is a countable subcover 
C6 ={Gi,1Y :k © N} of H. Consequently, @y = {G;, : k € N} is a countable 
subcover of # in X. 


Conversely, suppose Z is Lindelof in X. Let & = {U; : i € I} be an open 
cover for Z in X. But then for each 2, there is an open set G; in X such that 
U;=G, NY. Hence, Z C Vier(Gi NY) C UierG;. Thus ay = {G;,:1€ I} is an 
open cover for Z in X. But the Lindelofness of Z in X gives a countable subcover 
6 ={Gi, :k € N} of &y in X. Consequently, as in (46.4.1), @ = {Ui, :k € N} 
is a countable subcover of # in Y. 


46.5. Example. 


(1) An indiscrete space is Lindel6f. 
(2) A discrete space is Lindel6f if and only if it is countable. 
(3) If a topology or the set in a topological space is countable, then it is Lindelof. 














46.6. Example. A cofinite space is Lindeléf. Indeed let X be a cofinite space and 
x € X. Let & be an open cover for X. Then there is G € & such that x € G. 
Since X carries the cofinite topology, X \ G = {21,22,...,%n}, a finite set. But 
then we can choose Gj,G2,...,G, € ZF, such that x; € G; for every 1 <i<n. 
Thus X C GU U;_,G;,. Thus X is Lindelof. 





ProorF. Let (X, 7) be a second countable space with countable basis 4 = {B,, : 
n © N}. Let x = {G; : i € I} be an open cover for X. For n € N, define 





Topology If only I had the theorems! Then I should find the proofs easily enough. —Riemann D.J. Karia 
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B={iEl:B, CG}. Let J={neENn: Y #O}. For every n € J, choose 
in € @, and let @ = {G;,,:n € J}. Now let x € X. Then there is 7 € J such that 
x €G;. But then there is n € N such that « € B, C G,;. But then x € B, C Gi,. 
Thus U@ = X. This completes the proof. 














46.8. Example. A Lindel6f space need not be second countable. Indeed, let X be 
an uncountable set with the cocountable topology %. Let # = {G;:i € I} be an 
open cover for X. Choose a nonempty G;,, € @. Then X \ Gi, = {rn : n € N}, 
a countable set. For each n € N, choose G;, € & such that x, € G;,. Then 
X = Gi, U {an :n € N} C UM Gi. Thus X is Lindelof. Suppose X is second 
countable. So, X separable. Let E C X be a countable dense subset. But in a 


cocountable space every countable set is closed. Thus X = EF = E, a contradiction, 
because X is uncountable. 





ProoF. Let (X,.7) be a Lindeléf space and Y C X be closed. Let # = {G; : 
i € I} be an open cover for Y. Let #’ = {U C X : U = G; for some i € I or 
U=X\Y}. Clearly, X =YUXNY CUMUXS\ Y = Um’. Thus #' is an 
open cover for X. Let @ be a countable subcover of <&. That is, @ is countable 
and X C @. Removing X \ Y from @ if it is there, we see that the resulting 











family is a countable subcover of .%. This completes the proof. 








PRroor. Let & be an open cover for X. So, @ is an open cover for each A,. 
Consequently, it will have a countable subcover &%, for each of A,. Thus U%,.%, 











is a countable subcover of & for X 











PRroor. Let & be an open cover for [0,1] in Ry. Let A = {s € (0,1]: [0,5] can 
be covered by countably many members of 2}. We show that 1 € A. 


First observe that A 4 @. For that, let G © #@ such that 0 € G. But G is 
open. So, there exists an interval [a,b) such that 0 € [a,b) C G. If 1 < b, then 
[0,1] c [a,b) C G, and so, 1 € A. If b < 1, then [0, 8] c [a,b) C G. Thus 4 € A. 
Hence A #4 @. Thus [0,7r) is covered by countably many members of &. Thus 
rea. 


Now let r = sup A. Clearly, 0 <r <1. We claim that r € A. Let 0<a<r. 
So, a is not an upper bound of A. Hence, there is b € A such that a < b. But 
then [0,a) C [0,6), which is covered by countably many members of &. Let 
G € & be such that r € G. Hence, [r,r+e) CG. If r < 1, then [0,r + §) is 
covered by countably many members of < and hence r is not the supremum of 





D.J. Karia Men pass away but their deeds abide. —Cauchy Topology 
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A, a contradiction. Thus r = 1. Hence [0, 1] can be covered by a countably many 
members of A. Thus [0,1] is Lindelof with the lower limit topology. 














46.12. Corollary. For —oo <a <b < o, [a,}| is Lindeléf with the lower 





limit topology. 


PROooF. Indeed [a, b] = [0, 1], where both carry the lower limit topology. So, the 
result follows. 


46.13. Corollary. Ry is Lindeldf. 


PRooF. Indeed, the result follows by expressing R = Unez[n,n + 1] and applying 
the Proposition 46.10 and the Corollary 46.12. 





























46.14. Corollary. [a,b) with the lower limit topology is Lindeldf. 


PROOF. Since a closed subspace of a Lindeldf space is Lindeldf the result follows. 

















ProorF. Let (X,-7) be a Lindelof 73 space. Let E', F be disjoint closed subsets 
of X. For every x € E, we note that x € X \ F. Therefore, there is an open set 
U, such that x € U; C U; C X \ F. By Lindeléfness of E, there are U;, U2,... 
such that F C UP?) U,, and 


U, C U, C X ~ F, that is, for every n, F C X \U,. (46.15.1) 


The similar argument applied to each F’, we get Vi, Vo,... such that FC UP Vy, 
and 


V, CV, CX ~\E, that is, for every n, EC X \ Vp. (46.15.2) 
Let 

Gn = Un N(X \ Vi) A(X Va) N+ (XS Va) 
and 

Ay =VpaN(X ~ 1) 7 (Xs 0a) N= (XS U,). 


It is clear from (46.15.1) and (46.15.2) that FE C U%,G, and F C Ue, H,. Also 
for any n >m, 


Ga Nidg=Ue | alk SI Vai & o)| 
CULnVATtx § VA) SHES o. 


Similarly, for m > n also G,N Hy, = 0. Thus (U%,G,) N (US, An) = 0. Thus X 
is normal. 
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46.16. Corollary. A Lindeldf regular space is normal. 


Since every second countable space is Lindelof, the following corollaries are 
at once. 





46.19. Example. A separable topological space need not be Lindelof. Indeed 
Ry, x Re is separable because Q x Q is a countable dense subset of Ry. On the 
other hand, if it is Lindeldf, then also being regular, it would be normal by the 
Lemma 42.14. But as we know, it is not normal. 

















Proor. Let (X,d) be a Lindelof metric space. Since X is Lindel6f, for every 
n EN, the open cover &, = {B(x,+) : z € X} for X has a countable subcover, 
say B, = {B(x?, +) : j © N}. Let 


B={B(x;,-):j5,n € N}. 


1 
Clearly, & is countable. Let GC X be open and x € G. Choose n € N such that 
B(x, 4) C G. Choose B(#;", ¢.) such that 2 € B(x", g.). Then 


j ?4n 
1 1 1 
4n 1 An 4n 
y € Bx; tin) = Ux, y) < d(x, £5 )+d(z; Ws a = 


Thus z € B(«”, .) C B(x, +) CG. Thus X is second countable. 














Combining the results so far, we summarize the following. 


46.21. Corollary. Let (X,d) be a metric space. The following are equivalent. 
(1) X is Lindeléf. 


(2) X is second countable. 
(3) X is separable. 





PrRoor. ™=(1)=(2) follows from the Theorem 46.20. 
1=(2)=-(3) follows from the Theorem 45.11. 


t=(3)=(2) follows from the Theorem 45.13. 











r=(2)=(1) follows from the Theorem 46.7. 





47. Compact Spaces 
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As in the case of Lindelof spaces, here too the very first task at hand is to 
remove the redundancy of the phrases open cover “in X” and “in Y”. 





Proor. Let Z be compact in Y. Let & = {G;:i € I} be an open cover for Z in 
X. But then 


ZLOLZAYC (UierG;) NY = Vier (G; a) ap (47.2.1) 


Since G;M Y is open in Y for each 7 € I, we conclude that A ={G;NY :i1€ I} 
is an open cover for Z in Y. Since Z is compact in Y, there is a finite subcover 
6 ={Gi,NY:1<k<n} of H. Consequently, Gy = {Gi,:1<k<nhisa 
finite subcover of &. 


Conversely, suppose Z is compact in X. Let & = {U; : 1 € I} be an open 
cover for Z in X. But then for each 7, there will be an open set G; in X such that 
U; = G; OY. Hence 


Thus “y = {G;: i € I} is an open cover for Z in X. But the compactness of Z is 
X gives a finite subcover @ = {Gi : 1 <k <n} of &, in X. Consequently, as in 
(47.2.1), @& = {U;,:1<k <n} is a finite subcover for Z in Y. 


47.3. Example. 


(1) An indiscrete space is compact. 

(2) A discrete space is compact if and only if it is finite. 

(3) If a topology or the set in a topological space is finite, then it is compact. 
(4) Re is not compact because {[n,n + 1)Ln € Z} is an open cover for Ry that 
does not have finite subcover. 




















47.4. Example. A cofinite space is compact. Indeed let X be a cofinite space and 
x € X. Let & be an open cover for X. Then there is G € & such that x € G. 
Since X carries the cofinite topology, X \ G = {21,22,...,%n}, a finite set. But 
then we can choose Gj, G2,...,Gn € FZ; such that x, € Gy for every 1<k <n. 
Thus X C GUU_,G,. Thus X is compact. 





ProorF. Let (X,7) be a compact space and Y Cc X be closed. Let # = {G; : 
i € I} be an open cover for Y. Let #’ = {U C X :U =G; for somei € I or 
U=X\Y}. Clearly, X =YUXNY =UMUXS\ Y = Um’. Thus #’ is an 
open cover for X. Let @ be a finite subcover of .%. That is @ is finite and X C @. 
Removing X \ Y from @, if it is there, we see that the resulting family is a finite 











subcover of <. This completes the proof. 








Topology The whole is more than the sum of its parts. —Aristotle D.J. Karia 
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PrROooF. Let X be a 75-space. Let F C X be compact and x € X  \ F. For every 
y € F, using the Hausdorffness of X, we get two disjoint open sets U,,V, such 
that « € Uy, y € Vy. F being a compact and {V, : y € F'} being an open cover 
for F’, there are ¥1, Y2,---, Ym € F such that F C Uf_,Vy,. Let U = Mg_,Uy, and 
V = Us_Vy,. Then U,V are open sets, x € U and F CV. Suppose z eUNV. 
Then z € Vy, for some k. But z€ U > z € Uy, for every k. Thus z € Vy, NUy,, a 











contradiction. Thus UNV = @. 


47.7. Corollary. A compact To-space is regular. 


PROOF. Let X be a compact 75-space. Since every 7T>-space is 7,, we need only 
to prove that X is T3. Let F C X be closed and x € X \ F. Then by the 
Theorem 47.6, there are two disjoint open sets U,V in X such that x € U and 
F CY. Thus X is 73. Since every Th, space is 7), so is X. Hence X is regular. 

















47.8. Example. A Lindel6f subset of a 7>-space need not be closed. 


indeed recall that Ry is Lindelof and [0,1) is a Lindelof subset of Ry. Hence, 
being a continuous image of a Lindeldf space, [0,1) is a Lindelof subset of R with 
the usual topology. But it is not closed. 














PROOF. Let X be a compact 7>-space. Then X is regular. We need only to 
prove that X is 7,. Let E,F C X be disjoint closed subsets of X. For every 
y € F, using the regularity of X, we get two disjoint open sets U,, V, such that 
ECU,, y € Vy. Being a closed subset of a compact space, F’ is compact and 
{V, : y € F} is an open cover for F’. Consequently, there are yi, y2,---,Yn € F 
such that FC UR_,Vy,. Let U =M~_,Uy, and V = UR_,Vy,. Then U,V are open 
sets, # C U and F C V. Suppose z € UNV. Then z € V,, for some k. But 
z€U>2z€U,, for every k. Thus z € Vy, NUy,, a contradiction. Thus UNV = 9, 
and hence, X is regular. 

















ProoF. Let X be a topological space. It is sufficient to prove that union of two 
compact subsets of X is compact and the general case follows by induction. Let 
A,B CX be compact. Let & = {G; :i € I} be an open cover for AUB. So &# is 


an open cover for A as well as for B. So, there are Gi;,,Gi,, Gi,,...,G;,, such that 
forsome 1<k<nAc UR_ 1G, and BC Uji441Gi;. Thus AU B C UF_,Gi, and 
so, {Gi,:1< 7 <n} is a finite subcover of & for AU B. 
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ProoF. Fix E,;. Each £;, being a compact subset of a Hausdorff space, is closed. 
Hence by the Theorem 47.6, ME; is a closed subset of E;. So, NE; is compact by 
the Theorem 47.5. 














The following example shows that intersection of compact subsets need not 
be compact in non-Hausdorff spaces. That is, the condition that Y is Hausdorff 
cannot be dropped from the Lemma 47.11 


47.12. Example. Let 7 be the topology on N generated by the base Z,, = {{n} : 
néEN,n>3}U {NX {1}, NX {2}}. Then N is compact. Indeed Given any cover 
A for N, pick G1,G2 € & such that 1 € G1,2 € Gy. Hence N C G; UG. Let us 
also note that N \ {1}, NX {2} are compact subsets of N but their intersection, 
N\ {1,2}, is not compact. 


The following is an in-house application of the Theorem 47.6. 





PRooF. Clearly, @ and X are in Ape. Let {G;: i € I} C Ape. Let G; F O. 
So, X \ G; is 7-compact. Note that for every G € Apr, either X . G = X or 
X\G is a Z-compact subset of X. Since (X, 7) is To, its compact subset must 
be Z-closed. Hence X \ G must be 7-closed. Fix 7 € I such that X \ G; is 
ZF-compact. Then X \ UjerGj = A(X \ G;) is a Z-closed subset of the Zcompact 
set X \ G;. Therefore, X \ UjerG; is Z-compact. Thus UG; € Zp. Also, let 
G,He J. If GUH =9, we are done. Otherwise X \ G, X \ H are Z-compact. 
Hence X \ (GN H) = (X \ G)U(X \ FH) is compact. Hence GN H € Apr. Thus 
Toy, is a topology. 

Let 9A GE Zu. Then X \ G is F-compact. Since (X, 7) is Hausdorff, 
X\G is Z-closed. So, G € F. Now let # be an A y-open cover for X. 
Let OA Ge wom. So, #' = oH ~ {G} is a Fp-open cover for X \ G. Since 
Toy < FT, A' isa F-open cover for X \ G, which is 7%-compact. Thus there are 
G1, Go,...,Gn € LZ C AM such that X \ G C UZ, G;. Thus {G, Gi, Go,...,Gn} 
is a finite .Z%-open subcover of & for X. Thus (X, Ap) is compact. 

If ZY = Lg, then by the compactness of (X, Zp), (X, 7) is compact. Now 
assume that (X,.7) is compact. Let Ge 7. Then X \ Gisa F-closed subset 
of the compact space (X, 7), and hence, X \ G is Y-compact. Thus G € Zp. 
This completes the proof. 
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PRoorF. Let X be a compact space and Y be a topological space. Let f: X — Y 
be an onto continuous function. Let & = {U; : i € I} be an open cover for Y. 
Hence, 


Kel (Y) af Ual) = Wal: 


Since f is continuous, {f~'(U;) : 7 € I} is an open cover for X. Since X is compact, 
there are i1,%2,...,%, € I such that X = U?_,f71(U;,). But then 


Y = f(X) = f(URal™ Ui) = gat (F(a) C Up Uan- 














47.15. Corollary. Let 4%, % be two topologies on a set X such that A < JZ. 


If (X, Z) is compact, then so is (X, AH). 





ProoF. Indeed, (X,“) is a continuous image of (X, %) under the identity map 
ix: (X, %) > (X, A). Hence the result follows. 














47.16. Corollary. Homeomorphic image of a compact space is compact. 


The following is an automatic continuity result of the inverse of a bijective 
continuous map. 





PROOF. Let X be a compact space, Y be a Hausdorff space and f: X > Y bea 
bijective continuous map. Let F' Cc X be closed. Then it is compact. But then by 
the Theorem 47.14, f(F') is compact. Since Y is Hausdorff, by the Theorem 47.6, 
f(F) is closed. Thus f is a closed map, and hence, a homeomorphism. 














47.18. Example. In the square X = [0,1] x [0,1] define (0,t) ~ (1,t) for (0 < 
t <1). Then the resulting quotient space X/~ is homeomorphic to the cylinder 
S' x [0,1]. Indeed define f: X + S* x [0,1] by f(s,t) = ((coss, sins), t) = (e’’, t), 
(s,t) € X. It is clear that (s,t) € X + (coss,sins) € $1 and (s,t) Ee XHteE 
(0, 1] are continuous and hence by the Theorem 22.9, f is continuous. But then 
since X is compact and S' x [0,1] is Hausdorff, f is a closed map. Hence by 
the Theorem 21.26(2), f is a quotient map. Thus X/{~} is homeomorphic to 
Si x (0, 1 


47.19. Definition. Let X bea set and ¥ bea collection of subsets of X. We 
say that ¥ has the Finite Intersection Property (FIP) if every finite subfamily of 


F has nonempty intersection. That is, if A,, Ao,..., An € F, then NL, A; £ 0. 
In this case, we also say that -¥ is with FIP. 
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PRooF. (1) = (2) Suppose X is compact and ¥ is a family of closed subsets 
of X with FIP. Suppose, if possible, that N.Y = @. Define 


A={X\E: EE Fy}. (47.20.1) 


Then is a collection of open subsets of X. Also, 
UW = Unc9e(X \ E)=X\Necexvb =X \NF =XW~G. 


Thus & is an open cover for X. Since X is compact, there are E), Eo,...,E, © F 
such that U%_,(X \ E;) = X. Hence 


ia ee eRe aa Xs Bex 4 =, 
a contradiction as Y has FIP. Thus our supposition is wrong. Thus n.F 4 0. 


u=(2) = (1) Suppose every family of closed subsets of X with FIP has nonempty 
intersection. Let / be an open cover for X, Define 


F={Xv\E: EE aH}. 
Then -F is a collection of closed subsets of X. Also, 
nF ]=Upey(X & Bea X s Upee fi SH X SUS XK XK HT, 


Thus intersection of whole family ¥Y is empty. Hence, -¥ cannot have FIP. So, 
there exist E,, Ey,...,E, € @ such that n¥_,(X \ E;) = 0. Hence U*_,E; = X. 
Thus {£, Fo,..., E,} is a finite subcover of <. Hence X is compact. 

















ProoF. Let (X,d) be a metric space and F Cc X be compact. Fix « € X. Then 
clearly, & = {B(x,r):r > 0} is an open cover for F’. So, it has a finite subcover. 
Say, {B(x,rz,) : k =1,2,3,...,n}. Without loss of generality we can assume that 
r, > rx for every k = 2,3,...,n. But then F Cc Uf_, B(a, rx) C B(x, ri). Hence F 
is bounded. Clearly, since a metric space is Hausdorff, F’, being a compact subset 











of a Hausdorff space, is closed. 


47.22. Corollary. A compact subset of R is closed and bounded. 


The important fact is that converse to the Theorem 47.21 is not true but the 
converse to the Corollary 47.22 is true and is known as the Heine-Borel Theorem. 
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ProoF. Let & be an open cover for [0,1] in R. Let A = {s € (0, 1] : [0,5] can be 
covered by finitely many elements of 2}. We show that 1 € A. 


First observe that A 4 @. For that, let G € # such that 0 € G. But G is 
open. So, there exists an open interval (a,b) such that 0 € (a,b) CG. If 1 < , 
then [0,1] C (a,b) C G, and so, 1 € A. If b < 1, then [0, 8] c (a,b) C G. Thus 
eA. Hence AF 9. 


Now let r = sup A. Clearly, 0 <r <1. Fix Go € & such that r € Go. Hence 
there are do, bo such that r € (ao, bo) C Go. Without loss of generality, we assume 
that 0 < ag. Suppose, if possible that r ¢ A. Since ag is not an upper bound 
of A, there is c € A such that ag < c. Hence [0,c] can be covered by finitely 
many members of <&. Consequently, [0,7] C [0,c] U (a., bo) C [0,c] U Go. Hence 
[0,7] can be covered by finitely many members of &. Assume that r < 1. Then 
[0, *4"2] c [0,r] U Go can be covered by finitely many members of “ and so r 
is not the supremum of A, a contradiction. Thus r = 1 and hence [0,1] can be 
covered by finitely many members of <. This completes the proof. 














47.24. Corollary. [a,b] is compact. 


ProoF. Follows from the fact that f: [0,1] — [a,b] defined by f(t) = (b—a)t+a, 
(t € [0, 1]), is a homeomorphism. 

















Proor. Let E C R be closed and bounded. So there is r > 0 such that E C [0,7]. 
Hence F is closed subset of {0,7r]. Since [0,7] is compact, E is a closed subset of a 
compact space, and hence, is compact. 




















PrRooF. Let X be a compact space and f: X — R be a continuous function. So 
f(X) is compact, and hence, bounded. Thus f is bounded. Let, m = inf{ f(z) : 
x € X}and M =sup{f(z): « € X}. For each n € N, m+ + is not a lower bound 
of f(X) and M— 4 is not an upper bound of f(X). So, there are tn, Yn € X such 
that m < f(a) <m+ “ and M — 4 < f(yn) < M. Taking n > co, we see that 


m,M é€ f(X). Since f(X) is compact, it is closed. So, m, M € f(X). Thus there 





are x,y € X such that M = f(x) and M = f(y). 











Now we turn our attention to the compact subsets of ordered spaces. 
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PROOF. Let X be an ordered space and C' Cc X be compact. Suppose C’ does 
not admit minimum. Let c € C. Then there is a € C such that a < c. Hence 
c € (a,co), for some a € C. That is, {(a,oo) : a € C} is an open cover 
for C’. Since C’ is compact, there are aj > dg > --- > @, in C such that 
C C U{(a;,00) : a; EC C,1 <i <n} C (ay, 00), giving a contradiction as a, € C 
but a, ¢ (dn, 00). Thus C' must admit the minimum. Changing the role of < with 











>, we also conclude that C' admits the maximum. 





47.28. Example. Qo is not compact. Indeed 25 does not have maximum. 


47.29. Corollary. A compact subset of an ordered space is closed and bounded. 


PrRooF. Let X be an ordered space and C Cc X be compact. Then C’ admits 
minimum, say m, and maximum, say M. Then Cc [m, M]. Also, X is To, and 
hence, C’ is closed. 














The converse to the above Corollary fails. Also, in general, a closed interval 
in an ordered space fail to be compact. 


47.30. Example. The subset [0,1] of the ordered space Q is closed, bounded and 
admits minimum as well as maximum but is not compact. 





Proor. Let & be an open cover for [a,b] and let C = {x € [a,b] : [a,xz]} can be 
covered by a finite subcover of &. Let ae GE &. Thus a € C. Since C C [a, bI, 
b is an upper bound of C. Let c= supC. Clearly,a<c<b. Let xr €C and & 
be a finite subcover of < such that [a, 7] C U%. 


First we show that (2,b] NC # 9. 


Suppose y is the immediate successor of x. Let y € G; € &. Clearly, y < b 
otherwise y cannot be the successor of x. But then .% together with G covers 
[a, x] U {y} = [a, y]. Hence y € (2, 1]. NC. 

Suppose x does not have the immediate successor. Let x € G € &. Then 
there is a basic open set B = (e,co) or B = (—co,d) or B = (e,d) such that 
xé€ BCG. If B = (e,ov), then @ U {G} is a finite subcover [a,b]. In the 
remaining cases [x,d) C G. Since x does not have the immediate successor, d is 
not the immediate successor of x. Hence there is y € (x,d). But then [a, y] is 
covered by & U{G}. Thus (2, b] NC #90. 


Next we show that c€ C. 


Suppose that c has the immediate predecessor e. Then a < e. If e is an upper 
bound of C’, then c is not the least upper bound of C’. Thus e cannot be an upper 
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bound of C.. So, there is f € C such that e < f. But then e < f < c forces the 
immediate successor c of e to coincide with f. Thus c= f EC. 


Suppose that c does not have predecessor. Let c € G € &. Then similar to 
the argument given for x, there will be an open set G and d such that c € (d,c] C G. 
Since there is no predecessor to c, there is y € (d,c). Since y < c, it is not an 
upper bound of C. Hence there is z € C such that y < z. Thusd<y<z<e. 
Hence [a, c] = [a, z] U [z,c], which is covered by @ UG. Thus c é C. 


Finally, suppose that c # b. Now as shown earlier (c,b] 1C 4 0. Let 
z € (c,b] NC. But then c < z, and hence, c is not an upper bound of C, a 
contradiction. Thus c = 6. This completes the proof. 














47.32. Corollary. For a well-ordered set X and a,b € X, |a,b] is compact. 


47.33. Corollary. For any ordinal a, [0, a] is compact. 


47.34. Definition. A topological space X is said to be sequentially compact 
if every sequence has a convergent subsequence. 


47.35. Example. A finite topological space is sequentially compact. Indeed, a 
sequence in a finite space must have an infinitely recurring term, and hence the 
sequence has a constant subsequence, which converges. 


47.36. Definition. A topological space X is said to be a Bolzano- Weierstrass 





space if every infinite subset of X has a limit point. 


The following theorem shows that every compact space is a Bolzano- Weierstrass 
space. 





Proor. Let X be a compact space and A C X be infinite. Suppose, if possible, 
that A’ = @. So that A= AU A’! = AU@ =A. Thus A is closed. Also let a € A. 
Since a ¢ A’, there is an open set G containing a such that GN A = {a}. This 
shows that each singleton in A is open in A. That is, A is discrete. But a discrete 
compact space cannot be infinite. Thus A reduces to a finite set, a contradiction. 
Thus A must have a limit point. 
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PROOF. Let X be a sequentially compact space. Let A C X be infinite. Choose 
distinct termed sequence {2,,} from A. Then passing onto a subsequence if needed, 
we assume that {z,} converges to a point x € X. Let U € Y,. Then there is 
N €N such that x, € U for alln > N. That means UNA is an infinite set. Thus 
x € A’, and hence, X is a Bolzano-Weierstrass space. 

















ProoF. Let {z,,} be a sequence in X. If a term is repeated infinitely many times, 





SAY Lny = Lng = Lng = +++. Then {z,,} is a convergent subsequence. So, we 
assume that no term of the sequence {z,} repeats infinitely. Thus the range of 
{z,} is an infinite set, and hence, it has a limit point. Let x be a limit point 
of the set {z,,}. Choose n, € N such that x,, € B(x,1). Inductively, choosing 
my <2 < +++ < ny so that ty, € Bz.) for 1 < 7 < k, choose ngy1 > ne 





such that @,,,, € B(a, aaP Clearly, t,, — x as k > oo. This completes the 
proof. 

















ProoF. Let (X,d) be a compact metric space. Let ¢ > 0. Since X is compact, 
the open cover {B(x,¢) : « € X} for X has a finite subcover {B(x;,¢):1<i< nb}. 
Thus X = Ui_, B(a;i,¢). Thus X is totally bounded. 


Let {a,} be a Cauchy sequence in X. Since X is compact, it is sequentially 
compact. So that {x,} has a subsequence that converges in X. But then by the 











Theorem 26.6, the sequence {x,,} itself converges in X. Thus (X, d) is complete. 





47.41. Definition. Let (X,d) be a metric space and & be an open cover 
for X. A real number r > 0 is said to be a Lebesgue number of & if for every 





subset A C X with diam diam(A) < r, there is G € & such that ACG. 


47.42. Example. 


(1) A Lebesgue number of <& = {R} is oo. In fact, every r > 0 is a Lebesgue 


number of &/. 
(2) & = {(5, 2): n € N} does not have any Lebesgue number. 


(3) if r is a Lebesgue number of an open cover & of a metric space, then every 
s € (0,r) is a Lebesgue number of /. 
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PROOF. Suppose .¥ does not have a Lebesgue number. Since 1 is not a Lebesgue 
number of /, there is A; C X such that diam(A,) < 1 and A, is not contained 
in any single member of oe. After constructing Ag, A3,...,A, C X such that 
diam(A;) < : and no A, is contained in a single member of , we note that Poe is 


not a Lebesgue number of 2. So, we get Ani; C X such that diam(A,41) < nal 
and A,,,, is not contained in any single member of &. For every n € N, choose 
In € Ayn. By passing to a subsequence, if needed, we assume that 2, > 7. 
We can do so because (X,d) is sequentially compact. Let G € & such that 
x € G. So there will be r > 0 such that B(z,r) C G. Since rz, — x, we 
get N € N such that d(z,,7) < 5 whenever n > N. Select k € N such that 
+ <fandk > N. Note that 2, € B(a,5)M Ay. Also, for any y € Aj, 
d(t,y) <d(z,r,)+d(a.,y) <§+%<5+5=r. Thus A, C B(a,r) CG. That 
is A; is contained in a single member of .%, contrary to the construction of Ax. 
Thus . must have a Lebesgue number. 

















ProoF. Let (X,d) bea sequentially compact metric space. Let ¢ > 0 be given. Let 
x, € X. IfX C B(x, ¢), then we are done. Otherwise, choose x2 € X\ B(x, ¢). If 
X C B(ax1,€)UB(ax2, €), we are done. Otherwise choose 73 € X\ B(x, €)UB(22, €). 
If in finitely many steps, X C B(x,,¢)U B(x2,¢)U---U B(x, €), then we are done. 
Otherwise we get a sequence {x,} in X such that 2, ¢ B(x1,¢) U B(ae,¢) U-++U 
B(a@n-1,€). Thus d(%p,%m) >. So that {x,,} cannot have a subsequence, which 
converges. This is a contradiction to the hypothesis. Thus X must be totally 











bounded. 








ProoF. Let (X,d) be a sequentially compact metric space. Let & be an open 
cover for X. As proved in the Lebesgue Covering Lemma, the Theorem 47.43, 
let r be a Lebesgue number of &. Let ¢ = 4. Let {21,22,...,2,} be an e-net. 
Clearly, diam(B(a,,¢)) < 2¢ < r. Thus for every zx, there is G, € & such that 
B(ax,€) Cc Gy. But then X C UE, B (ae, €) G Li aGr That is {Gi, Go, an «g Gat 











is a finite subcover of &. Thus X is compact. 





Combining all the results of compact metric spaces, we have the following. 


47.46. Corollary. For a metric space (X,d), the following are equivalent. 


(1) X is compact. 
(2) X is a Bolzano- Weierstrass space. 
(3) X is sequentially compact. 
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PRooF. (1) = (2) Assume (1). Let ¥ be a filter on X. Since -F is closed 
under finite intersection and since 0 ¢ F, 


{E: Ee F} (47.47.1) 


is a family of closed subsets with FIP. Since, X is compact, the family (47.47.1) 
has nonempty intersection. Say, € N{E: FE © ¥}. That, is x € HE for every 
Ee ¥. That means UN E 40, whenever E € ¥ andU € Y,. Thus ¥ clusters 
at x. 

o=(2) = (3) Assume (2). Let {2} be a net in X. But then the filter generated 


by {x} clusters. Hence {x} clusters. 


c=(3) = (4) Assume (3). Let {z,} be an ultranet in X. Since it clusters, it 
converges because it is an ultranet. 


u=(4) = (5) Assume (4). Let ¥ be an ultrafilter on X. So, the net based on 
F is an ultranet, and hence, that net converges. So, ¥Y converges. 


u=(5) = (1) Let & be an open cover for X. Define 
6 ={X \ UL Ge: n © N and G; € & for all l<k <n}. (47.47.2) 


Suppose, if possible, that 0 ¢ @. Let E = X \ UR_,Gy, F = X \ Uninsi Gr € F. 
Then ENF = X \UZL, Gy. Thus @ is a filter base. Let F be a filter generated by 
6 and be an ultrafilter containing Y. But then by the assumption, Y converges 
to some point, say x in X. Since & is an open cover for X, x € G for some 
Gew@Ww. ThatisGe%cY. ButX.GeF cg. ThuuG,X.\GEeG,a 
contradiction. Thus 0 € ¥. So, X \ Ut_,G; = 0, for some Gj, Go,...,Gn € &. 
Hence Uz_,G;, = X. Thus @ has a finite subcover. 

















Proor. Let {X; : i € I} be a family of topological spaces and X = J]je7 Xi. 
Assume that X is compact. Since projections are continuous and onto, each X; is 
a continuous image of the compact space X. Hence X; is compact for each i € I. 


Conversely, suppose each X; is compact. Let {x,} be an ultranet in X. The 
{7;(x))} is an ultranet in X; for each i € I. Because of the compactness of X;, 
{7;(x))} converges in X; for every 7 € J. But then {x} converges in X. Thus X 
is compact. 
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PRooF. For every b € Y, (x,b) € U, so that there is an open set G, C X, H, CY 
such that (x, b) € Gy x H, C U. Clearly, {H, : b € Y} is an open cover for Y, and 
hence, there are bj, bo,...,b, € Y such that Y C UR_,H,,. Taking V = N~_,Gi,, 
we see that Vx Y CU. 














In fact a more general result holds. 





PROOF. Fora € A, by the compactness of B, there is an open set G, C X contain- 
ing a such that {a} x B C G, x B C U. Compactness of A gives a1, d2,...,An € A 
such that AC G=U2,G,,. Hence Ax BC Gx BCU. Thus for every b € B, 
Ax {b} Cc Gx {b} CU. Using the compactness of A, we get an open set H, C Y 
such that G x {b} C Gx Hy CU. Since B is compact, there are b;,b2,..., bx such 





that B C H =U%_,Hy,. Thus Ax BCGxHCU. 














PRroor. Let F C X x Y be closed and « € X \ mx(F). Then ({a} x Y)NF =06. 
That is, {a} x Y Cc (X x Y)X F, an open set. But then by the Tube Lemma, 
there is an open set V C X such that {m4} x Y CV x Y C(X x Y)\ F. That 
ist €V CX \ x(F). Hence, x is not a limit point of 7(F’). That is, 7(F’) is 





closed in X. 











Problems 


235. Let X be a T>-space and E, F be two disjoint compact subsets of X. Show 
that there are disjoint open sets U,V C X such that FE CU and F CV. 


236.Let X be a compact space and {F; : i € I} be a family of closed subsets. Let 
U be an open set such that Nice7F; C U. Show that there are 71, 42, 73,...,in € I 
such that Nf_, Fj, C U. 


237.Prove the Generalized Tube Lemma independently without using the Tube 
Lemma and prove the Tube Lemma as a corollary to it. 
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48. Countably Compact Spaces 


A Lindelof space guarantee that each of its open cover has countable subcover. 
In a compact space every open cover has a finite subcover. Between them is the 
bridge of countably compact spaces. 





48.2. Remark. It is clear that a topological space is compact if and only if it is a 
countably compact as well as a Lindeldf space. 


48.3. Example. The space Q9 = 2 \ w; = [0,w 1) is countably compact but 
neither Lindeléf nor compact. 


Indeed suppose, if possible, an open cover & = {U,, :n € N} of Qo does not 
have a finite subcover. Choose a, € Q \ UZ_, Uz. Let a = sup{a, :n € N}. Then 
by the Theorem 6.31, a € Qo and by the Corollary 47.33, [0,a] is compact. Hence 
there is n € N such that [0,a] C Uf_,U,. Thus a, € Ut_,U,, a contradiction. 
Thus Qo is countably compact. We have already noted in the Example 47.28 that 
Qo is not compact. 


48.4. Example. Z with the discrete topology is Lindelof but neither compact nor 
countably compact. 


Indeed, every countable set is Lindelof. On the other hand, a compact discrete 
space must be finite. Hence Z is not compact, and hence, not countably compact. 





ProoF. Let X,Y be topological spaces and f: X — Y be a continuous function. 
Suppose X is countably compact. Let & = {U, : n € N} be an open cover 
for Y. Then {f~!(U,) : n € N} is an open cover for X. Since X is countably 
compact, there is k € N such that X = U*_,f~1(U,,). But then Y = U*_,U,. This 











completes the proof. 











PrROoF. Let X be a countably compact topological space and f: X + R bea 


continuous function. Clearly, X = US, f7!((—n,n)). By the countably compact- 


ness of X, there is k € N such that X = Uk_, f-1((—n,n)). Thus f(X) C (—k,k). 














That is, f is bounded. 
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ProoF. Let (X, 7) be a countably compact space and Y C X be closed. Let 
@ ={G, :n € N} be an open cover for Y. Let # = WU{X NY}. Clearly, 
X=YUXN\Y CUMUX\ Y =U’. Thus & is a countable open cover for 
X. Let @ be a finite subcover of &. That is, @ is finite and X C @. Removing 
X ~Y from @, if it is there, we see that the resulting family is a finite subcover 
of &. This completes the proof. 














The following characterizes a completely regular space. 





PROOF. (1) = (2) We proved this in the Corollary 41.18. 


r=(2) = (3) By the Tychonoff’s theorem, a cube is compact 7». 


t=(3) = (4) We proved in the Theorem 47.9 that every compact T>-space is 
normal. 


t=(4) = (1) Follows from the Corollary 43.4. 














Problems 


49. Locally Compact Spaces 


Local version of the compactness is defined in two different ways. In general 
they are not equivalent. However, in the presence of Hausdorff condition, both of 
them are equivalent. 


49.1. Definition. Let X be a topological space and x € X. X is said to be 


locally compact at x if there is a compact neighbourhood of x. X is said to be 
locally compact if X is locally compact at each x € X. 





49.2. Example. 


(1) Every compact space is locally compact. 
(2) R is locally compact but not compact. 
(3) A discrete space is locally compact. 

(4) Ry, is not locally compact. 
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PROOF. Suppose X is locally compact. Let c € X and 4, = {GeY,: Gis 
compact}. Let V=V° € Y andC € &,. Let VU =(CNV)°. Then U =U° € YY, 
and U Cc C. Hence U is a compact neighbourhood of x. But then U is compact and 
Hausdorff. Hence U is T3. Also, U is open in U. So that by the Theorem 40.6, there 
is an open set W in U such that x € W Cc clz(W) CU. But then U,W are open 
in V implies W = UMW is open in U. Since U is open in X, W is open in X. Also 
cl7(W) is closed in U, and hence, compact. Thusx «EW CW Celg(W) CU CY. 














Thus W € &,. Hence &, is a neighbourhood base at x. Converse is at once. 


The following is a consequence of the above theorem and the Corollary 40.7. 


49.4. Corollary. a locally compact Hausdorff space is regular. 





Proor. (1) Let A,B CX be locally compact and x € ANB. Then there are 
CcA,DC B such that C is open in A, D is open in B and cl4(C),clp(D) are 
compact. Thus 7 € CN D, and CN D is an open set in AN B. Also, CN DCC, 
and hence, clang(C ND) C cla(C) is compact. 


w=(2) Let Y C X be closed and x € Y. Since X is locally compact, there is a 
neighbourhood U of x in X such that U is compact. But then EC UNY CUNY, 


UN Y is open and UNY is closed in Y. Thuszx EUNY Cccly(UNY) CUNY. 
Also, UY is closed in U, and hence, is compact. Thus Y is locally compact. 


t=(3) Let Y C X be open and x € Y. Since X is locally compact, it is T3. So, 


there is an open set H in X such that x € H C H CY. On the other hand, 
by the local compactness of X, there is an open set U such that « € U and 
cly(U) is compact. Clearly, UN # is an open neighbourhood of x in Y. Note that 
cly(UN H) Cclx(V) CY. Using this we get, cly(UN H) =cdx(UN H)NY = 
cly(UN H) C clx(U), which is compact. Thus cly(U NM H) is compact, That is 
cly(U M #) is compact. Thus cly(U 9 #H) is a compact neighbourhood of x in Y. 
This completes the proof. 


49.6. Corollary. Let X be a locally compact Hausdorff space, Y C X be open 
and ZC X be closed subsets of X. Then Y MZ is locally compact. 


The interesting part is the converse of the above corollary. However, before 
that we prove a technical lemma. 
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ProorF. Let y € Y and U be an open set in Y such that y € U and cly(U) is 
compact. That is, cly(U) MY is compact. Since X is Hausdorff, cly(U)NY is 
closed in X. Note that U C Y, and hence, U C clx(U) NY, a closed set in X. 
So, cly U Cclx(U) NY CY. Now U is open in Y. So, there is an open set V in 
X such that VU =VNY. Since VN Y CV, clx(VNY) C cly(V). On the other 
hand, let 2 € cly(V) and G be an open set containing z. Then GN V 4 @. Since 
Y is dense in X, the open set GM V contains a point of Y. But then G contains 
a point of YM V. That is, x € cly(YNV). Thus cly(V) =clx(V NY). Hence 
V cedlx(V) =elx(Y NV) =clx(U) Celx(U)NY CY. Thus V CY. That is 
y€V CY. Hence Y is open. 

















PROOF. Clearly, E is Hausdorff and E is a dense subset of E. Hence E is open 
in E. So, there is an open set Y C X such that FE = Y NE. Taking Z = E, the 
result follows. 

















PrRooF. Let X bea locally compact space, Y be a topological space and f: X > Y 
be an continuous open map. Let y € Y and x € X such that f(x) = y. Let 
U € &, be compact. Then y € f(U°) c f(U). Also, f(U) is compact and f(U°) 
is open. Thus Y is locally compact. 

















ProoF. Assume that X is locally compact. Since each projection is continuous 
and open, it follows that each X; is locally compact. Let x € X and U € % be 
compact. Then all but finitely many X; = 7;(U). Hence all but finitely many X; 
are compact. 


Conversely, suppose each X; is locally compact and all but finitely many of X; 
are compact. Let 21,7%2,...,%, be such that X;,,X;,,...,X;,, be noncompact locally 
compact space. Let x € X and U;,,U;,,...,Ui,, be compact neighbourhoods of 
Xi,,Xig,---,Xi, Tespectively. Then Mt_,7;,'(U;,) is a compact neighbourhood of x. 
This completes the proof. 
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50. Compactification 


50.1. Definition. Let (X, 7) be a topological space. A compact topological 


space oe is said to be a compactification of X if X can be embedded as a dense 
subset of X. 





50.2. Remark. Thus compactification of a topological space X is a pair (Y,h), 
where Y is a compact topological space, h: X — Y is an into homeomorphism 
such that h(X) is dense in Y. 


We begin with a well known compactification known as the one point com- 
pactification. 





PROOF. First we show that the open sets, so defined, constitute a topology on Y. 
Clearly, @ is open in _X, so it is open in Y. Also, Y \ Y is compact in X. Thus Y 
is open too. 


Let {G; : i € I} bea family of open sets in Y. Let G = U{G; : G; is open in X}. 
Clearly, G is open in X. Let H = U{G; : oo € G;}. Clearly, for all such G;, Y\ G; 
is compact in X. Since X is Hausdorff, by the Lemma 47.11, N{Y \ G; : oo € G;} 
is compact in X. That is, U{G; : 00 € Gi} is openin Y. Now Y\(GUH) CY\4A, 
a compact set. Also Y\ (GUA) =(Y\G)N(Y\ A) =(X\G)N(Y \ 8B), 
because co € H. But G is open in X, hence X \ G is closed in X and Y \ H 
is compact. Thus (X \ G)N(Y ~ #) is a closed subset of Y \ H. Thus 
Y\ (GUA) =(X \ G)N(Y @) is compact. Thus G U H is open in Y. This 
proves that the open sets defined in the hypothesis, form a topology on Y. Now 
let & be an open cover for Y. Fix G € & such that oo € G. Then #& ~ {G} is 
an open cover for Y \ G, and hence, has a finite subcover /’ for Y \ G. That is, 
A' I {G} is a finite open cover for Y. 


Since X is 75, two points of X can be separated by means of two open sets 
in X, and hence, open in Y. Now let x € X. Since X is locally compact, there is 
a compact neighbourhood U of x in X. But then U° and Y ~\ U are two disjoint 
open sets in Y containing x and oo respectively. Thus Y is 75. The same argument 
shows that oo is closed, and hence, X is open in X. 


Since every open subset of X is also open in Y, it is clear that the subspace 
topology is finer than the topology on X. On the other hand, let U C X be 
open in the subspace topology. So, there is G C Y such that U = GNX, where 
either G is open in the original topology of X or Y \ G is compact. In the first 
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case, we are done, In the second case, Y \ G will be a closed subset of X and so, 
U =X \(Y \ G) is open in X. 

Now suppose {oo} is open in Y. So, X \ {oo} is compact in X, which is not 
the case. Thus every open set containing oo also contains a point of X. Thus X 
is dense in Y. 


50.4. Corollary. A locally compact T>-space is completely regular. 


PROOF. Indeed a locally compact 75-space is embedded into a compact Hausdorff 
space, and hence, it is a subspace of a completely regular space. Hence it is 
completely regular. 


























We add two more facts in the following theorems. 





ProoF. Let G C X be open in Y. So, G is open in X, and hence, G is open in 
Z. Now let co € G and G be open in Y. So, Y \ G is compact in X, and hence, 
f(G) = GU {ov} \ {oo} is open in Z. Thus f is an open map. The symmetry of 
the argument shows that f is continuous. 














50.6. Definition. The compactification of a locally compact Hausdorff space 
X obtained in the Theorem 50.3 is called the one point compactification of X. 
It is also known as the Alezandroff compactification of X 





The Theorem 50.3 states that the one point compactification is unique up to 
homeomorphism. 


The following is the converse to the Theorem 50.3. 





PROOF. Indeed being homeomorphic to a subspace of a Hausdorff space, X is 
Hausdorff. Let Y \ h(X) = {a}, and x € X. Since Y is To, there are two disjoint 
open sets U,V in Y such that x € U,ae V. But then EU CY \VandYWNYV, 
being a closed subspace of a compact space, is compact. Thusz € U CU CY\NYV, 











so that U is a compact neighbourhood of x in X. This completes the proof. 





50.8. Example. 
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(1) The one point compactification of R as well as any open interval in R is 
homeomorphic to the unit circle 


S'={(2,y) €R?: 2° +y =1}. 
(2) The one point compactification of N is {+} U {0}. 
(3) The one point compactification of [0, 1) is [0, 1]. 














PROOF. The proof is combination of various results already proved. 





50.10. Definition. Let X be a locally compact Hausdorff space. Then 
the compactification e(X) of X mentioned in the Theorem 50.9 is called the 





Stone-Cech compactification of X and is denoted by B(X). 
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Connectedness 


51. Connected Spaces 


51.1. Definition. Let X be a topological space. X is said to be disconnected 
if there are two subsets U,V of X satisfying the following. 


ea 
(2) U,V are open in X. 
(Swe ex 
4onv=¢ 


Such a pair U,V of subsets of X is said to be a separation of X. If X is not 
disconnected, then it is called connected. 





51.2. Remark. Both singleton and the empty set cannot have two nonempty 
proper subsets, and hence, they are connected. 





PROOF. (1) => (2) Assume (1). Since X is disconnected, it has a separation 





U,V. UNV =OandUUV=xX S>U=XV\YV. Also, U 4 O. Further 
V4A0SU 4X. Also U is open. Finally, V is open > U is closed. Thus U CX 
is a nonempty clopen subset. 


r=(2) = (3) Assume (2). Let U C X be a nonempty proper clopen subset. 


Consider yy: X > {0,1}. Then yj'{0} = V = X \U, an open set because U is 
closed and y;'{1} = U, an open set. Thus xy is continuous. 


t=(3) = (4) The function in (3) is nonconstant and continuous. 
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u=(4) = (1) Assume (4). Let f : {0,1} be a nonconstant continuous function 
f: X — {0,1}. Define U = f7'(1),V = f71(0). Since f is continuous, U,V 
are open. Since f is onto, U,V are nonempty. Also U UV = f71(1)U f7'(0) = 
f-*({0, 1}) = X. Also, UNV = f°) 9 f-1(0) = f-*({0}.N (1) = £7) = 0. 


Thus X is disconnected. 














51.4. Example. Every locally constant function on a connected space is constant. 


Indeed, let X be a connected space Y be a topological space and f: X — Y be 
a locally constant function. Suppose f is not constant. Without loss of generality, 
we assume that f is onto. For every y € Y, let U, = f~'y. Clearly, for every 
x € Uy, there is an G € Y, such that f(G) is singleton. Thus z € Uj. Thus U, is 
open. Consequently, {U, : y € Y} is a partition of X by means of open sets. But 
then U, is clopen. This shows that X = U,, showing that f is continuous. 





PROOF. Clearly, (a,00) = [b, co) is a nonempty proper clopen subset of X. Hence 
X is disconnected. 

















PROOF. Let X be a connected topological space, Y be a topological space and 
f: X — Y bea continuous function. Suppose Y is disconnected. So, there is 
an onto continuous function g: Y — {0,1}. Hence go f: X — {0,1} is an onto 
continuous function. Thus X is disconnected, a contradiction. Thus Y must be 











connected. 





51.7. Corollary. Let .%, .% be two topologies on a set X such that F< JZ. 


If (X, Z) is connected, then so is (X, A). 





ProoF. Indeed, (X,.“%) is a continuous image of (X, 4%) under the identity map 
ix: (X, A) > (X, A). Hence the result follows. 


51.8. Corollary. Homeomorphic image of a connected space is connected. 














51.9. Corollary. Let X be a topological space and Z CY C X. Z is connected 
as a subspace of Y if and only if Z is connected as a subspace of X. 














PROOF. Clearly, 1: Z — X is continuous, and hence, the result follows. 
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PROOF. Suppose, if possible, that B is disconnected. Let f: B — {0,1} be an onto 
continuous function. Let 2,y € B such that f(x) = 0, f(y) =1. Then f~'({0}) is 
an open set in B containing x. So, there is a € A such that a € f~'({0}). In the 
same way, we get b € A such that f~'({1}). Thus f), is a nonconstant continuous 
function from A to {0,1} making A disconnected. This cannot happen. Thus B 











must be connected. 


51.11. Corollary. Closure of a connected set is connected. 


51.12. Example. Boundary of a connected space need not be connected. Indeed, 
(0,1) is connected but its boundary is {0,1}, a disconnected set. 





51.13. Example. Derived set of a connected set may be disconnected. Indeed, 
consider the VIP topology % on R. Let 0 € ACR. Then A is connected. Indeed 
suppose B S A is clopen in A. Since B is open, 0 € B and since B is a proper 
closed subset, 0 ¢ B, a contradiction. Thus A is connected. In particular, A = {0} 
is connected but A’ = R x {0} is discrete, and hence, disconnected. 











However, in a 7\-space, the scenario is different. 





PrRooF. Let x € A. Suppose x ¢ A’. So, there is an open set G C X such that 
GNA = {x}. Thus {x} is open in A. On the other hand, A is T,, and hence, {x} 
is closed in A. Thus {x} is a nonempty, proper clopen subset of A, a contradiction. 
Thus xz € A’. 














51.15. Corollary. Let X be a T,-space and A C X be connected and non- 
singleton. Then A’ is connected. 


PrRooF. Since A is a connected non-singleton subset of a T\-space, A C A’ C A. 
Hence A’ is connected. 














51.16. Corollary. Let X be a T\-space and A C X be connected and non- 
singleton. Then A is perfect. 


PRooF. Clearly, A is connected and non-singleton. Since A is closed A’ c A. 
Also, by Theorem 51.14, A c A’. Thus A’ = A. That is A is perfect. 
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ProoF. Let f: (a,b) + {0,1} be a continuous function. Suppose, if possible, that 
there are a1, b; € (a,b) such that f(a) =0, f(b1) = 1. Without loss of generality, 
we assume that a, < b). Let A= {x@: xu >a, f(x) = 1}. Clearly, A is bounded 
below by a1. Let c = inf A. Since f is continuous, c € Int(f~'({f(c)})). Let 
ee (de) CF “Ui: 

Suppose f(c) = 0. Since $* is not a lower bound, there is € € (c, $*) such 
that € € A. But then 1 = f(€) € f((d,e)) = {0}, a contradiction. 

Suppose f(c) = 1. But then d < 44 <c. Thus 0 = f(44) € f((d,e)) = {1}, 
a contradiction. 

Thus f(c) is not well-defined. Thus f must be constant. This proves that 
(a,b) is connected. 














51.18. Corollary. For —co < a <b < oo, (a,)), [a,b], [a, 6), (a, b], whenever 


they are defined, are connected. 














PROOF. The proof follows from the Theorem 51.10 and the Theorem 51.17. 








PROOF. Since A is not a singleton, A contains at least two points. Also, since A 
is not an interval, there are a,b,c € R such that for some a < c < b, a,b € A but 
c¢ A. But then U = (—co,c)N A,V = (c,co) NA form a separation of A, and 











hence, A is disconnected. 





51.20. Corollary. J Cc R is connected if and only if I is @ or a singleton or 
an interval. 





ProoF. Note that U is a clopen subset of X, and hence, UMA is a clopen subset 
of A. Since A is connected, UNA = 9 or UNA=A. Thatis, ACV of ACU. 
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PRooF. let a€ NA;. Let A = UA;. Let f: A — {0,1} be a continuous function 
and f(a) =0. Let 6 € A. Then there is 7 € J such that b € A;. But then a,b € Aj. 
Since f; ds is constant f(b) = f(a) = 0. Thus f is a constant function. This proves 
that A is connected. 

















ProoF. Applying the Theorem 51.22 repeatedly and proving inductively, we 
get B, = Ut_,Ax is connected for every n € N. Since N°%°,B, = Ai # 9, 
U% An = U%, B, is connected. 

















PROOF. Since each singleton is connected, ~ is reflexive. If a connected set 
contains x,y then it also contains y,x, and hence, ~ is symmetric too. Finally, 
suppose x ~ yand y ~ z. Let A,B C X be connected and z,y € A,y,z € B. But 
then AN BAO. Hence AU B is connected. Since 7,z € AUB, x2~ z. 

















ProoF. Let C be a component of X and x € C. For every y € C, let A; bea 
connected set containing x and y. Since 7 € NyecAg,y, C = UyecAzy is connected. 
Suppose D is a connected set and C' Cc D. Let z € D. Then D is a connected set 
containing x, z and hence, x ~ z. Thus z € C. This proves that C' is a maximal 
connected set. 

















PrROoF. Let X be a topological space and C' be its component. Since C’ is 


connected, so is C. But the maximality of C ensures that C = C. Thus C is 











closed. 
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Proor. Let x € Y, and F = {jj, jo, j3,---,jn} C I be such that x; # a; for every 
3 € F. Define 


A, = iil {aj} x Xj, x {ag} x {aj} x +--+ x {ay,_.} x {a;,} 
j¢F 
Ay = I {aj} x {xj} x Xj, x {aj} x --- x {ays} x {ay} 


j¢F 
As = U {aj} x {xy} x {X5s } x Xjg PTO E {aj,_} x {aj, 
j¢F 


oe a b-4 ee x oe x or x -_xX bon x ae 
An = II {aj} x {xp} X {xj} X 1X} XK {Rb K AG, 
j¢F 


and A, = A, U A2U-:-UA,. We note the following. 


(1) For every 1<k <n, A, is of the form X(y,7) for some y € X and for some 
wel. 

(2) Since X(y,i) is homeomorphic to X;, X(y,7) is connected. Thus A, is 
connected for every 1 <k <n. 

(3) Ay N Agi #9 for every 1 <k<n-1. 

(4) Applying the Theorem 51.23, we conclude that A, is connected. 

(5) a,x € Ay. 


Since Y, = Uxcy, Ax, Ya is connected. 

















ProoF. If X is connected, then X;, being a continuous image of X, is connected. 
So, assume that each X; is connected. Let a € X. Then as in the Lemma 51.28, 


Y, is connected. We show that Y, is dense in X. Let U = ita. (U.,), bea 
basic open set with U;, open in X;, for every 1 < k <n. Choose &;, € U;,. Define 


&,, ift =i, for some k; 
x= ais ; 
a;, if i Ai, for any k. 











Then x € Y,NU. Thus ¥Y,NU #9. Thus X is connected. 








PrROooF. Let X be a connected normal space. Let x,y be two distinct elements 
of X. Then {x} and {y} are two disjoint closed subsets of X. So, there is a 
continuous function f: X — [0,1] such that f(z) = 1 and f(y) = 0. Since X 





Topolo Iam not really doing research, just trying to cultivate myself. —-Grothendieck D.J. Karia 
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is connected, so is f(X). So, f(X) C [0,1] is an interval containing 0,1. Hence 
f(X) = [0,1]. Since [0, 1] is uncountable, so must be X. 














51.31. Remark. The above theorem is not true for a T4-space. Indeed {0,1} 
with the indiscrete topology is 7, and connected. 


51.32. Corollary. A connected metric space is either singleton or uncountable. 


51.33. Definition. A topological space X is said to be totally disconnected if 





each of its components is singleton. 


51.34. Example. Cofinite topology on an infinite set is connected. Indeed, a 
proper subset of a cofinite topological space is closed if and only if it is finite, 
which is not open as the whole set is infinite. 


51.35. Example. The argument similar to the above shows that an uncountable 
cocountable space is connected. 








51.36. Example. R, is totally disconnected. Let Y C R have at least two points, 
say a,b € Y with a < b. Then A = [b,00) NY is a proper clopen subset of Y. 
Thus no subset of Ry having at least two points is connected. 





51.37. Example. A discrete space with at least two points is totally disconnected. 
Indeed, let X be a discrete space. Let A C X and x,y € A be distinct. Then 
X{«}|4 is a nonconstant continuous function from A to {0,1}. Thus no subset of 
X other than singletons is connected. Thus X is totally disconnected. 


51.38. Example. Q is totally disconnected and non-discrete. Indeed Q is not 
discrete. On the other hand, Let A C Q be connected. Then A C R is connected. 
Thus A must be a singleton or an interval. Since A C Q, A must be singleton. 
Thus components of Q are singletons. 





51.39. Example. The Cantor ternary set C is totally disconnected. From the 
construction of Cantor set in the Example 27.14, it is clear that [,, consists of 
union of closed intervals of length 3°". Let 2,y € C and r = |x — y|. Choose 
n €N such that 3-" < r. Then x and y cannot be in the same interval in the 
expression of J,. Thus there is z ¢ I, such that x < z < y. Thus (—oo, z) NC and 
(z, 00) is a separation of C' that also separates x,y. Thus C is totally disconnected. 


52. Path Connected Spaces 


52.1. Definition. Let X be a topological space and x,y € X. A path from x 
to y is a continuous function y: [0,1] + X such that 7(0) =a and y(1) =y. In 
this case, we write x * y. 
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ProoF. For x € X, define 7: [0,1] > X by y(t) = 2, (¢ € [0,1]). Then being a 
constant function, y is continuous with the required conditions. 

y: [0,1] + X be a path from z to y, then 6(t) = y(1 — 1), (t € [0,1]), isa 
path from y to z. Thus * is symmetric. 


Finally, let y,@: [0,1] + X be two continuous functions such that y(0) = 
£,y(1) =y = (0), 6(1) = z. Define 7: [0,1] > X by 


(t) = 7(2t), VA EX 3 
— e(t-1), ifs <t<. 


Since t € [0, 5] > 7(2t) and t € [5, 1] + 8(2¢ — 1) are continuous and since they 
agree on the point of intersection of their domains, 7 is continuous by the Pasting 
Lemma. Also, (0) = y(0) = 2,n(1) = (1) = z. & is transitive. This completes 
the proof. 














52.3. Definition. Let X be a topological space. For r € X, {ye X: xy} 
is called the path component of X containing x. X is said to be path connected 


if there is a path between every pair of points of X, that is, if « * y for all 
x,y € X, that is if X has only one path component. 


52.4. Corollary. Let A,B C X be path connected and ANB #9. Then AUB 
is path connected. 


Proor. Leta € A,b€ B. Thena* zandx*b. So,a*b. Thus AUB is path 














connected. 








52.5. Example. Let X be either R” or C” with the usual topology. For x,y € X, 
y(t) =ty+ (1 — #)z, (¢ € [0,1]) defines a path from z to y. 


ProoF. For a path y from x to y, y({0,1]) is a connected subset of X containing 
T.Ys BO, Brey: 

















Proor. Let X be a path connected space. Let z,y € X. Thanx Xt ysary. 
Thus X is connected. 














The converse to the above theorem is not true. 


52.8. Example. Let S$, = {(x,sin+):0<a <1}, 5, ={(0,y):-l<y<1} 
and S = S;U SS». Then S is connected but not path connected. Indeed let 
a = (21, sin ) and b = (#9,sin a) be in S,. define f: [0,1] > Si; by f(t) = 





Topology There is an infinite set A that is not too big. -von Neumann D.J. Karia 
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((1—t)a,+ tx, sin( q—ys,G7;)): Then f is a path joining a and b in S,. Thus S$; 


is path connected, and hence, connected. Now let (0,y) € Sz. Let t € [%, ]. Let 
j= Tt n EN. Then a, = (an, sin(;-)) € S, and a, — (0,y). Thus S Cc Sj. 
This ensures that S' is path connected. On the other hand, suppose g: [0,1] > S 
is a path such that (0) = (0, 3) and g(1) = (1,sin(1)). Applying the projection 
maps, as in the Theorem 22.9, we can write g(t) — (gi(t), go(t)). Also, in this case, 
91; 92 are continuous. Clearly, g:(0) = 0 and g;(1) = 1. Applying the intermediate 
theorem, there is 0 < s; < 1 such that g;(s1) = 2, repeating the application of the 
intermediate theorem, we get 0 < s2 < s; such that gi(s2) = -. Extending the 
same argument inductively, we get a decreasing sequence 1 > s, > 82 > 53 >--- 
such that gi(sn) = ae Being a decreasing sequence bounded below by 0, 
Sn — a for some a € [0,1]. So, g(tn) > g(a). So that go(tn) 4 ge(a). But 
go(tn) = (= 1)"*", which does not converge. Thus such a g does not exists. This 
space is referred to as Topologist’s Sine Curve. 


5 , 
pi AVABBEEEE 


FIGURE 35. Topologist Sine Curve 








52.9. Remark. The above Example shows that closure of a path connected space 
need not be path connected. 





Proor. Let X = {21,%2,...,%,} Let Ci,C2,...,Cj be the path components of 
X. If each C; is closed, Cp UC3 U---UC), is closed too. But then C; is clopen, a 
contradiction. Thus some C; is not closed. Without loss of generality, we assume 
that C; is not closed. Let x; be a limit point of C, such that x; ¢ C;. Let U 
be the intersection of all open sets containing x;. Then U is a finite intersection 
of open sets. Hence U is the smallest open set containing x;. Let x, € UN C;. 
Define f: [0,1] > X by f(0) =a; and f(t) =a, if0<t< 1. Let V be an open 
subset of X. If x; € V, then x, € V, and hence, f~'(V) = [0,1]. If 2, € V but 
a; €V, then f-'(V) = f-'({xz}) = (0, 1], an open subset of [0,1]. 2; © xp, a 
contradiction. Thus X has only one path component. 

















PrROooF. Let X be a path connected space and f: X — Y be an onto continuous 
function. Then Y is path connected. Let y1, yo € Y. Choose x71, %2 € X such that 
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f(z.) =m and f(r2) = ya. Then there is a path y from x, to rg. So, foyisa 
path from y; to ya. Thus Y is path connected. 

















Proor. Let {X; : i € I} be a family of topological spaces and X = [Jje; Xi. 
Suppose X is path connected. Since each X; is a continuous image of X, each X; 
is path connected. 


Conversely, suppose each X; is path connected. Let x,y € X. For every 2, by 
the path connectedness of X;, there is a path 7;: [0,1] > X; from x; to y;, (i € J). 
So, by the Corollary 22.10, the lifting y of {7; : 7 € J} continuous. Also for every 
i€I, y(0); =x; and y(1); = y;. Thus ¥ is a path from x to y. 

















52.13. Example. If we remove one point from R, then the resulting space is 
disconnected, and hence, is path disconnected. 


Indeed, the set so obtained by removing a point is not an interval, and hence, 
is disconnected. Consequently, it is path disconnected. We also give a direct proof. 
For R \ {x}, choose a < x < b. Let f: [0,1] > R bea path from a to b. Then by 
the intermediate value theorem, there is t € [0,1] such that f(t) = 2. Thus f is 
not a path in RX {x}. That is, R \ {x} is path disconnected. 

















52.14. Example. If we remove a countable set from R?, then the resulting set is 
path connected. 


Let A C R? be a countable set. Fix x,y € R?\ A. Note that for every 
a € A, there will is one and one line passing through x and a. Thus there are at 
most countably many lines passing through x and intersecting A. But as we can 
there are uncountably many lines passing through x. Thus, there are uncountably 
many lines passing through x and not intersecting A. In the same way there 
are uncountably many lines passing through y and not intersecting A. Let L 
(respectively, 7) be the set of all lines passing through x (respectively y) and not 
intersecting A. If LN M #0, then there is a line (in fact, a unique line) in DM M 
and that joins x and y. If LA M = @, then fix a line @ in L. With the grace of 
Euclid, there is only one line passing through y and parallel to @ (and it may not 
be even in M). So, choose a line in M that is not parallel to @. Then this two lines 
together join x and y. This completes the proof. Thus R? \ A is path connected, 
and hence, also connected. 











Problems 
238. Similar to the topologist sine curve, consider the comb space 
X = ({7,:n € N} x [0,1])) UO x [0, 1]) U ({0, 1] x {0}) 


and 
Y=jX ~(10} * (051). 
Show that Y is connected but not path connected. 
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CHAPTER 











Uniform Spaces 


The uniform spaces were introduced in 1937 by Weil in his book [Wei37]. 
Weil introduced the uniform spaces in the language of entourages or what we have 
called surroundings. However there is another approach of uniform spaces through 
uniform coverings. It was introduced by Tukey in 1940 in his book [Tuk40]. 


53. Uniformity 


Recall from the Definition 1.8 that for a nonempty set X, the diagonal, 
denoted by A or A(X) is the set {(z,x) : 2 € X}. We ask the reader to recall 
other such notations and definition from the Section 1. 


53.1. Definition. Let X be a nonempty set. A uniformity or a diagonal 
uniformity on X is a collection D (or D(X) — to be specific about X) of subsets 
of X x X satisfying the following. 


(ie pa D, 

2) D,,D2€ D> D,ND2 € D. 

3) DE D= there is EF € Dsuch that FoF CD. 
4) DE D= there is EH € Dsuch that FE! C D. 
5) DED, DCESEED. 


We say that (X,D) is a uniform space In this case, each D € D is called a 
surrounding or entourage. We say that D is separating if NpepD = A. In this 
case, X is called separated. 


( 
( 
( 
( 





One easily observes that every diagonal uniformity on a set X is a filter on 
XXX. 


VIL. N*,ations: @ For DCX xX, D®=DoDo-.--oD, 
—— 


(n-times) 
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53.2. Definition. Let X be a set and € be a collection of subsets of X x X. 
E is said to be a uniformity base if 


D={DCXxX: thereis FE € € such that Ec D} 


is a uniformity on X. A collection C of subsets of X x X is called a uniformity 
subbase if the finite intersections of members of C is a uniformity base. 








FIGURE 36. A Typical Surrounding 





PROOF. Suppose £ is a uniformity base for a uniformity D given by (53.3.1). 
Clearly, E C D. So, every D € £ contains A. Now let D,,D2 € £. So, 
D,, Dz € D, and hence, D; MN Dz € D. So, by the relation in (53.3.1), (2) follows. 
Let D € €. So, D€ D. Thus there is D’ € D such that D’o D’ Cc D. But then 
there is E € € such that E C D’. Thus EHoE C D'oD’ CD. Finally, let D € €. 
So, D € D. Thus there is D’ € D such that D’~! C D. But then there is E € E 
such that EC D!. Thus E-1c D1 CD. 


Conversely, suppose £ satisfies (1)—(4) and define D by (53.3.1). Since every 
D € € contains A, each of its super sets also contains A. Let D,;, Dy € D. Then 
there are Ey, Fy € € such that FE; C D,, Ey C Do. But then there is E € € such 
that EF C FE, Ey. Thus EF Cc DM D,, and hence, Dj N Dz € D. The rest of the 
two properties follow straight by the similar argument. 














53.4. Example. Let (X,d) be a metric space. For ¢ > 0, define 
D. = {(@,y) € X x X : d(a,y) < é}. 
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Then 
Ppa (De SU} (53.4.1) 


is a base for a uniformity. D- looks as in the Figure 37. The uniformity generated by 
this uniformity base is called the metrizable uniformity. The uniformity generated 
by the usual metric on R” is called the usual uniformity. 





xX 





FIGURE 37. D-, 


53.5. Definition. Let X be a nonempty set. A pseudometric on X is a 
function d: X x X — R satisfying the following. 


(Lida) = 0, dor all ey EX and d(a.¢) = 0. 





(2)-d(xy) =d(y, a), tor all 7,4 € X. 
(3) d(z,y) < d(x, z) + d(z, y), for all x,y,z € X. 


In this case the set X together with the pseudometric d is called a pseudometric 
space. It is denoted by (X,d) or X. 





53.6. Example. Let (X,d) be a pseudometric space. For c > 0, define 
De= {(e,9) eX xX pdlaay) <=}. 
Then 
f=4De eS} (53.6.1) 


is a base for a uniformity. The uniformity generated by this uniformity base is 
called the pseudometrizable uniformity. 


53.7. Example. Let X be a nonempty set. The uniformity 

D=1{D CX xX 2A CD} (fa. 61) 
is called the discrete uniformity on X. 
53.8. Example. Let X be a nonempty set. The uniformity 

a4 kt (53.8.1) 


is called the indiscrete uniformity on X. 
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53.9. Example. Let X be a linearly ordered set. For a € X, define 
D,=AU Taye X *X7a > ay > at. 


Then £ = {D,:a€ X} is a uniformity base. 





FIGURE 38. D, 


53.10. Proposition. Let X be a set and D be a uniformity on X. Then 
DEeDSeD'eED. 





ProoF. For D € 2D, there is E € D such that E~! Cc D. So, E Cc D™!. Hence 
D-'e€®. The symmetry of the argument shows that the two way implication 
holds good. 

















PROOF. Suppose D is a uniformity on X. Let D € D. Choose D,, Dz € D such 
that D, oD; Cc D and Ds" C D,. Taking E = D,M De, we see that E € D. Also 
EoE!CD,oDy'CD,oD, CD. 





Topology The aim of mathematics is to explain as much as possible in simple terms. —Atiyah D.J. Karia 
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FIGURE 39. EN E7! 


On the other hand assume that all given conditions hold for D. Let D € D. 
Find E € Dsuch that FoF! CD. But then E1=AcE!CEoE! CD. 
Also, taking D= EM E~, it follows that Do DC Eo E7! C D. This completes 
the proof. 














53.12. Proposition. Let D be a uniformity on a set X. Then 


E={FEOD:E=H" 


is a uniformity base for D. 





ProoF. Clearly, £ C D. On the other hand, for every D € D, let E = DOD". 
Then EF € € and EC D. This completes the proof. 














Problems 


239.For a metric space (X,d), prove that £q defined in (53.4.1) is a uniformity 
base. 


240. Let (X,d) be a metric space. Prove that D,o Ds C Dex5. 
241.Let X be a set. Prove that D defined in (53.7.1) is a uniformity on X. 
242.Let X be a set. Prove that D defined in (53.8.1) is a uniformity on X. 


243.Let X be a linearly ordered set. Prove that € defined in Example 53.9 is a 
uniformity base on X. 

244. Show that D= {D C R?: (az, 2), (a,—2) € D for all x € R} is a uniformity 
on R. 











54. Uniform Topology 


We saw that every metric gives a uniformity. Now we proceed to show that 
every uniformity gives rise to a topology. 
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54.1. Definition. Let D be a uniformity on a set X, x € X, AC X and 
Dé. Then we define 


D(z] = {y € X : (a, y) € D} and 
DIA] aa Weal | |; 








FIGURE 40. D{[z] 





PrRooF. We prove that (1) to (3) of the Theorem 10.8 are satisfied. Since A Cc D 
for every D € £, x € D[az] for every D € £. Hence (1) of the Theorem 10.8 
follows. Let D,,D2z € £. Choose D3 € € such that D3 C D,M Dg. Then 
D3[z] C (Di N D2)[x] = Di[x]N De[a]. Since Ds[xz] € Bz, (2) of the Theorem 10.8 
follows. Now let D € £. Chose EF € € such that Eo FE C D. Clearly, for any 
y € Ela], (x,y) = (2, y)o(x,x2) € EoE CD. That is, y € D[z]. Thus E[y] c D{z]. 
Consequently, for every y € Elz], we get Ely] © &, such that E[y] C D[x]. Hence 
by the Theorem 10.8, &, is a base for some topology on X. 

















PROOF. It suffices to prove by assuming that D is a uniformity and £ is its 
uniformity base. Let 4? and &* denote the local bases generated by D and £ 
respectively. Let G € @?. So, there is D € D such that G = D{z]. Since £ isa 
basis for D, there is E € € such that E C D. But then Ez] Cc D[z] = G. Thus 
Z* generates the coarser topology that the topology generated by 4. The other 











way is obvious because BY C B?. 
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228 §55. Uniform Topology 





54.4. Definition. Let D be a uniformity on a set X. The topology on X 
generated by the local base given by D is called the uniform topology on X and 
is denoted by JY. 


54.5. Definition. Let (X, 7) be a topological space. If there is a uniformity 
Don X x X such that FJ = Jp, then (X, Z) is called uniformizable topological 
space. 








54.6. Example. The topology generated by the usual uniformity on R is the 
usual topology. Indeed it follows by noting that for ¢ > 0 and x € R, 


D.|t|] = {y ER: (a, y) € D-} = {y ER: d(z,y) < ec} = (w@—e,x+4+ 6). 


54.7. Example. Let (X,d) be a metric space and D, be the metric uniformity. 
Then the topology generated by D2; on X is the metric topology given by the 
metric d. Indeed it follows by noting that fore > 0 and x € X, 


Dele|={yeX :(¢,y)€ Di =1y eX : day) <2} = Balw,e). 


Proor. Let D € D and let (2, y) € E= E-'€ D be such that HoHFoE CD. 
Let (u,v) € Elz] x Ely]. (x,u),(y,v) € E. Since (x,y) € E, we get (u,v) € 
EoEoE CD. Thus E[z| x Ely] c D. But Elz], E[y] are neighbourhoods of 
x,y respectively in X, and hence, E[z] x Ely] is a neighbourhood of (x,y) in 
X x X. That is, D is a neighbourhood of (a, y). Thus (x,y) € D°. This shows 
that E Cc D°. Since D is a uniformity, we conclude that D° € D. This completes 
the proof. 














In fact, we have proved the following stronger result. 

















PROOF. The proof follows from the Lemma 54.8. 


Problems 


245.Let X be a set. Prove that the indiscrete uniformity on X generates the 
indiscrete topology on X. 


246.Let X be a set. Prove that the discrete uniformity on X generates the 
discrete topology on X. 


247.Let X be a linearly ordered set. For a € X, define D, = {(4,y) © X x X: 
x>a,y > b}. Prove that {D,: a € X} is a uniformity base and it generates the 
discrete topology. 
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55. Separation in Uniform Spaces 


As we have seen a TJo-space need not be 7\; a T\-space need not be 7); a 
T3-space need not be 73 and so on. However, in the uniform spaces, some of the 
separation axioms coincide with each other. 





PrRooF. Let (X, %) be Hausdorff and (2, y) € X x X \ A. Thus x # y. Hence 
there are D, E € D such that D[z] NM Ely] = 0. This ensures that DM E € D and 
(x,y) € DOE. Thus 9 is separating. 


Conversely, assume that D is separating. Let x,y € X be distinct. Then 
(x,y) ¢ A. Hence, we get D € D such that (x,y) ¢ D. Choose a symmetric E € D 
such that Eo E Cc D. Then E[z], Ely] are neighbourhoods of x and y respectively. 
Suppose, if possible, z € E[z]M Ely]. But then (a, z), (y,z) € E. By the symmetry 
of E, (z,z),(z,y) € E, giving (z,y) € Eo EC D, a contradiction. Thus X is 
Hausdorff. 

















ProoF. Let a uniform space (X,D) be To. Let x,y be two distinct points of X. 
Without loss of generality, let a symmetric D € D be such that y ¢ D[z]. But 
then (x,y) ¢ D and by the symmetry (y,x) ¢ D. That is, (x,y), (y,2) ¢ D. Thus 











D is separating. Hence by the Theorem 55.1, X is Tb. 








ProoF. For every x € A, x € D[x] C DIA]. Since D{z] is a neighbourhood of z, 
xz € D[A]°. Thus A c DIAI°. 

















Proor. Let (X,) be a uniform space. Let F C X be closed and x ¢ F. 
So, x is not a limit point of F. Thus there is D € D such that Diz] F =. 
Choose a symmetric E € D such that Eo E C D. It is sufficient to show that 
Elz] E[F] = @. Let y € Elz]N E[F]. Let z € F. So, z¢ FC E[F]. Then 
(z,z) =(y,z)°(a,y) € HoE CD. Thus z € Dia] NF, a contradiction. Since by 
Lemma 55.3, F C D[F]°, it follows that D[x]° and D[F]° are disjoint open subsets 














of X with x € Dix] and F Cc D|F]°. This completes the proof. 
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55.5. Corollary. Let (X,D) be a uniform space and A,B C X be disjoint. 


Suppose A is compact and B is closed. Then there is D C D such that D/A] N 





PRooF. By the Theorem 55.4, for every x € A, there is E, € D such that 
x € E,|z],B C E,[B] and £,[r] N E,[B] = 0. But then {F,[a]° : « € A} is an 
open cover for A, and hence, there are 11, 12, %3,...,%n € Asuch that A C UZ, Ez,. 
But then B C N?_, E,,[B]. Taking D = N?_, E,, the result follows. 














Now we turn to associating a Hausdorff uniform space with every uniform 
space as a quotient. 


55.6. Definition. Let (X,) be a uniform space. Define ~p on X by r~p y 
if (z,y) EeN{D: DE D}. 


55.7. Proposition. Let (X,D) be a uniform space. Then ~o is an equivalence 
relation on X. 





PROOF. Clearly, A Cc D for every D € D. Hence, ~» is reflexive. Now suppose 
x,y eX andxz~g y. Given a D € D, choose asymmetric FE € Dsuch that E C D. 
Since (x,y) € E, the symmetry of FE gives (y,x) € E Cc D. Thus (y,z) € D for 
every DE D. Let x,y,z € X such that t ~p y,y ~o z. Let D € D choose a 
symmetric F € D such that Eo FE C D. Clearly, (y,z),(z,y) € E, and hence, 
(z,z) =(y,z)°(2,y) € HoE CD. Thus £ ~9g z. This completes the proof. 














VIII. N°,ations: = Let (X,D) be a uniform space. We fix 
(iD — ie ane De 


We shall denote the equivalence class under ~ containing x by 2’ and Xy will 
denote the quotient space X/~ . Also, the quotient map x € X + a’ € Xy 
is denoted by qy. It is customary to denote the map (z,y) € X x X 
(qu(x), dx(y)) € Xu X Xx by qu X qu; see for example |Jam87, p. 3 and p 99]. 


However, we shall use gy for this map also. It will be clear from the context. 
For Dc X x X, we set Dy = qu(D); as a consequence, Aq = qy(A). 


ProoF. Let (2, y) € ¢y'(D’). So, (x’,y’) € D’. Hence there are (v, w) € D such 





that qu(v,w) = (a",y") = qu(#,y). Clearly, qu(#) = qu(v) and qu(y) = qu(w). 

That is, (w,y), (z,v) € H so that (x,y) = (w,y)°o(v,w) o(z,v) €e HoDod. 
Conversely, suppose (z,y) = (w,y) o (v,w) 0 (a,v) € Ho Dod with 

(w,y),(z,v) € A and (v,w) € D. Hence, gu(v,w) € qu(D) = D’, qu(x) = qu(v) 
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and qu(y) = qu(w). Consequently, qu(«,y) = (qu(x), qu(y)) = (qu(v), au(w)) = 
qu(v,w) € D’. This proves that (x,y) € qq (D’). 














55.9. Corollary. If (X,D) is a uniform space and D € D, then DC DoDoD. 





Proor. D C qy'(qu(D)) = qq’ (D') = HoDoH C DoDoD because H C D. 











In fact, the more general result can be proved directly. 


55.10. Proposition. For for positive integers m <n and DED, D™ CD”. 


PROOF. Note that Do A= D. So, 


De D620 Dy vag — Doe Darcy gag OA OA Ores OL, op cine 
C Do Do-++0.Dy, times 














55.11. Proposition. Let (X,D) be a uniform space. Then 


C={HeoDoH: Dep} 


forms a base for D. 





PRooF. For every D € D, AC H C D, and hence, AC HoDodH. Let D, EE D 
and (x,y) € Ho(DNE)oH. So, (x,y) = (w, y)o(v, w)o(x, v) with (x,v),(w,y) € A 
and (v,w) € DNE. So, (v,w) € D and (v,w) € FE. Hence (x,y) € HoDodH and 
(x,y) € HoEFoOHW. Thus Ho(DNE)oHC(HoDoA)N(HoEo#), 


Now let D € D. So, there is EF € D such that Eo E C D. Then using 
HoH=H,HokoH CE and EoE CD), we get 
(HoFoH)o(HofoH)=HokfoHoEKoH 
=HokhoHokoHod 
CHoKoKodH 
CHoDod. 


Finally, for DE D, (Ho DoH) 1!=H'o0D!0H!=HoD'!oH €C. This 
by the Theorem 53.3, C is a uniformity base for D. 

















55.12. Proposition. Let (X,D) be a uniform space. On Xy define 
Then 


(1) By is a uniformity base for a separating uniformity on Xqy. 
(2) q: X + Xx is uniformly continuous and the uniform topology on Xp ts 
the quotient topology given by q. 
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Proor. (1) For every 2’ € Xy and qu(D) © Bz, (x,x) € D, and hence, 
(x', x’) € Dy. Thus Ay C Dy for every Dy © By. 

Consider Ey, Fy € Dy, where E, F € D. Clearly, 

(ENF )z = qu (ENF) Cc qu(F) O qu(F) = Hy Fy. 


Let Dy € By with D € D. Choose FE), Eo, E € D such that E? C D, FE? Cc FE, 
and E? C Ey. So, E® c E® C E} C E? c D. Now let (2’,y’) € Ey o Ey, where 
qu(x) = 2’ and qy(y) = y’. Choose 2’ = qy(z) € X’ such that (2’, z’), (2, y’) € Ex. 
Consequently, (x, z),(z,y) € HoEFod sothat (1,y)€ HORKoHOHOBOH CG 
E® c D. Thus (2’,y’) € Dy. That is, Ey o Ey C Dy. 


Finally, let Dy € Bq with D € D. But then there is EF € D such that 
E" CD. Hence Ey C Dz . 


Summing up all this and using the Theorem 53.3, we conclude that By 
is a uniformity base for a uniformity on Xy. Now let (2’,y’) © Xy such that 
qu(z) =a’ Ay’! = qu(y). That is, x %p y. Hence (x,y) ¢ H. Let D € D be such 
that (z,y) ¢ D. But then (2’, y’) ¢ Dy. Hence the uniformity generated by By is 
separating. 








w= (2) Let Dy be in Dy, then gy(D) C Dy and hence qy is uniformly continuous. 


Also, let U Cc X’ be such that qz'(U) is open in X and qy(x) € U. So, there is 
D € Dsuch that D[z] C qq'(U). Let y! € Dy[x’]. So, (a’,y’) € Dy. But then 
there is z € X such that gy(z) — y’ and (2, z) € D. Thus z € D[z] and so y’ € U. 
Thus U is open the uniform topology. That is, By generates the quotient topology 
given by qy. 














55.13. Definition. Let D be a uniformity on a set X. The uniformity Dy on 


Xy generated by the uniformity base 8, defined in the Proposition P:032 is 
called the Hausdorff quotient of D. 





56. Convergence in a Uniform Space 


In this section, we extend the concept of Cauchy sequences in metric spaces 
to the Cauchy nets in uniform spaces. 


56.1. Definition. Let (X,) be a uniform space and {x,} be a net in X. We 
say that {x,} is Cauchy if for every D € D, there is Ap such that (x),2,,) € D 
whenever A, 4 > Ao; that is, in other words, T),({r,}) x Ty ,({za}) C D. 


Recalling Note 


In case of a convergent net x, — x, never ever write lima C,=xXoOrx%), > “as 
Te Co 


A — co. This is meaningless. Think what happens when A = {1,2,3,4} with 
the usual order. 
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56.2. Proposition. Every convergent net is Cauchy. 


PRrooF. Let {x,} be a net in a uniform space (X,) converging to x. Let D € D. 
Choose a symmetric E € D such that Eo FE C D. Since x) > x, there Ap such 
that: (73,0) € & for every A > Age 80, (23, Zp) = (@/ 24) 0 (oye) EC Ok CD tor 
A, > o,. Thus {x} is Cauchy. 

















Clearly, the converse is not true as that is the case for sequences too and 
every sequence is a net. Similar to complete metric spaces, we have the following 
definition. 


56.3. Definition. A uniform space (X,D) is said to be complete if every 





Cauchy net in X is also convergent. 


The concept of Cauchy net is easily generalized by observing the Cauchy 
sequence. However, the concept of Cauchy filter is not so apparent. 


56.4. Definition. Let (X,D) be a uniform space A filter F on X is said to 
be Cauchy if for every D € 9D, there is F € FY such that F x F CD. 





The first step is to prove that every convergent filter in a uniform space is 
Cauchy. 


56.5. Proposition. Let (X,D) be a uniform space and F be a convergent 


filter. Then ¥ is Cauchy. 





PrRoor. Let x € X be such that ¥ > x. Let D € D. Choose a symmetric 
E € Dsuch that EoE Cc D. Since Elz] € Y% and F > «x, Ela] € F. Let 
y,z € E[z]. So, (x,y),(,z) € E. By the symmetry of F, (ys x) € E. Thus 
(2) =(7 2) eu, ) € EoE CD. Thus E[g] x Ela] c D. So, F F¥ is Cauchy. 














56.6. Example. Let X = (0,1) with the usual metric uniformity and ¥ = {FC 
X :(0,¢) C E for some ¢ > 0}. Then ¥ is a Cauchy filter that does not converge. 





PROOF. Suppose {x} is Cauchy. Let D € “ Then there is «4 € A such that 
T,.({xa}) x Tu({xa}) C D. Since T,,({x,}) € F, we conclude that ¥Y is Cauchy. 


Conversely, suppose ¥({x)}) is oe Let D € D. So, there is F € 
F ({xy}) such that F x F Cc D. But since F({x}) is generated by {x}, there is 
ue 














w({c,}) C F. Thus T,,({x,}) x T,({xz,}) C D. This completes the proof. 
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PROOF. Suppose ¥ is Cauchy. Let D € D. Then there is E € ¥ such that 
Ex ECD. Choose b € FE. Then T,o,2)({X(a,F) }) x T,o,2)({X(a,F) }) CEXECD. 

Conversely, suppose the net {2(q,r)} is Cauchy. SO, there is (b, 2) € Ag such 
that Ti,2)({%(a,F)}) x Te,2)({2(a,r)}) C D. But then E x EC D. This completes 
the proof. 














All the above discussion combined with the Theorems 36.3 and 36.9 gives the 
following. 


56.9. Corollary. A uniform space (X,D) is complete if and only if every 
Cauchy filter in X is convergent. 


57. Uniformly Continuous Functions 


In this section, we define a uniformly continuous function and show that in 
metric spaces the concept coincides with the already defined uniformly continuous 
functions between metric spaces. 


57.1. Definition. Let (X, 2), (Y,£) be uniform spaces. A function f: X > Y 
is said to be uniformly continuous if for every E € € there is D € D such that 


(,y) € D= (f(z), fy) € 


If f is bijective, and f and f~! are uniformly continuous, then f is called uniform 
isomorphism or uniform equivalence. In this case, (X,) and (Y, £) are called 
uniformly isomorphic or uniformly equivalent. 





We begin by easy observations and results. 





Proor. Let (X,),(Y,£) be uniform spaces and f: X — Y be a uniformly 
continuous function. Let « € X and y = f(x). Let V CY be a neighbourhood of 
y. So, there is EF € £ such that Ely] C V. By the uniform continuity of f, there 
is D € D such that (a,b) € D => (f(a), f(b)) € E. Let a € D[z]. So, (x, a) € D. 











Hence, (f(x), f(a)) € E. Thus f(a) € Ely] C V. This completes the proof. 





The above Proposition shows that uniform continuity is a global continuity. 
In fact, the following proposition shows that the concept of uniform continuity 
defined in the Definition 57.1 is the same as that defined in the Definition 28.8. 
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57.3. Proposition. Let (X,d),(Y,p) be metric spaces and f: X — Y be 
a function. Let Dg and D, be the uniformities on X and Y generated by the 


metrics d and p respectively. Then f is uniformly continuous with respect to d 
and p if and only if f is uniformly continuous with respect to Dy and Dy. 





PROOF. The proof follows by noting that 


At) <0 = (a4) 6 Dag = 1 (ey) CX X dy) <o} (S7.0:1) 


and 


p(f(@); Fy) < €  (F(#); FY) € Doe = (a,b) EY x Y : d(a,b) < ¢}. 














(57.3.2) 
58. Supplementary Exercises 
Problems 
248.Let X be a set and AC X. Define 
Tar ={GCX: X~ Gis finite or ANG =O}. (58.0.1) 


Show that 


(1) Z%a¢ is a topology on X. 

(2) Every subset of X \ A is 74, f-open. 

(3) A is Z4_-closed. 

(4) A is 7%, p-open if and only if X \ A is finite. 

(5)If A =, then show that 7%. = Z. 

(6)If X is finite, then show that 7%, = Z. 

(7) Tap S TZp. 
249.Let a be an infinite cardinal. Show that there are spaces in which the 
topology and the continuity are characterized using a-nets. 


250. Let a be an infinite cardinal. Given an example of a topological space in 
which a-nets are not sufficient to characterize the topology and the continuity. 





Topology One of the reasons we don’t do as well as we should... D.J. Karia 
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